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Radiative Transitions

the nature and origin of light produced in transitions
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Interacción entre materia y radiación

La interacción entre la radiación y el material estelar juega un papel 
fundamental en el establecimiento de la estructura de la estrella.
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important for calculation of stellar spectra and the early Universe
(where we need to know the number of free electrons)
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Figure 1: The ionization fraction x of a pure hydrogen gas, plotted as a function
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Radiative Transitions

§ summary

thermal excitation

•cloud of atoms at temperature T

𝑁!
𝑁 =

𝑔!
𝑍(𝑇) 𝑒

# $!
%#& 𝑍 𝑇 = 𝑔#

2
2"
= 𝑔#

∑#$"% 2#
2"

= 𝑔#∑!"#$ 2#
2"
= 𝑔# +𝑔4𝑒

5 &'
()* +𝑔6𝑒

5 &+
()*+...

𝑛!"#
𝑛!

𝑛$ =
𝑔!"#𝑔$
𝑔!

2𝜋𝑚$𝑘,𝑇 -+ .

ℎ+	 𝑒'
(
)+*

ni atoms in ionisation state i

ni+1 atoms ionisation state i+1

ne free electrons (ge = 2)

c ionisation energy

gi statistical weight of state i = partition function of state i
gi+1 statistical weight of state i+1 = partition function of state i+1

Boltzmann distribution: number of atoms in state n

Saha equation: number of ionized atoms
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§ thermal excitation

§atomic transitions

§Einstein coefficients

§ line broadening
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§ bound-bound

Ei

Ej

Ei

Ej
emission absorption

ℎ𝜈-/ = 𝐸- − 𝐸/
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Radiative Transitions

§ bound-bound

Ei

Ej

Ei

Ej
emission absorption

ℎ𝜈-/ = 𝐸- − 𝐸/

•hydrogen-like atoms 𝐸! =
𝑚.𝑒0

2ℏ+ 	
𝑍+

𝑛+

...

atomic transitions

Z: number of protons
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• that are not sharp though (Heisenberg uncertainty principle)
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Radiative Transitions

§ bound-bound

Ei

Ej

Ei

Ej
emission absorption

ℎ𝜈-/ = 𝐸- − 𝐸/

•hydrogen-like atoms 𝐸! =
𝑚.𝑒0

2ℏ+ 	
𝑍+

𝑛+

§ transitions give...

• spectral lines (either absorption or emission),

• that are not sharp though (Heisenberg uncertainty principle)

AGN spectrumgalaxy spectrum

when do we get absorption and when emission?

atomic transitions



Radiative Transitions

emissionabsorption

§ bound-bound

• absorption vs. emission lines:

𝐼7(𝜏7) = 𝐼7(0)𝑒58, +3
9

8,
𝑒5(8,58,- )	𝑆7 𝜏7< 	𝑑𝜏7<

atomic transitions



Radiative Transitions

emissionabsorption

§ bound-bound

• absorption vs. emission lines:

𝐼7(𝜏7) = 𝐼7(0)𝑒58, +3
9

8,
𝑒5(8,58,- )	𝑆7 𝜏7< 	𝑑𝜏7<

𝐼7(𝜏7) = 𝐼7(0)𝑒58, +𝑆7 1− 𝑒58,constant source term:

atomic transitions
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emissionabsorption

§ bound-bound

• absorption vs. emission lines:

𝐼7(𝜏7) = 𝐼7(0)𝑒58, +𝑆7 1− 𝑒58,

atomic transitions
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emissionabsorption

§ bound-bound

• absorption vs. emission lines:

𝐼7(𝜏7) = 𝐼7(0)𝑒58, +𝑆7 1− 𝑒58,

o optically thin medium  𝜏7 ≪ 1: 𝐼7 𝜏7 = 𝐼7 0 1− 𝜏7 	+ 𝜏7	𝑆7

atomic transitions



Radiative Transitions

emissionabsorption

§ bound-bound

• absorption vs. emission lines:

𝐼7(𝜏7) = 𝐼7(0)𝑒58, +𝑆7 1− 𝑒58,

o optically thin medium  𝜏7 ≪ 1: 𝐼7 𝜏7 = 𝐼7 0 1− 𝜏7 	+ 𝜏7	𝑆7

thermal equilibrium: 𝜏. 	𝐵.
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Radiative Transitions

emissionabsorption

§ bound-bound

• absorption vs. emission lines:

𝐼7(𝜏7) = 𝐼7(0)𝑒58, +𝑆7 1− 𝑒58,

o optically thin medium  𝜏7 ≪ 1: 𝐼7 𝜏7 = 𝐼7 0 1− 𝜏7 	+ 𝜏7	𝑆7

thermal equilibrium:

definition of tn

𝜏. 	𝐵. ∝ 𝛼. 	𝐵.

atomic transitions
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emissionabsorption

§ bound-bound

• absorption vs. emission lines:

𝐼7(𝜏7) = 𝐼7(0)𝑒58, +𝑆7 1− 𝑒58,

o optically thin medium  𝜏7 ≪ 1: 𝐼7 𝜏7 = 𝐼7 0 1− 𝜏7 	+ 𝜏7	𝑆7

thermal equilibrium: 𝜏. 	𝐵. ∝ 𝛼. 	𝐵.

the emergent radiation is proportional to the absorption coefficient!
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emissionabsorption

§ bound-bound

• absorption vs. emission lines:

𝐼7(𝜏7) = 𝐼7(0)𝑒58, +𝑆7 1− 𝑒58,

o optically thin medium  𝜏7 ≪ 1: 𝐼7 𝜏7 = 𝐼7 0 1− 𝜏7 	+ 𝜏7	𝑆7
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atomic transitions



Radiative Transitions

emissionabsorption

§ bound-bound

• absorption vs. emission lines:

𝐼7(𝜏7) = 𝐼7(0)𝑒58, +𝑆7 1− 𝑒58,

o optically thin medium  𝜏7 ≪ 1: 𝐼7 𝜏7 = 𝐼7 0 1− 𝜏7 	+ 𝜏7	𝑆7

thermal equilibrium: 𝜏. 	𝐵. ∝ 𝛼. 	𝐵.

the emergent radiation is proportional to the absorption coefficient!
the absorption coefficient is large at the frequencies of the corresponding energy levels!
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Para un gas caliente, el coeficiente de absorción es alto a las 
frecuencias de las líneas espectrales

Para un gas ópticamente delgado, se espera un espectro con líneas 
de emisión intensas a las frecuencias a las que an es elevada.

2 Medio ópticamente grueso:

y, en ETL

El cuerpo radiaría como un cuerpo negro.

if we get emission/absorption,
it will be at the peaks of an !
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Para un gas ópticamente grueso, en ETL, Sn (T) = Bn (T)  que 
aumenta a medida que aumenta  T. Si dT/dr < 0 ® Sn (T) < In (0) . 
Este es el caso del espectro óptico del Sol. 

Sin embargo, en el UV la radiación procede de zonas donde dT/dr >0  
(corona solar). En este caso Sn (T) > In (0) y se observa un espectro de 
emisión sobre el contínuo.

Un volumen de gas ópticamente delgado, iluminado por una radiación 
cuya intensidad es mayor que la función fuente produce un espectro de 
absorción. Este sería el caso de gas frío en la línea de visión de una 
estrella muy brillante.

atomic transitions



Radiative Transitions

emissionabsorption

§ bound-bound

• absorption vs. emission lines:

𝐼7(𝜏7) = 𝐼7(0)𝑒58, +𝑆7 1− 𝑒58,

o optically thin medium  𝜏7 ≪ 1: 𝐼7 𝜏7 = 𝐼7 0 1− 𝜏7 	+ 𝜏7	𝑆7

thermal equilibrium: 𝜏. 	𝐵. ∝ 𝛼. 	𝐵.

the emergent radiation is proportional to the absorption coefficient!
the absorption coefficient is large at the frequencies of the corresponding energy levels!
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Para un gas caliente, el coeficiente de absorción es alto a las 
frecuencias de las líneas espectrales

Para un gas ópticamente delgado, se espera un espectro con líneas 
de emisión intensas a las frecuencias a las que an es elevada.

2 Medio ópticamente grueso:

y, en ETL

El cuerpo radiaría como un cuerpo negro.

if we get emission/absorption,
it will be at the peaks of an !
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Para un gas ópticamente grueso, en ETL, Sn (T) = Bn (T)  que 
aumenta a medida que aumenta  T. Si dT/dr < 0 ® Sn (T) < In (0) . 
Este es el caso del espectro óptico del Sol. 

Sin embargo, en el UV la radiación procede de zonas donde dT/dr >0  
(corona solar). En este caso Sn (T) > In (0) y se observa un espectro de 
emisión sobre el contínuo.

Un volumen de gas ópticamente delgado, iluminado por una radiación 
cuya intensidad es mayor que la función fuente produce un espectro de 
absorción. Este sería el caso de gas frío en la línea de visión de una 
estrella muy brillante.

!?
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emissionabsorption

§ bound-bound

• absorption vs. emission lines:

𝐼7(𝜏7) = 𝐼7(0)𝑒58, +𝑆7 1− 𝑒58,

o optically thin medium  𝜏7 ≪ 1: 𝐼7 𝜏7 = 𝐼7 0 1− 𝜏7 	+ 𝜏7	𝑆7 = 𝐼7 0 + 𝜏7 𝑆7 − 𝐼7(0)
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Para un gas ópticamente grueso, en ETL, Sn (T) = Bn (T)  que 
aumenta a medida que aumenta  T. Si dT/dr < 0 ® Sn (T) < In (0) . 
Este es el caso del espectro óptico del Sol. 

Sin embargo, en el UV la radiación procede de zonas donde dT/dr >0  
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Radiative Transitions

emissionabsorption

§ bound-bound

• absorption vs. emission lines:

𝐼7(𝜏7) = 𝐼7(0)𝑒58, +𝑆7 1− 𝑒58,

o optically thin medium  𝜏7 ≪ 1: 𝐼7 𝜏7 = 𝐼7 0 1− 𝜏7 	+ 𝜏7	𝑆7 = 𝐼7 0 + 𝜏7 𝑆7 − 𝐼7(0)

𝑆7 > 𝐼7 0 : emission lines on top of continum

𝑆7 < 𝐼7 0 : absorption lines on top of continum
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Para un gas ópticamente grueso, en ETL, Sn (T) = Bn (T)  que 
aumenta a medida que aumenta  T. Si dT/dr < 0 ® Sn (T) < In (0) . 
Este es el caso del espectro óptico del Sol. 

Sin embargo, en el UV la radiación procede de zonas donde dT/dr >0  
(corona solar). En este caso Sn (T) > In (0) y se observa un espectro de 
emisión sobre el contínuo.

Un volumen de gas ópticamente delgado, iluminado por una radiación 
cuya intensidad es mayor que la función fuente produce un espectro de 
absorción. Este sería el caso de gas frío en la línea de visión de una 
estrella muy brillante.
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emissionabsorption

§ bound-bound

• absorption vs. emission lines:

𝐼7(𝜏7) = 𝐼7(0)𝑒58, +𝑆7 1− 𝑒58,

o optically thin medium  𝜏7 ≪ 1:

𝑆7 > 𝐼7 0 : emission lines on top of continum

𝑆7 < 𝐼7 0 : absorption lines on top of continum
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Radiative Transitions

emissionabsorption

§ bound-bound

• absorption vs. emission lines:

𝐼7(𝜏7) = 𝐼7(0)𝑒58, +𝑆7 1− 𝑒58,

o optically thin medium  𝜏7 ≪ 1:

𝑆7 > 𝐼7 0 : emission lines on top of continum

𝑆7 < 𝐼7 0 : absorption lines on top of continum

o optically thick medium    𝜏. ≫ 1: 𝐼. 𝜏. =	𝑆.=	𝐵.
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Radiative Transitions

emissionabsorption

§ bound-bound

• absorption vs. emission lines:

𝐼7(𝜏7) = 𝐼7(0)𝑒58, +𝑆7 1− 𝑒58,

o optically thin medium  𝜏7 ≪ 1:

𝑆7 > 𝐼7 0 : emission lines on top of continum

𝑆7 < 𝐼7 0 : absorption lines on top of continum

o optically thick medium    𝜏. ≫ 1: 𝐼. 𝜏. =	𝑆.=	𝐵.

continous radiation like a black-body

atomic transitions



Radiative Transitions

§ bound-bound

Ei

Ej

Ei

Ej
emission absorption

ℎ𝜈-/ = 𝐸- − 𝐸/

•hydrogen-like atoms 𝐸! =
𝑚.𝑒0

2ℏ+ 	
𝑍+

𝑛+

§ transitions give...

• spectral lines (either absorption or emission),

• that are not sharp though (Heisenberg uncertainty principle)

ü 
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emission absorption

ℎ𝜈-/ = 𝐸- − 𝐸/

•hydrogen-like atoms 𝐸! =
𝑚.𝑒0

2ℏ+ 	
𝑍+

𝑛+

§ transitions give...

• spectral lines (either absorption or emission),

• that are not sharp though (Heisenberg uncertainty principle)

atomic transitions

more later in “line broadening”...
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§ bound-bound

Ei

Ej

Ei

Ej
emission absorption

ℎ𝜈-/ = 𝐸- − 𝐸/

•hydrogen-like atoms 𝐸! =
𝑚.𝑒0

2ℏ+ 	
𝑍+

𝑛+

§ transitions give...

• spectral lines (either absorption or emission),

• that are not sharp though (Heisenberg uncertainty principle)

§ electron spin can be coupled to...

• e-angular momentum → fine-structure splitting

• nucleus spin → hyperfine-structure splitting
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Radiative Transitions

• e-angular momentum → fine-structure splitting

• nucleus spin → hyperfine-structure splitting

§ bound-bound

Ei

Ej

Ei

Ej
emission absorption

ℎ𝜈-/ = 𝐸- − 𝐸/

•hydrogen-like atoms 𝐸! =
𝑚.𝑒0

2ℏ+ 	
𝑍+

𝑛+

§ transitions give...

• spectral lines (either absorption or emission),

• that are not sharp though (Heisenberg uncertainty principle)

§ electron spin can be coupled to...

the (in-)famous and forbidden 21cm line*

*more in 21cm Cosmology lecture

atomic transitions



Radiative Transitions

• e-angular momentum → fine-structure splitting

• nucleus spin → hyperfine-structure splitting

§ bound-bound

Ei

Ej

Ei

Ej
emission absorption

ℎ𝜈-/ = 𝐸- − 𝐸/

•hydrogen-like atoms 𝐸! =
𝑚.𝑒0

2ℏ+ 	
𝑍+

𝑛+

§ transitions give...

• spectral lines (either absorption or emission),

• that are not sharp though (Heisenberg uncertainty principle)

§ electron spin can be coupled to...

not all transitions are allowed:
there are so-called
‘Selection Rules’

the (in-)famous and forbidden 21cm line

atomic transitions



Radiative Transitions

§ bound-bound

§ bound-free

§ free-free
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Radiative Transitions

§ bound-free
Ee-

En

En

En
(radiative) recombination (photo-)ionisation

ℎ𝜈 >
𝑚.𝑒0

2ℏ+ 	
𝑍+

𝑛+
En

atomic transitions
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§ bound-free
Ee-

En

En

En
(radiative) recombination (photo-)ionisation

ℎ𝜈 >
𝑚.𝑒0

2ℏ+ 	
𝑍+

𝑛+
En

→ 	 𝜈!12-3=
1
ℎ
𝑚.𝑒0

2ℏ+ 	
𝑍+

𝑛+

atomic transitions



Radiative Transitions

§ bound-free
Ee-

En

En

En
(radiative) recombination (photo-)ionisation

ℎ𝜈 >
𝑚.𝑒0

2ℏ+ 	
𝑍+

𝑛+
En

→ 	 𝜆!12-3=
2𝜋+	𝑚.𝑒0𝑐
ℎ,	𝑍+ 	𝑛+

atomic transitions

→ 	 𝜈!12-3=
1
ℎ
𝑚.𝑒0

2ℏ+ 	
𝑍+

𝑛+



Radiative Transitions

§ bound-free

En

En
(photo-)ionisation

Ee-

En
(radiative) recombination

En 𝜆!12-3 =
2𝜋+	𝑚.𝑒0𝑐
ℎ,	𝑍+ 	𝑛+
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Radiative Transitions

§ bound-free

En

En
(photo-)ionisation

• (photo-)ionisation 𝜆!12-3 =
2𝜋+	𝑚.𝑒0𝑐
ℎ,	𝑍+ 	𝑛+
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Radiative Transitions

§ bound-free

En

En
(photo-)ionisation

• (photo-)ionisation 𝜆!12-3 =
2𝜋+	𝑚.𝑒0𝑐
ℎ,	𝑍+ 	𝑛+
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Radiative Transitions

§ bound-free

En

En
(photo-)ionisation

• (photo-)ionisation

𝝀 > 𝝀𝟑𝒄𝒓𝒊𝒕

𝜆!12-3 =
2𝜋+	𝑚.𝑒0𝑐
ℎ,	𝑍+ 	𝑛+

now too large to ionise Paschen series

photon wavelengths start to favour Paschen series
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§ bound-free

En

En
(photo-)ionisation

• (photo-)ionisation

𝜆B*&C# 𝜆B*&C4 𝜆B*&C6 𝜆B*&CD

𝜆!"#$
%&'

𝜆!"#$
% =

𝑛 + 1
𝑛

(

𝜆!12-3 =
2𝜋+	𝑚.𝑒0𝑐
ℎ,	𝑍+ 	𝑛+
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Radiative Transitions

§ bound-free
Ee-

En

En

En
(radiative) recombination (photo-)ionisation

En 𝜆!12-3 =
2𝜋+	𝑚.𝑒0𝑐
ℎ,	𝑍+ 	𝑛+

atomic transitions



Radiative Transitions

§ bound-free

contributes to emission coefficient...

• (radiative) recombination

Ee-

En
(radiative) recombination

En

atomic transitions



Radiative Transitions

§ bound-bound

§ bound-free

§ free-free

atomic transitions



Radiative Transitions

§ free-free

atomic transitions



Radiative Transitions atomic transitions

§ free-free

• collisions/scattering process with ionized atom

• leads to both continuous emission and absorption

• is especially important at very high temperatures (i.e. fully ionized plasma)

• depends on temperature, charge, electron density, and ion density:

𝜖 ∝ 𝑛<𝑛=𝑍>𝑇 ⁄@ >



Radiative Transitions atomic transitions

§ summary

name atomic transition spectral feature LTE distribution

bound-bound excitation
de-excitation

absorption line
emission line

Boltzmann

bound-free (photo-)ionisation
(radiative) recombination

absorption edge
emission edge

Saha

free-free collisions continuum Maxwell-Boltzmann



Radiative Transitions atomic transitions

§ summary

name atomic transition spectral feature LTE distribution

bound-bound excitation
de-excitation

absorption line
emission line

Boltzmann

bound-free (photo-)ionisation
(radiative) recombination

absorption edge
emission edge

Saha

free-free collisions continuum Maxwell-Boltzmann

𝑇 ≤ 101𝐾  :  forbidden transitions dominate

	 101𝐾 ≤ 𝑇 ≤ 102𝐾 :  allowed transitions dominate

	 102𝐾 ≤ 𝑇 :  free-free emission dominates



Radiative Transitions

§ thermal excitation

§atomic transitions

§Einstein coefficients

§ line broadening



Radiative Transitions Einstein coefficients

§Kirchoff’s law

𝑗! = 𝛼!	𝐵!(𝑇)

“if material absorbs well at a certain wavelength,
it will also radiate well at the same wavelength.” 
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§Kirchoff’s law...
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Radiative Transitions Einstein coefficients

§Kirchoff’s law...

𝑗! = 𝛼!	𝐵!(𝑇)

“if material absorbs well at a certain wavelength,
it will also radiate well at the same wavelength.” 

...establishes a connection between emission and absorption!

Einstein identified three relevant processes*...
Emission Absorption

Level 1

Level 2

∆𝐸 = ℎ𝜈

Kirchoff ’s law is a macroscopic/thermodynamical description,
but can we find a microscopic/quantum mechanical description?

*remember Fundamentals lecture



Radiative Transitions Einstein coefficients

§ spontaneous emission

§ stimulated emission

§ absorption

Einstein identified three relevant processes...
Emission Absorption

Level 1

Level 2

∆𝐸 = ℎ𝜈

Kirchoff ’s law is a macroscopic/thermodynamical description,
but can we find a microscopic/quantum mechanical description?



Radiative Transitions Einstein coefficients

§ spontaneous emission

drop from Level 2 to 1, even in absence of radiation field

Emission Absorption
Level 1

Level 2

∆𝐸 = ℎ𝜈 ℎ𝜈



Radiative Transitions Einstein coefficients

§ spontaneous emission

drop from Level 2 to 1, even in absence of radiation field

Emission Absorption
Level 1

Level 2

∆𝐸 = ℎ𝜈 ℎ𝜈

• Einstein A-coefficient:

A21 = transition probability per unit time

𝑑𝑛+
𝑑𝑡 = −𝐴+"𝑛+

𝑑𝑛"
𝑑𝑡 = 𝐴+"𝑛"
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§ stimulated emission

external photon with correct energy triggers emission

Emission Absorption
Level 1

Level 2

∆𝐸 = ℎ𝜈 ℎ𝜈

ℎ𝜈
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§ stimulated emission

external photon with correct energy triggers emission

Emission Absorption
Level 1

Level 2

∆𝐸 = ℎ𝜈 ℎ𝜈

ℎ𝜈

• Einstein B21-coefficient:

B21 = transition probability per unit time, unit energy of ext. field, and unit frequency

𝑑𝑛"
𝑑𝑡 = 𝐵+"	𝑛+	𝑢4(𝑇)



Radiative Transitions Einstein coefficients

§ stimulated emission

external photon with correct energy triggers emission

Emission Absorption
Level 1

Level 2

∆𝐸 = ℎ𝜈 ℎ𝜈

ℎ𝜈

• Einstein B21-coefficient:

B21 = transition probability per unit time, unit energy of ext. field, and unit frequency

𝑑𝑛"
𝑑𝑡 = 𝐵+"	𝑛+	𝑢4(𝑇)

Note, some books use Bn(T) instead of un(T), but that just involves a constant factor 4p/c



Radiative Transitions Einstein coefficients

§ absorption

Emission Absorption
Level 1

Level 2

∆𝐸 = ℎ𝜈 ℎ𝜈

external photon is absorbed



Radiative Transitions Einstein coefficients

§ absorption

Emission Absorption
Level 1

Level 2

∆𝐸 = ℎ𝜈 ℎ𝜈

• Einstein B12-coefficient:

B12 = transition probability per unit time, unit energy of ext. field, and unit frequency

𝑑𝑛"
𝑑𝑡 = −𝐵"+	𝑛"	𝑢4(𝑇)

external photon is absorbed
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§ spontaneous emission

§ stimulated emission

§ absorption 𝑑𝑛"
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§ spontaneous emission

§ stimulated emission

§ absorption 𝑑𝑛"
𝑑𝑡 = −𝐵"+	𝑛"	𝑢4(𝑇)
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Radiative Transitions Einstein coefficients

§ spontaneous emission

§ stimulated emission

§ absorption 𝑑𝑛"
𝑑𝑡 = −𝐵"+	𝑛"	𝑢4(𝑇)

𝑑𝑛"
𝑑𝑡 = 𝐵+"	𝑛+	𝑢4(𝑇)

𝑑𝑛"
𝑑𝑡 = 𝐴+"𝑛"

𝑑𝑛+
𝑑𝑡 = −𝐴+"𝑛+

§ thermodynamic equilibrium:

𝐴+"𝑛+ +𝐵+"𝑛+	𝑢4 𝑇 = 𝐵"+	𝑛"	𝑢4(𝑇)

(emission = absorption)

downwards transitions rate = upwards transition rates:    
45!
46

= 45"#

46
+ 45"$

46
	⇒ −𝐴78𝑛7 = 𝐵78𝑛7𝑢.(𝑇) − 𝐵87𝑛8𝑢.(𝑇)
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§ spontaneous emission

§ stimulated emission

§ absorption 𝑑𝑛"
𝑑𝑡 = −𝐵"+	𝑛"	𝑢4(𝑇)

𝑑𝑛"
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𝑑𝑡 = 𝐴+"𝑛"

𝑑𝑛+
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§ thermodynamic equilibrium:

𝐴+"𝑛+ +𝐵+"𝑛+	𝑢4 𝑇 = 𝐵"+	𝑛"	𝑢4(𝑇)

(emission = absorption)

𝑛"
𝑛+
=
𝑔"
𝑔+

𝑒# ⁄$ %#&

𝑒# ⁄$674 %#&
=
𝑔"
𝑔+
𝑒# ⁄74 %#&

𝑢4 𝑇 =
8𝜋
𝑐,

ℎ	𝜈,

𝑒
74
%#& − 1

Boltzman statistics:

thermal radiation:
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§ spontaneous emission
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§ spontaneous emission

§ stimulated emission

§ absorption 𝑑𝑛"
𝑑𝑡 = −𝐵"+	𝑛"	𝑢4(𝑇)
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𝑑𝑛"
𝑑𝑡 = 𝐴+"𝑛"

𝑑𝑛+
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§ thermodynamic equilibrium: (emission = absorption)

𝐴+"𝑛+ +𝐵+"𝑛+
8𝜋
𝑐,

ℎ	𝜈,

𝑒
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§ spontaneous emission

§ stimulated emission

§ absorption 𝑑𝑛"
𝑑𝑡 = −𝐵"+	𝑛"	𝑢4(𝑇)

𝑑𝑛"
𝑑𝑡 = 𝐵+"	𝑛+	𝑢4(𝑇)

𝑑𝑛"
𝑑𝑡 = 𝐴+"𝑛"

𝑑𝑛+
𝑑𝑡 = −𝐴+"𝑛+

§ thermodynamic equilibrium: (emission = absorption)

𝐴+"𝑔+ 𝑒
74
%#& − 1 + 𝐵+"𝑔+

8𝜋
𝑐, ℎ	𝜈

, = 𝐵"+𝑔"𝑒# ⁄74 %#&
8𝜋
𝑐, ℎ	𝜈
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§ spontaneous emission

§ stimulated emission

§ absorption 𝑑𝑛"
𝑑𝑡 = −𝐵"+	𝑛"	𝑢4(𝑇)

𝑑𝑛"
𝑑𝑡 = 𝐵+"	𝑛+	𝑢4(𝑇)

𝑑𝑛"
𝑑𝑡 = 𝐴+"𝑛"

𝑑𝑛+
𝑑𝑡 = −𝐴+"𝑛+

§ thermodynamic equilibrium: (emission = absorption)

true for any temperature

𝐴+"𝑔+ 𝑒
74
%#& − 1 + 𝐵+"𝑔+

8𝜋
𝑐, ℎ	𝜈

, = 𝐵"+𝑔"𝑒# ⁄74 %#&
8𝜋
𝑐, ℎ	𝜈

,



Radiative Transitions Einstein coefficients

§ spontaneous emission

§ stimulated emission

§ absorption 𝑑𝑛"
𝑑𝑡 = −𝐵"+	𝑛"	𝑢4(𝑇)

𝑑𝑛"
𝑑𝑡 = 𝐵+"	𝑛+	𝑢4(𝑇)

𝑑𝑛"
𝑑𝑡 = 𝐴+"𝑛"

𝑑𝑛+
𝑑𝑡 = −𝐴+"𝑛+

§ thermodynamic equilibrium: (emission = absorption)

true for any temperature
𝑇 → ∞:	 𝐵0$𝑔0 = 𝐵$0𝑔$

𝑇 → 0:	 𝐴0$ = 𝐵0$
8𝜋
𝑐, ℎ	𝜈

,

𝐴+"𝑔+ 𝑒
74
%#& − 1 + 𝐵+"𝑔+

8𝜋
𝑐, ℎ	𝜈

, = 𝐵"+𝑔"𝑒# ⁄74 %#&
8𝜋
𝑐, ℎ	𝜈

,
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§ spontaneous emission

§ stimulated emission

§ absorption 𝑑𝑛"
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𝑑𝑛+
𝑑𝑡 = −𝐴+"𝑛+

§ thermodynamic equilibrium: 𝐵+"𝑔+ = 𝐵"+𝑔"

𝐴+" = 𝐵+"
8𝜋
𝑐, ℎ	𝜈

,
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§ spontaneous emission

§ stimulated emission

§ absorption 𝑑𝑛"
𝑑𝑡 = −𝐵"+	𝑛"	𝑢4(𝑇)
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§ thermodynamic equilibrium: 𝐵+"𝑔+ = 𝐵"+𝑔"

𝐴+" = 𝐵+"
8𝜋
𝑐, ℎ	𝜈

,

• connection between atomic properties, with no reference to temperature T !
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§ spontaneous emission

§ stimulated emission
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§ thermodynamic equilibrium: 𝐵+"𝑔+ = 𝐵"+𝑔"

𝐴+" = 𝐵+"
8𝜋
𝑐, ℎ	𝜈

,

• connection between atomic properties, with no reference to temperature T !
• must even hold for non-equilibrium
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§ spontaneous emission

§ stimulated emission

§ absorption 𝑑𝑛"
𝑑𝑡 = −𝐵"+	𝑛"	𝑢4(𝑇)

𝑑𝑛"
𝑑𝑡 = 𝐵+"	𝑛+	𝑢4(𝑇)

𝑑𝑛"
𝑑𝑡 = 𝐴+"𝑛"

𝑑𝑛+
𝑑𝑡 = −𝐴+"𝑛+

§ thermodynamic equilibrium: 𝐵+"𝑔+ = 𝐵"+𝑔"

𝐴+" = 𝐵+"
8𝜋
𝑐, ℎ	𝜈

,

• connection between atomic properties, with no reference to temperature T !
• must even hold for non-equilibrium
• we only need to determine one of the three coefficients



Radiative Transitions Einstein coefficients

§ spontaneous emission

§ stimulated emission

§ absorption 𝑑𝑛"
𝑑𝑡 = −𝐵"+	𝑛"	𝑢4(𝑇)

𝑑𝑛"
𝑑𝑡 = 𝐵+"	𝑛+	𝑢4(𝑇)

𝑑𝑛"
𝑑𝑡 = 𝐴+"𝑛"

𝑑𝑛+
𝑑𝑡 = −𝐴+"𝑛+

§ thermodynamic equilibrium: 𝐵+"𝑔+ = 𝐵"+𝑔"

𝐴+" = 𝐵+"
8𝜋
𝑐, ℎ	𝜈

,

• connection between atomic properties, with no reference to temperature T !
• must even hold for non-equilibrium
• we only need to determine one of the three coefficients

?



Radiative Transitions Einstein coefficients

§ spontaneous emission

§ stimulated emission

§ absorption 𝑑𝑛"
𝑑𝑡 = −𝐵"+	𝑛"	𝑢4(𝑇)

𝑑𝑛"
𝑑𝑡 = 𝐵+"	𝑛+	𝑢4(𝑇)

𝑑𝑛"
𝑑𝑡 = 𝐴+"𝑛"

𝑑𝑛+
𝑑𝑡 = −𝐴+"𝑛+

§ thermodynamic equilibrium: 𝐵+"𝑔+ = 𝐵"+𝑔"

𝐴+" = 𝐵+"
8𝜋
𝑐, ℎ	𝜈

,

• connection between atomic properties, with no reference to temperature T !
• must even hold for non-equilibrium
• we only need to determine one of the three coefficients

!
A21, B21, and B12 are related to oscillator strengths 𝒇𝒏𝒍𝒋→𝒏E𝒍E𝒋E 	~ 𝝍𝒏𝒍𝒋|𝒓|𝝍𝒏E𝒍E𝒋E

𝟐	



Radiative Transitions Einstein coefficients

§ spontaneous emission

§ stimulated emission

§ absorption 𝑑𝑛"
𝑑𝑡 = −𝐵"+	𝑛"	𝑢4(𝑇)

𝑑𝑛"
𝑑𝑡 = 𝐵+"	𝑛+	𝑢4(𝑇)

𝑑𝑛"
𝑑𝑡 = 𝐴+"𝑛"

𝑑𝑛+
𝑑𝑡 = −𝐴+"𝑛+

§ thermodynamic equilibrium: 𝐵+"𝑔+ = 𝐵"+𝑔"

𝐴+" = 𝐵+"
8𝜋
𝑐, ℎ	𝜈

,

• connection between atomic properties, with no reference to temperature T !
• must even hold for non-equilibrium
• we only need to determine one of the three coefficients

any relation to our ‘usual’ emission and absorption coefficients?
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Emission Absorption
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Level 2
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𝑑𝑛0
𝑑𝑡 = −	𝑛0	𝐴0$ Level 2 population decrease...
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§ Einstein coefficients vs. an and jn

Emission Absorption
Level 1

Level 2

𝐸4# = ℎ𝜈

𝑑𝑛0
𝑑𝑡 = −	𝑛0	𝐴0$ Level 2 population decrease...

...viewed as energy input to radiation field𝑑𝐸 =
ℎ𝜈
4𝜋	𝑛0𝐴0$	𝑑𝐴	𝑑𝑠	𝑑𝑡	𝑑Ω	𝑑𝜈
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§ Einstein coefficients vs. an and jn

Emission Absorption
Level 1

Level 2

𝐸4# = ℎ𝜈

𝑑𝑛0
𝑑𝑡 = −	𝑛0	𝐴0$ Level 2 population decrease...

...viewed as energy input to radiation field𝑑𝐸 =
ℎ𝜈
4𝜋	𝑛0𝐴0$	𝑑𝐴	𝑑𝑠	𝑑𝑡	𝑑Ω	𝑑𝜈

𝑑𝐸 = 	 𝑗!	 𝑑𝐴	𝑑𝑠	𝑑𝑡	𝑑Ω	𝑑𝜈 energy input written via emmission coefficient



Radiative Transitions Einstein coefficients

§ Einstein coefficients vs. an and jn

Emission Absorption
Level 1

Level 2

𝐸4# = ℎ𝜈

𝑑𝑛0
𝑑𝑡 = −	𝑛0	𝐴0$ Level 2 population decrease...

...viewed as energy input to radiation field𝑑𝐸 =
ℎ𝜈
4𝜋	𝑛0𝐴0$	𝑑𝐴	𝑑𝑠	𝑑𝑡	𝑑Ω	𝑑𝜈

𝑑𝐸 = 	 𝑗!	 𝑑𝐴	𝑑𝑠	𝑑𝑡	𝑑Ω	𝑑𝜈 energy input written via emmission coefficient

𝑗! =
ℎ𝜈
4𝜋	𝑛0	𝐴0$→



Radiative Transitions Einstein coefficients

§ Einstein coefficients vs. an and jn

Emission Absorption
Level 1

Level 2

𝐸4# = ℎ𝜈

𝑑𝑛0
𝑑𝑡 = −	𝑛0	𝐴0$ Level 2 population decrease...

...viewed as energy input to radiation field𝑑𝐸 =
ℎ𝜈
4𝜋	𝑛0𝐴0$	𝑑𝐴	𝑑𝑠	𝑑𝑡	𝑑Ω	𝑑𝜈

𝑑𝐸 = 	 𝑗!	 𝑑𝐴	𝑑𝑠	𝑑𝑡	𝑑Ω	𝑑𝜈 energy input written via emmission coefficient

𝑗! =
ℎ𝜈
4𝜋	𝑛0	𝐴0$→

same logic for an and B12 ...



Radiative Transitions Einstein coefficients

§ Einstein coefficients vs. an and jn

Emission Absorption
Level 1

Level 2

𝐸4# = ℎ𝜈

𝑑𝑛0
𝑑𝑡 = −	𝑛0	𝐴0$ Level 2 population decrease...

...viewed as energy input to radiation field𝑑𝐸 =
ℎ𝜈
4𝜋	𝑛0𝐴0$	𝑑𝐴	𝑑𝑠	𝑑𝑡	𝑑Ω	𝑑𝜈

𝑑𝐸 = 	 𝑗!	 𝑑𝐴	𝑑𝑠	𝑑𝑡	𝑑Ω	𝑑𝜈 energy input written via emmission coefficient

𝑗! =
ℎ𝜈
4𝜋	𝑛0	𝐴0$

𝛼! =
ℎ𝜈
4𝜋	𝑛$	𝐵$0



Radiative Transitions Einstein coefficients
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that the probability per unit time for this process will be proportional to 
the density of photons (or to the mean intensity) at frequency vo. To be 
precise, we must recognize that the energy difference between the two 
levels is not infinitely sharp but is described by a lineprofile function Nu), 
which is sharply peaked at v = yo and which is conveniently taken to be 
normalized: 

Sgrn+(v)dv= 1. ( 1.65) 

This line profile function describes the relative effectiveness of frequencies 
in the neighborhood of vo for causing transitions. The physical mechanisms 
that determine +(v) are discussed later in Chapter 10. 

These arguments lead us to write 

B,,J= transition probability per unit time for absorption, (1.66) 

where 

(1.67) 

The proportionality constant B,, is the Einstein B-coefficient. 

1 = 3𝜙 𝜈 𝑑𝜈

effective line profile f(n)

𝛼!P( = −
ℎ𝜈
4𝜋	𝑛0𝐵0$
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§ radiative transfer equation using Einstein coefficients
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§ thermal excitation

§atomic transitions

§Einstein coefficients

§ line broadening
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that the probability per unit time for this process will be proportional to 
the density of photons (or to the mean intensity) at frequency vo. To be 
precise, we must recognize that the energy difference between the two 
levels is not infinitely sharp but is described by a lineprofile function Nu), 
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that the probability per unit time for this process will be proportional to 
the density of photons (or to the mean intensity) at frequency vo. To be 
precise, we must recognize that the energy difference between the two 
levels is not infinitely sharp but is described by a lineprofile function Nu), 
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This line profile function describes the relative effectiveness of frequencies 
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that determine +(v) are discussed later in Chapter 10. 

These arguments lead us to write 

B,,J= transition probability per unit time for absorption, (1.66) 

where 
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§what effects lead to f(n)?

• natural broadening

o energy levels are not sharp which leads to the so-called

o Lorentz line profile

o broadening usually very small 
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§what effects lead to f(n)?

• natural broadening

o energy levels are not sharp which leads to the so-called

o Lorentz line profile

o broadening usually very small 

• Doppler broadening

o atoms (with mass ma) in thermal motion

o absorption/emission frequency n differs by ∆𝜈Q =
!F
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0%-3
1G

o net effect spreads out line, but not its strength

𝜙 𝜈 =
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• collisional broadening

o broadening due to effects of nearby atoms

o collisions supply/remove small amounts of energy
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§what effects lead to f(n)?
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o energy levels are not sharp which leads to the so-called
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that the probability per unit time for this process will be proportional to 
the density of photons (or to the mean intensity) at frequency vo. To be 
precise, we must recognize that the energy difference between the two 
levels is not infinitely sharp but is described by a lineprofile function Nu), 
which is sharply peaked at v = yo and which is conveniently taken to be 
normalized: 

Sgrn+(v)dv= 1. ( 1.65) 

This line profile function describes the relative effectiveness of frequencies 
in the neighborhood of vo for causing transitions. The physical mechanisms 
that determine +(v) are discussed later in Chapter 10. 

These arguments lead us to write 

B,,J= transition probability per unit time for absorption, (1.66) 

where 

(1.67) 

The proportionality constant B,, is the Einstein B-coefficient. 
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o collisions supply/remove small amounts of energy

o Lorentz line profile 𝜙 𝜈 =
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Radiative Transitions summary

§ relation between macro- and micro-physics

𝑑𝐼!
𝑑𝜏!

= −𝐼! + 𝑆! 𝑆! =
𝑗!
𝛼!

𝑗! =
ℎ𝜈
4𝜋	𝑛0	𝐴0$

𝛼! =
ℎ𝜈
4𝜋 𝑛$	𝐵$0 − 𝑛0	𝐵0$

absorption emission

scattering

𝐼!,# 𝐼!,$


