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The Basics of Gravitational Lensing the general picture

L
CLUSTER OF
@ GALAXIES

GRAVITATIONAL
LENSING:

A Distant Source
Light leaves a young,
star-iorming bBlue galaxy near
the edge of the visible universe.

2 A Lens

Of ‘Dark Matter’
Some of the light
passes through a large
cluster of galaxies and sur-
rounding dark matter, directly in the
line of sight between Earth and the
distant galaxy. The dark matter's gravity
acts like a lens, bending the incoming light.

Focal Point:
Earth

Most of this light is
scattered, but some is
focused and directed toward
Earth. Observars see multiple,
distorted images of the background
galaxy,

Tony Tyson, Greg Kochanski and
Tan Dell"Antonie

EFrank O'Connell and Jam MeManus!

The New York Times
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the general picture

...and now some theory!
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theory

" |ensing in general

* laboratory at rest:

light ray
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theory

" |ensing in general

* laboratory at constant velocity:

light ray

Newton’s |. Law:
law of inertia
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" |ensing in general

* accelerated laboratory:

1‘ v(t)

Ax light ray

strong equivalence principle:*
\ the forces of gravitation and acceleration are equivalent.

}Ay

*see Cosmology lecture #|
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theory

" |ensing in general

* accelerated laboratory:

1‘ v(t)

Ax light ray

}Ay

* laboratory in gravity field:

~

‘Lg K

light ray also feels gravity!
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theory

" analogy to gravity

(exercise)

_2GM 1

N 2
c” b
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figure taken from Narayan & Bartelmann (1995)
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* effective index of refraction (in optics)
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* effective index of refraction (in gravity, post-Newtonian...)
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figure taken from Narayan & Bartelmann (1995)
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" analogy to optics

* effective index of refraction (in optics)

the refractive index n > 1 of the glass in the prism
reduces the effective speed of light...

* effective index of refraction (in gravity, post-Newtonian...)
n=— =" anyidea?

we need to somehow calculate v...

figure taken from Narayan & Bartelmann (1995)
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" analogy to optics

* effective index of refraction (in optics)

the refractive index n > 1 of the glass in the prism
reduces the effective speed of light...

* effective index of refraction (in gravity, post-Newtonian...)

Schwarzschild metric

C 2 2
n _ — :? 0=d52=(1+§¢)C2dt2—(1—?¢)dlz

v

figure taken from Narayan & Bartelmann (1995)
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" analogy to optics

* effective index of refraction (in optics)

the refractive index n > 1 of the glass in the prism
reduces the effective speed of light...

* effective index of refraction (in gravity, post-Newtonian...)

Schwarzschild metric

C

2
n = — = ? 0 = ds? 2(1 +?¢)C2dt2—(1——2¢)dlz
\%
2
4 E L (14 2e)
“ac € 1_2q)~c c?
2
c 2 ¢ 2
= S Ze) (1)
v c? c?

figure taken from Narayan & Bartelmann (1995)
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* effective index of refraction (in optics)
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* effective index of refraction (in gravity, post-Newtonian...)

n=1—%CI)
C

figure taken from Narayan & Bartelmann (1995)
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" analogy to optics

* effective index of refraction (in optics)

the refractive index n > 1 of the glass in the prism
reduces the effective speed of light...

* effective index of refraction (in gravity, post-Newtonian...)
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Note:
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theory

" analogy to optics

* deflection angle (in optics)
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figure taken from Narayan & Bartelmann (1995)
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figure taken from Narayan & Bartelmann (1995)
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" analogy to optics

* deflection angle (in optics)

6{=—fVLn dz

I
I
I

* deflection angle (in gravity) |
X
A

&=—fVLn dz

figure taken from Narayan & Bartelmann (1995)
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" analogy to optics
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a=-[V,.n d:= C—zfvgcb(éj,z) dz

figure taken from Narayan & Bartelmann (1995)
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* gravitational lensing

* effective index of refraction (in gravity, post-Newtonian...)

2
n=1——2(I)
C

/l

/1
I
/)

* deflection angle (in gravity)
X
A

) 2
a=-[V.n d:= C—zfvgcb(éj,z) dz

figure taken from Narayan & Bartelmann (1995)
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" gravitational lensing - assumptions

GRAVITATIONAL

LENSING:
A Distant Source ; Z ik ',;5,'}',,,
Light leaves a young, . X S 4 gravity

star-ferming blue galaxy near
the edge of the visible universe.

A Lens
Of ‘Dark Matter’
Some of the light
passes through a large
cluster of galaxies and sur-
rounding dark matter, directly in the 2 >
line of sight between Earth and the . ; 5 3
distant galaxy. The dark matter's gravity 7
acts like a lens, bending the incoming light.

MILKY

Focal Point:
Earth

Most of this light is
scattered, but some is
focused and directed toward
Earth. Observars see multiple,
distorted images of the background
galaxy,

Lucent Techn

Tony Tyseen, Greg Kochanski and
Tan Dell"Antonin

Frank O'Connell and Jim McManus!

The New York Times
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" gravitational lensing - assumptions

lens plane
BLUE . 1
GrLAXY - 51 - {1l

CLUSTER OF
\LAXIES

GRAVITATIONAL

LENSING:
A Distant Source N g ’t;gt by
Light leaves a young, . . " gravity

star-forming blue galaxy near
the edge of the visible universe

A Lens
Of ‘Dark Matter’
Some of the light
passes through a large
cluster of galaxies and sur-
rounding dark matter, directly in the
line of sight between Earth and the
distant galaxy. The dark matter's gravity
acts like a lens, bending the incoming light.

Focal Point: Seurce:
Earth el Labs,
Lucen! Technologies

Most of this light is
scattered, but some is
focused and directed toward
Earth. Observars see multiple,
distorted images of the background
galaxy,

Tony Tyson, Greg Kochanski and
Tan Dell"Antonin

Frank 0'Connell and Jam McManus!

The New York Times
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lens plane

source

observer's plane |

thin screen approximation:
D, =1Gpc
D, =1Gpc
R ~ 1 Mpc
M e = 10" M,
1% ~1000km /sec

cluster

cluster
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theory

" gravitational lensing - assumptions

* deflection angles are small

a <<1

* matter inhomogeneities causing lensing are local perturbations:

2
‘(I)‘ << C

Viens << C

thin screen approximation:
D, =1Gpc
D, =1Gpc
R ~ 1 Mpc
Mcluster = 1014 M®
1% ~1000km /sec

cluster

cluster

lens plane

observer's plane |
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" theory
* the basics of lensing...

o the lens equation

o the lensing potential

o critical surface mass density
o maghnification

o caustics and critical curves
o distortion

o mass-sheet degeneracy

* some sample lenses...
O point mass
o extended mass

o singular isothermal sphere
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" the lens equation

) 2
a=-[V.n d:= C—zfvgcb(éj,z) dz
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" the lens equation

how to relate to anything we can observe?

) 2
a=-[V.n d:= C—zfvgcb(éj,z) dz
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theory

" the lens equation

G=-[V,n d: =%IV§®(§’Z) dz

a can be calculated!
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theory

" the lens equation

@ is observable!

— - ——
.
te,

‘e
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" the lens equation

DLS
DS

B =0-2554(6)

(exercise)
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theory

" the lens equation

DLS
DS

B =0-2554(6)

(exercise)

* reduced deflection angle:
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theory

" the lens equation

B=0-a(6)

* measured: G
* wanted: p

* needed: a(6)
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theory

" the lens equation

B=0-a(b)

important note:

* all angles are in fact 2D, i.e.

5 = (31» 92)

-

b= (,81, IBZ) X

* in Astronomy the two angles are RA and DEC
* for the setup used here, we rotated

the system so that it becomes |1D
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theory

" the lens equation

B=0-a(b)

important notes:

* all angles are in fact 2D, i.e.
9: = (61,62)
B = (B1,B2)

* the lens equation describes a 2D mapping
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non-linear mapping

source plane /\ lens/observer plane

P . 0, ’

P 0
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B=60-ad®b)

non-linear mapping

source plane /\ lens/observer plane

P . 0, ’

P 0
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* the lens equation describes a 2D mapping
* in general a non-linear equation — multiple images!
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" the lens equation

B=0-a(6)

important notes:

* all angles are in fact 2D, i.e.

9: = (91»92)
:8 — (,81' IBZ)

* the lens equation describes a 2D mapping

* in general a non-linear equation — multiple images!
* based upon the assumption that “separation = angle x distance”
*in general Dy # D, +D,s => what distances are these?
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* the lens equation uses angular diameter distances d:

1‘9‘01;5 D %

O
D = R(t,)x, [ d9 = R(t,)x,0,

(R(#) because of “galaxy size at time of emission”)

0, =0,

obs

' D D
9 == = |d =—==R(t)x
dA ! ﬂobs (E) ‘
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* the lens equation uses angular diameter distances d:

1‘9‘01;5 D %

O
D = R(t,)x, [ d9 = R(t,)x,0,

(R(#) because of “galaxy size at time of emission”)

0, =0,

obs

' D D
ﬁobs = Z = dA =ﬂ=R(l‘E ?
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* the lens equation uses angular diameter distances d:

1‘9‘01;5 D %

c 1
dc = f dZ EZ(Z)=EQLO(1+Z)3(I+W")
E(z) ,.
\dc k=0
RO
Q
Xp =1 1« sin ‘ k’O‘HOdC k=1
RO Ho ‘Qko‘ ¢
1 ©  nh ‘Q"’O‘H"d k=1
RO Ho ‘Qko‘ ¢ )
D  R(t
g -2 _ROp
ﬁobs RO
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theory

* the lens equation uses angular diameter distances d:

ﬁObS D %
<E
C 1
dc = f dZ EZ(Z)=EQLO (1+Z)3(l+w,-)
H," E(z) r i
- d, k=0
0
Q |H
xo=d 2 gin 20 “d | k=1
RO Ho |Qk0| ¢
can be measured 1 ¢ . Q, |H, .
— sinh d, sk=-1
observationally R, H, /|Qk’0| c
D | R(1) |
d A S can be calculated
ﬁobs RO
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" the lens equation

B=0-a(6)

important notes:

* all angles are in fact 2D, i.e.

9: = (91»92)
:8 — (,81' IBZ)

* the lens equation describes a 2D mapping

* in general a non-linear equation — multiple images!
* based upon the assumption that “separation = angle x distance”
*in general Dy # D, +D|s => angular diameter distances!
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B=0-a(6)

* measured: G
* wanted: p

* needed: a(6)
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" the lens equation

B=0-a(6)

* measured: G
* wanted: o

* needed: a(0)

related to particulars of lens

a=DLS& c?=2 Ved(§,2)dz
DS ) C 5 )

projected gravitational potential of lens
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" the lens equation

B=0-a(6)

* measured: G
* wanted: o

* needed: a(0)

related to particulars of lens

o= Dis a a = %ﬁh d(&,2)dz
DS ) C 5 )

projected gravitational potential of lens: the “lensing potential” —
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" theory
* the basics of lensing...

o the lens equation

o the lensing potential
o critical surface mass density
o maghnification

o caustics and critical curves
o distortion

o mass-sheet degeneracy

* some sample lenses...
O point mass
o extended mass

o singular isothermal sphere
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theory

" the lensing potential

analogy to gravity:

force = V(potential)

deflection angle = V(lensing potential)
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" the lensing potential

=
I
S
|

2

2

“optics”:  a = —fVLn dz
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" the lensing potential

B=0-af6)

“optics”: O = —fVLn dz

GR: n=1—%(I)
C
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theory

" the lensing potential

B=0-a(6)

&=—fVln dz

- C% [v.2 az
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theory

" the lensing potential

B=0-a(6)

a —fVln dz

- C% [v.o© dz

R
Il
Q>

NIN




The Basics of Gravitational Lensing

theory

" the lensing potential

B=0-a(6)

2 DLS
= V.®(Ez7) d
o sz D Ve (§.2) dz

S

D




The Basics of Gravitational Lensing

theory

" the lensing potential

B=0-a(6)

2 oD
a=cszS E) a

not really useful...
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theory

" the lensing potential

B=0-a(6)

2 oD
a=cszS E) a

not really useful...

...but: § = DLH

D
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theory

" the lensing potential

B=0-a(6)

2 DLS
= V.2 d
o szD «P(5,2) dz

S

§=DLH/\_ 2
D)
C

2+ D
Vozl o
S™L

| Pis v 06,2z
DSDL

D(6,z2)dz

D

—— e ) -

— - —— —-——
.
te,

‘e

g
0
.
w/,
.
™,
.
L
.
™
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theory

" the lensing potential

B=0-a(6)

2 » D
a=V,5 [ —E-D0,2)dz

c v DD,
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theory

" the lensing potential

B=0-a(6)
. )
2 D

=V, ) DSgL D(0,2)dz

definition of

"“lensing potential”

@(0) =

2

2 f Dis d(0,2)dz

D.D

g sr
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theory

" the lensing potential

B=0-a(6)

a(0) = V,@(0)

2 + D
0) = L ®O,7)d?
#(0) == [ = ®(0.2)

STL
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theory

" the lensing potential

B=0-a(6)

a(0) = V,@(0)

2 D
0) = LSCP(O, 7)d
CO( ) C2 fDSDL\( Z)E

D

3D potential projected into 2D along line-of-sight!
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theory

" the lensing potential

B=0-a(6)

a(0) = V,@(0)

@(6) é{ %@9,@@
/

Note: ¢(0) is dimensionless!

D

3D potential projected into 2D along line-of-sight!
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theory

" the lensing potential

c0(¢9)=622 | Pis_a6,2)dz

D.D

S™L

Vy@(0) = a(6)

(by definition)
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" the lensing potential

2 + D
#(0) == | L (0,2)dz

S™L

the knowledge of the lensing potential
allows to calculate all deflection angles...

V,¢(0) = a(0) (by definition)
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" the lensing potential

2 D
0) = L ®(0,7)d
#(0)= = [ - @(0.2)dz

S™L

the knowledge of the lensing potential
allows to calculate all deflection angles...

V,¢(0) = a(0) (by definition)

...and the lensing potential is related to the
projected surface mass density 2(0) of the lens!
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" the lensing potential

n S,
[ »
2 D E II'I
0(0) == [ B D(0.2)dz :
¢ D SD L D !
Dg| + Li :
: /3 .:'::
I/\::
V,p(0) = a(0) (by definition) D, ;
projected surface mass density 2(9) = f p(g, Z) dz IO
(6
V; (;0(6) = 2# (exercise)

crit
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theory

" the lensing potential

c0(¢9)=622 | Pis_a(6,2)dz

D.D

S™L

Vy@(0) = a(6)

projected surface mass density X (0) = f p(6,z)dz

2 gy o 20)
Vop(0) =2 5

(by definition)

(exercise)

Crit\ C2 D o . .
> = S critical surface mass density

' 4nG D, D, (mere geometry dependence...)
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theory

" the lensing potential

2 0y — o 20)
Vop(0) =2 5

crit

a(0) =V ,@(0)

B=0-a(0)
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" the lensing potential

2(8) lens characteristics
V,9(0) =

crit

X(0) = fp(@,z)dz

a(0) =V ,@(0)

p=0-a(6)
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theory

" the lensing potential

2(0)

Vo@(0) =
890( ) geometry

X(0) = | p(8,z)dz
¢ D

S

2crit =
4nG D, D,

a(0) =V ,@(0)

B=0-a(0)
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" the lensing potential

2 0y — o 20)
Vop(0) =2 5

crit

X(0) = [p(@,z)dz
2crit = C2 DS
4nG D, D,

a(0) =V ,@(0)

B=0-a(0)

critical mass surface density —




The Basics of Gravitational Lensing itinerary

" theory
* the basics of lensing...

o the lens equation

o the lensing potential

o critical surface mass density
o maghnification

o caustics and critical curves

o distortion

o mass-sheet degeneracy

* some sample lenses...
O point mass
o extended mass

o singular isothermal sphere
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" critical surface mass density

2
D
2crit _ - >
4nG D, D,

* depends only on distances to source and lens
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" critical surface mass density

2
D
2crit _ - >
4nG D, D,

* depends only on distances to source and lens |
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" critical surface mass density

2
D
2crit _ - >
4nG D, D,

* depends only on distances to source and lens |

* separates ‘weak’ from ‘strong’ lenses:
2> 2 => multiple images possible \
><3X => only distortions § - /

crit
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" theory
* the basics of lensing...

o the lens equation

o the lensing potential

o critical surface mass density
o magnification

o caustics and critical curves
o distortion

o mass-sheet degeneracy

* some sample lenses...
O point mass
o extended mass

o singular isothermal sphere
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" magnification

()
/ Galaxy

/ being
g Galaxy acting as observed
gravitational lens

Astronomer

(Bernard Schutz, http://www.gravityfromthegroundup. org)



http://www.gravityfromthegroundup.org

The Basics of Gravitational Lensing

theory

" magnification

« differential deflection of light-rays

*surface brightness = apparent brightness per unit angular area

lensing preserves surface brightness*
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lensing preserves surface brightness

" magnification

» differential deflection of light-rays

dQ,

observer
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The Basics of Gravitational Lensing

theory

" magnification

« differential deflection of light-rays

dQ, =dQ,

as the number of photons is conserved,
the ratio between the two solid angles
determines the magnification:

dQy,,
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lensing preserves surface brightness
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" magnification
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as the number of photons is conserved,
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The Basics of Gravitational Lensing

theory

" magnification
« differential deflection of light-rays

dQ, =dQ,

as the number of photons is conserved,
the ratio between the two solid angles
determines the magnification:

dQy,,
— —?
H=da,.
As
non-linear mapping
source plane /_\ lens/observer plane
B . o, ’

B o,

O

lensing preserves surface brightness

/] 45 /]

lens

VAW

dQ,

observer

Q,




The Basics of Gravitational Lensing

theory

" magnification

« differential deflection of light-rays
dQ, =dQ,

e coordinate transformation fto 0

-1
Ay,

ao(35)
K = |aet| —
Ay, 006

non-linear ma pping

source plane /_\ lens/observer plane

B . o, ’

B o,

O

lensing preserves surface brightness

/] 45 /]
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dQ,
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The Basics of Gravitational Lensing

theory

" magnification

« differential deflection of light-rays
dQ, =dQ,

e coordinate transformation fto 0
dQ a\|"
U = AL det <—_>>
Ay, 006

* spherical symmetry

D

lensing preserves surface brightness

/] 45 /]

lens

VAW

dQ,

observer

Q,

dQ,  dA, 4xD; DidA, Did(D;0*) DiD;d(0*) 6d6

M:

small angle approximation

dQ, —4aD; dA;  D;dA; 5 Did(D;f") D;Did(f’) pdp

Note:
#<0  =>mirror inversion of image




The Basics of Gravitational Lensing

theory

" magnification

« differential deflection of light-rays
dQ, =dQ,

e coordinate transformation fto 0
dQ a\|"
U = AL det <—_>>
Ay, 006

* spherical symmetry

dQ,  0do
dQ, — pdp

M:

O

lensing preserves surface brightness

/] 45 /]

lens

VAW

dQ,

observer

Q,




The Basics of Gravitational Lensing

theory

" magnification

« differential deflection of light-rays
dQ, =dQ,

e coordinate transformation fto 0

-1
Ay,

i (3)
— — e —
2 Ay, 006

* spherical symmetry

d,  6do
dQ,  BdB

M:

lensing preserves surface brightness

/] 45 /]

VAW

lens

Dy °

dQ
. dQ,

observer

Note:
there are usually multiple images and
the sum of their magnifications equals unity




The Basics of Gravitational Lensing

theory

" magnification

« differential deflection of light-rays
dQ, =dQ,

e coordinate transformation fto 0

-1
Ay,

i (3)
— — e —
2 Ay, 006

\_____\(_____/

=0 u=o0 1?

* spherical symmetry

d,  6do
dQ,  BdB

M:

lensing preserves surface brightness

/] 45 /]

VAW

lens

Dy °

dQ
. dQ,

observer

Note:
there are usually multiple images and
the sum of their magnifications equals unity




The Basics of Gravitational Lensing

itinerary

" theory
* the basics of lensing...

o the lens equation

o the lensing potential

o critical surface mass density

o maghnification

o caustics and critical curves
o distortion

o mass-sheet degeneracy

* some sample lenses...
O point mass
o extended mass

o singular isothermal sphere




The Basics of Gravitational Lensing theory

m caustics and critical curves

-1
dQ 0
* magnification: U= AL = [det (—'[i)‘
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m caustics and critical curves

9p

* (formally) infinite magnification: u=o < det(é) =0
d
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m caustics and critical curves

—

9p

* (formally) infinite magnification: u=% < det|—=|[=0

d0
. B,...: caustics (in source plane)
0
det] 2| =0 <
v, -
6,..: critical curves (in lens plane)
caustics critical curves
(source plane) (Ig_n_s_p_lgne)
@ \'\.‘\ , LY 'i_;‘ :7;
® | % =

- “(élyl.i'ptical lens, figure taken from Natarayan & Bartelmann|995)
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m caustics and critical curves

—

9p

* (formally) infinite magnification: u=% < det|—=|[=0

d0
. B,...: caustics (in source plane)
0
det] 2| =0 <
v, -
6,..: critical curves (in lens plane)
caustics critical curves
(source plane) (Ig_n_s_p_lgne)
@ \'\.‘\ , LY 'i_;‘ :7;
® | % =

- “(élyl.i'ptical lens, figure taken from Natarayan & Bartelmann|995)




The Basics of Gravitational Lensing itinerary

" theory
* the basics of lensing...

o the lens equation

o the lensing potential

o critical surface mass density
o maghnification

o caustics and critical curves
o distortion

o mass-sheet degeneracy

* some sample lenses...
O point mass
o extended mass

o singular isothermal sphere




The Basics of Gravitational Lensing

theory

= the distortion matrix

source image

» -
B, 0,

| |

B; 6,

coordinate transformation from fto 6:

/3 =0- OC(H) (the lens equation)




The Basics of Gravitational Lensing

theory

= the distortion matrix

source image

» -
B, 0,

| |

B; 6,

coordinate transformation from fto 0: [ =60- a(@)

A 9B (10} _day
70, \0 1) 48,
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= the distortion matrix

source image

» _
B, 0,

| |

By 6,

coordinate transformation from fto 0: [ =60- a(@)

A_a_[g’i_IO%_IO K+y, 7,
790, 0 1) g0, (0 1)\ vy, K-y

decomposition of a symmetric matrix* into a diagonal and a trace-free part...

*why symmetric?




The Basics of Gravitational Lensing theory

= the distortion matrix

source image

» _
B, 0,

| |

By 6,

coordinate transformation from fto 0: [ =60- a(@)

A_a[;’i_lo %_10 K+y, 7,
790, 0 1) g0, (0 1)\ vy, K-y

decomposition of a symmetric matrix* into a diagonal and a trace-free part...

*4,; is symmetric, because o=V ¢ and hence do,/d6,=Jo/ 76,




The Basics of Gravitational Lensing

theory

= the distortion matrix

source

B,

|

B,

image

coordinate transformation from fto 0: [ =60- a(@)

A ap. (1 0} da, (1 0} (K+v,
790, 0 1) 0, \0 1) { v,

J

1
Ho b Sk
0 1) \0 ) \y, -y 0

O) _ (V1 14
1 Yo VN

|




The Basics of Gravitational Lensing

theory

= the distortion matrix

source

B,

|

B,

U

1
A =(1-k)

image

0 i Ta
0 1 Yo =V
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= the distortion matrix

souwge

[

B, 6,
K= iﬁ) = lvch(ﬁ) (exercise)
crit 2
A, [ 72
Y2 —"

magnification




The Basics of Gravitational Lensing theory

= the distortion matrix

source image

» -

B, 6;

| |

By 6,

A =

U

shear




The Basics of Gravitational Lensing

theory

= the distortion matrix

source image

- -

B, 0,

| |

By 6,

i

magnification shear
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= the distortion matrix

source image

B,

|

B,

how are xand yrelated to ¢, a, b?

1 O
Aij (1=K _ i Ta
0 1 Yo =V




The Basics of Gravitational Lensing

theory

= the distortion matrix

source )/ _ |V|ei2¢ image

R

a=—

1—K—M

b K

/32 1—K+|)/| 62
Lﬁ Y|=Y +72
1 O
A =(1-k) [ 72

! 0 1 Yo =V




The Basics of Gravitational Lensing theory

= the distortion matrix

2¢p because rotation about 180° maps ellipse onto itself

source _ image
y=lr|é
R

a

=T—M
po_ R
B 1—K+W|%
L ; Y|=~7 +72
1 O
A =(1-k) N RO

! 0 1 Yo =V




The Basics of Gravitational Lensing theory

= the distortion matrix

2¢p because rotation about 180° maps ellipse onto itself

source )/ _ |)/| image
R
a e
1—K—M
p_ R
ﬁZ 1— K + |)/| 62
Lﬁ Y|=Y +72
0 Cos2@ Sin2@
AU =(1-x) —y

1 sSIN2@ —COS2Q




The Basics of Gravitational Lensing theory

= the distortion matrix

source )/ _ |V|ei2¢ image
.-
Cx-D 7 e [
b _R
[3’2
L |V| 7/1 + Vz L

B,

eigenvalues of the distortion matrix (exercise)

2 in 2
0 1 SIN2¢ —Cos2@
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= the distortion matrix

source )/ _ |V|ei2¢ image
R
aqa=—
l-x-ly| 7 =) /[
b R
2 1-K+[y] o
\_ Y=y +72 L

B,

circular source => measuring a and b gives reduced shear g=|){/(1-x) (exercise)

2 in 2
0 1 SIN2¢ —Cos2@




The Basics of Gravitational Lensing

itinerary

" theory
* the basics of lensing...

o the lens equation

o the lensing potential

o critical surface mass density
o maghnification

o caustics and critical curves
o distortion

o mass-sheet degeneracy

* some sample lenses...
O point mass
o extended mass

o singular isothermal sphere




The Basics of Gravitational Lensing theory

" mass-sheet degeneracy — visualisation
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theory

" mass-sheet degeneracy — visualisation

A
B

R T

a larger x;, > K leads to stronger deflection
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" mass-sheet degeneracy — visualisation

n,

® U
V]

A
B

R T

a larger x; > K leads to stronger deflection,
but for 77,<7, we might get the same @ in the end




The Basics of Gravitational Lensing

theory

" mass-sheet degeneracy — visualisation

A
[\)
—— e ——————

——
ey
e
™
™
.
.
.
L
™
™

N

0,

a larger x; > K leads to stronger deflection,
but for 77,<7, we might get the same @ in the end




The Basics of Gravitational Lensing theory

" mass-sheet degeneracy
B=0-a(b) a(0) = V,q(0)

V,a(8) = A,@(0) = 2k(6)

transformation of projected surface mass...

K,(0) = (1- 1) + Ak(6)

...corresponds to transformation of deflection angle...
a,(0) =[1-1)6 + Aa(0)]

...which leads to an effective transformation of coordinates in source plane
B=0-0,(0)=0-[(1-21)0+ ra(0)]= 10 - La(6)
p

—=0-a(0) =>such a shift is not observable!




The Basics of Gravitational Lensing

theory

" summary
* deflection angle

a(0)=V,p(0)

* lens (ray-tracing) equation

3(6)-3-a(3)

* magnification

op
= |det| —=
* distortion ~
Jp 1
— = 1 - K
6 )( 0

Vip(0) = 2x(6)

K(H 2(9)
Zcrlt

2(0) = Jp(@,z)dz
¢’ Dy

Zcrit =
4nG D, D,

%)
—Vi




The Basics of Gravitational Lensing

theory

and now for some examples...




The Basics of Gravitational Lensing itinerary

" theory
* the basics of lensing...

o the lens equation

o the lensing potential

o critical surface mass density
o maghnification

o caustics and critical curves
o distortion

o mass-sheet degeneracy

* some sample lenses...
o point mass
o extended mass

o singular isothermal sphere




The Basics of Gravitational Lensing

sample lenses

" |ensing by point masses

* deflection angle

)
b = C—zfvgcb(g) dz

_4GM 1

C § (exercise)

I
V
Q>




The Basics of Gravitational Lensing

sample lenses

" |ensing by point masses

* deflection angle

~ 4GM
o= >
c’E

* examples
object mass M | impact parameter & | deflection angle a
sun 1 Mg 7x10° km 1.75”
star 1 Mg 10-pc 3x10-6”
galaxy 101 Mg | 10%pc 0.4”
galaxy cluster | 10 Mg | 2x10°pc 20”

figure taken from Narayan & Bartelmann (1995)




The Basics of Gravitational Lensing sample lenses

" |ensing by point masses

* lens (ray-tracing) equation

p(6)=0-a(0)




The Basics of Gravitational Lensing sample lenses

" |ensing by point masses

* lens (ray-tracing) equation point mass:

s 4 _ Dis 4GM
D, D, c’&

(6)=0-a(0)




The Basics of Gravitational Lensing sample lenses

" |ensing by point masses

* lens (ray-tracing) equation point mass:

/3)(9)=8—Ol(9) o= LS&=DLS4GM

E=D.0
DS DS dg




The Basics of Gravitational Lensing sample lenses

" |ensing by point masses

* lens (ray-tracing) equation

D, 4GM 1

0)=0-
A(O) DD, ¢ 6




The Basics of Gravitational Lensing

sample lenses

" |ensing by point masses

* lens (ray-tracing) equation

o D 4GM|!

p(0)-6 \DsD, > )6

6, - \/ D,, 4GM

DD, ¢’

0: Einstein radius




The Basics of Gravitational Lensing

sample lenses

" |ensing by point masses

* lens (ray-tracing) equation

O
B(0)-0-"=

E

0 _\/DLS 4GM

DD, ¢’

0: Einstein radius




The Basics of Gravitational Lensing sample lenses

" |ensing by point masses

* lens (ray-tracing) equation

0, D . 4GM
0 = 0__E = LS
ﬁ( ) v O \/DSDL c?

0: Einstein radius

what are the possible images 6 for a given source !




The Basics of Gravitational Lensing

sample lenses

" |ensing by point masses

* lens (ray-tracing) equation

O
B(0)-0-"=

—> 0=6"-08-6"

-0*-0p+( 35 -(35) -6

E

D,, 4GM
DD, ¢’

0: Einstein radius




The Basics of Gravitational Lensing

sample lenses

" |ensing by point masses

* lens (ray-tracing) equation

O
B(0)-0-"=

E

0 _\/DLS 4GM

DD, ¢’

0: Einstein radius




The Basics of Gravitational Lensing sample lenses

" |ensing by point masses

* lens (ray-tracing) equation

0, D . 4GM
0 = 0__E = LS
ﬁ( ) v O \/DSDL c?

0: Einstein radius

=0: 0.,=0,= Dy 4G2M Einstein Ring / @
DD, c

HE




The Basics of Gravitational Lensing

sample lenses

" |ensing by point masses

* lens (ray-tracing) equation

O
B(0)-0-"=

= 0: 0.=6,= Dy 4G2M
DD, c

pi0. O, =%(/5¢1//32+40;)

9+ > GE image outside Einstein ring

0_ < QE image inside Einstein ring

E

0 =\/DLS 4GM

DD, ¢’

0: Einstein radius




The Basics of Gravitational Lensing

sample lenses

" |ensing by point masses

* lens (ray-tracing) equation

O
B(0)-0-"=

= 0: 0.=6,= Dy 4G2M
DD, c

pi0. O, =%(/5¢1//52+40;)

9+ > QE image outside Einstein ring

0_ < QE image inside Einstein ring

E

DD, ¢’

0 =\/DLS 4GM

0: Einstein radius

Wambsganss (1998)




The Basics of Gravitational Lensing

sample lenses

" |ensing by point masses

* lens (ray-tracing) equation

O
B(0)-0-"=

= 0.~ (B +a6})

= 0: H+=6E=\/DLS

DD,

pi0. O, =%(/5¢1//32+40;)

9+ > QE image outside Einstein ring

0_ < QE image inside Einstein ring

E

_ | Dy 4GM
DD, ¢’

0: Einstein radius

Einstein Ring Gravitational Lenses Hubble Space Telescope = ACS

.
- » > .
J073728.45+321618.5 J095629.77+510006.6 J120540.43+491029.3 J125028.25+052349.0

- . - »

J140228.21+632133.5 J162746.44-005357.5 J163028.15+452036.2 J232120.93-093910.2
NASA, ESA, A. Bolton (Harvard-Smithsonian CfA), and the SLACS Team STScl-PRC05-32

Xanthopoulos et al. (1998)

B1030+074




The Basics of Gravitational Lensing sample lenses

" |ensing by point masses

* lens (ray-tracing) equation ... now in full 2D

b1 0 \/ D,, 4GM
E\D.D, 2
0 1 B D,
(9;?.) - E <'B i \/ 18 2 + 4‘91%') 0: Einstein radius

+ g
5 p= 57 +53




The Basics of Gravitational Lensing sample lenses

" |ensing by point masses

* magnification

0, do, _e_E4_1 RIS rawT:
s o] oo




The Basics of Gravitational Lensing sample lenses

" |ensing by point masses

* magnification

-1
4
0. do 0 1
MY P [ 0.\ (peFrae7)
p dp . 2
0 <0 the image inside the Einstein radius has negative magnification,
<Up= meaning it is mirror-inverted




The Basics of Gravitational Lensing sample lenses

" |ensing by point masses

* magnification

0, do, _e_E4_1 RIS rawTs B
“*=/5d/3_[1 (9)] O, 2(/3‘ & +40E) 0,




The Basics of Gravitational Lensing

sample lenses

" |ensing by point masses

* magnification

-1
A 1_(0_E) _w+2 1
© B dp 6. dunut +4 2




The Basics of Gravitational Lensing sample lenses

" |ensing by point masses

* deflection angle

D, 4GM
o= 2
DD, c°6

* lens (ray-tracing) equation

I
6, = 5(/31 B+ 462) , =\/ Dis 4GM

DD, ¢

0y: Einstein radius

* magnification




The Basics of Gravitational Lensing itinerary

" theory
* the basics of lensing...

o the lens equation

o the lensing potential

o critical surface mass density
o maghnification

o caustics and critical curves
o distortion

o mass-sheet degeneracy

* some sample lenses...
O point mass
o extended mass

o singular isothermal sphere




The Basics of Gravitational Lensing sample lenses

" [ensing by extended masses

* surface mass density:

)




The Basics of Gravitational Lensing

sample lenses

" [ensing by extended masses

* surface mass density:
2(§)= f p(é,z)dz

k(@) =20

crit

Vip(0)=2k(0)

a(60)=V,p(0)




The Basics of Gravitational Lensing

sample lenses

" [ensing by extended masses

* surface mass density:
2(§)= f p(é,z)dz

k(@) =20

crit

Vip(0)=2k(0)

a(60)=V,p(0)




The Basics of Gravitational Lensing

sample lenses

" [ensing by extended masses

* surface mass density:
2(§)= f p(é,z)dz

k(@) =20

crit

Vip(0)=2k(0)

a(60)=V,p(0)

v

* deflection angles are additive!




The Basics of Gravitational Lensing

sample lenses

" [ensing by extended masses

* surface mass density:
2(§)= f p(é,z)dz

K(0) = 2(0)

crit

Vip(0)=2k(0)

a(60)=V,p(0)

v

* deflection angles are additive:

integrate over mass distribution...




The Basics of Gravitational Lensing sample lenses

" [ensing by extended masses

* surface mass density:

)

— —

an(E)-s(efe

* deflection angles are additive:

<§>-— am =28 (5
: f c f(&—&')

figure adapted from Narayan & Bartelmann (1995)




The Basics of Gravitational Lensing

sample lenses

" |[ensing by extended masses:

ZORR b an =G 157

c

circular lens

=27 [ ()5 dE’




The Basics of Gravitational Lensing

sample lenses

" |[ensing by extended masses:

* deflection angle
4GM(< §)

circular lens

§=_2T\°8) with M(<E)=2x [ 3(E)5dE’

2
C

* lens (ray-tracing) equation

* magnification




The Basics of Gravitational Lensing sample lenses

" [ensing by extended masses:  lens with constant surface mass density

* deflection angle

b = % with M(<&) =&
C

D, 4nGXZE 4aGZ D, (D, z
o= D = 0=—06
s ¢ c Dy 2

crit




The Basics of Gravitational Lensing

sample lenses

" |[ensing by extended masses:

* deflection angle

o= >

4GM(< §)

with M(< §) = 1x &’

lens with constant surface mass density




The Basics of Gravitational Lensing sample lenses

" [ensing by extended masses:  lens with constant surface mass density

* deflection angle

6o YOM<E) i M(<g) - e’

2

* lens with critical surface mass density — perfectly focusing lens
=  a0)=6




The Basics of Gravitational Lensing

itinerary

" theory
* the basics of lensing...

o the lens equation

o the lensing potential

o critical surface mass density
o maghnification

o caustics and critical curves
o distortion

o mass-sheet degeneracy

* some sample lenses...
O point mass
o extended mass

o singular isothermal sphere




The Basics of Gravitational Lensing sample lenses

" |[ensing by extended masses: singular isothermal sphere

o’ 1

=GP




The Basics of Gravitational Lensing

sample lenses

" |[ensing by extended masses:

2(&) = [ pE.2)dz

2aGY E*+ 77
2
-9 ltan‘1 hd
271G | E gl
o’ 1 T
“OAGE|2 2
_o 1

2G§

=_03+f : dz )

+00

0

D326 T 2aG 47

singular isothermal sphere

o, 1
P =G 7

o1 o’ 1




The Basics of Gravitational Lensing

sample lenses

" |[ensing by extended masses:

2
o, 1

Z(§)=2Gg

3
M(< &) =2n [ 3(E)EdE’

=27

g 2
o, 1., .,
~—E£d§
02G§
2
TO
— V§
G

singular isothermal sphere

o(r) =

2
ol 1

271G r?




The Basics of Gravitational Lensing

sample lenses

" |[ensing by extended masses:

* deflection angle

a =
2
C

4GM(< §)

singular isothermal sphere

o, 1
P =G 7

2
_ 7o,
G

with M(< &)

&




The Basics of Gravitational Lensing sample lenses

" |[ensing by extended masses: singular isothermal sphere
o= 2L
* deflection angle 27G 1’
4ao’

>
I




The Basics of Gravitational Lensing sample lenses

" |[ensing by extended masses: singular isothermal sphere
o, 1
: pr)=—+—
* deflection angle 2aG r
. 4ao’

2
C

every light ray experiences the same deflection!
(independent of sphere size!)




The Basics of Gravitational Lensing

sample lenses

" |[ensing by extended masses:

* deflection angle
4o,

>
I

* lens (ray-tracing) equation

singular isothermal sphere

o(r) =

o’ 1

)4

274G r*




The Basics of Gravitational Lensing

sample lenses

" |[ensing by extended masses:

singular isothermal sphere

2

pry= 2
* deflection angle 27G 1’
. 4mo’
x=—
c
* lens (ray-tracing) equation
D,
pO)=0-—a=0=x0,
S
D, 4G D, 4G no;
92 = ﬁ_zM(gE) = D g 2 = D, 0,
st € D, ¢© G
D,.
0, =x—=a
Dy o’
M(<g)-"2¢
formally speaking there is a third solution 6;=0 E=D,0




The Basics of Gravitational Lensing

sample lenses

" |[ensing by extended masses:

* deflection angle
4ao’

>
I

* lens (ray-tracing) equation

D, -
0.=p+0,=px—La
.=px0,=p D,

singular isothermal sphere

o(r) =

o’ 1

)4

274G r*




The Basics of Gravitational Lensing

sample lenses

" |[ensing by extended masses:

* deflection angle

4ao’

a = >
C

constant offset

* lens (ray-tracing) equation

D, -
0.=p+0,=px—La
.=px0,=p D,

singular isothermal sphere

o(r) =

o’ 1

)4

274G r*
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sample lenses

" |[ensing by extended masses:

* deflection angle
4ao’

a 2
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constant offset
* lens (ray-tracing) equation
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* magnification
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summary

2 0y — o 20)
Vop(0) =2 5

crit

S ¢’ D
" 4aG D, D,

a(0) =V ,@(0)

B=06-a(0)

X(0) = fp(@,z)dz 2 projected surface mass density
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= the distortion matrix

source image
B, | 0, |
B, 6,

K= 1(81190 + dy@) = 2(—8)
1 O 2 2crit

A =(1-k) i 72 1

i -k B Y, == (0, — )
0 1 Yo N 2

V2= 0@ =0,¢
magnification shear
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