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What are gravitational waves

Generalities

GW can provide us information about General Relativity in the high energy regime ( high masses,

strong gravitational forces , - . .) . NOTE :

Gravitational waves are ripples in space- time caused Newton and Einstein had different
conceptions about spacetime .

by accelerating masses
. They can be sourced by :

. Newton 's . Einstein 's flexible
I
. By nary systems (BH - BH, NS - NS . . . .) fixed space space - time

2 . Tensor perturbations (seeded by inflation, which

affect the CMB)

3
. Supernovae (core collapse )
A massive star (n to - 30Mo. ) developers an iron core, which collapses in Tn 100 Ms . After
the collapse there is a bounce (given by the equations of state) , and in the end a
neutron star is formed .

This bounce produce GW (w outside our detectors) .

From now 0

History
In 1915 - 16 Einstein formulated General Relativity ,

. Run - I grew Rt Agm = Tun
Soon after, he conjectured the existence of wave solutions, but was uncertained due to gauge artifacts .
He wrote a letter to Schwarzschild in 1916 :

Later Einstein found three types of waves, but Eddington showed two of them were Spurius

due to a choice of frame (not physical)
In 1936 he tried to publish a paper in Physical Review that cow do not exist

,

and the

referee (Robertson ) rejected it . So, Einstein sent an angry letter to the editor :



Later Einstein changed his mind again and now believed in Gws after realizing the error
in his calculations

.

He then changed the title and published thepaper as
"

On gravitational
waves

"
.

The argument was settled forever in 1957 by Feynmann :

Direct detection

Feynmann 's argumented that if Gws are neat they displace the beads

( rings around a cilinder) thus producing heat (due to friction) .

If we detect the heat, they are real
.

The first detector was built on 1960 by Joseph
Weber: it would record small changes in current

produced if a GW deformed the oil inder.
Indirect detection

A pulsar is a highly magnetized rotating neutron star that

emits beams of EM radiation out of its magnetic poles .

They are very precise clocks . Eg . 50437 - 4715 has a period of
O . 005757451936712637 secs with error of 1.7×10-17 secs .

Having a pair of pulsars orbiting around each other
,
one can

measure the properties of the system ( semimajor axis, eccentricity,
period , . . . ) .

In 1974
,
Hulse and Taylor found that a pair of binary pulsars was inspiralling in perfect

agreement with GR : pulsars ae radiating energy , coming closer and closer to each

other
.

The better way to detect Gws is with interferometry .

In 2002
,
LIGO started operating until

2010 . Adv Liao started in 2015 .



Differences between Gws and EM waves

• EM waves travel through space, Gws are ripples in spacetime itself .
• EM waves can be absorbed , Gws cannot

.

• Gws are weakly interacting , EM waves strongly interact with charges (Isu)
• Cows are produced (at minimum) by quadrupole, EM by dipole
• Gws are travelling , time - dependent tidal forces
• 6W allow for a measurement of the luminosity distance di CZ) ,

but not the redshift z ( without a model)
• With EM counterpart , we can reconstruct da CZ) as for supernovae (GN t Gamma ray
burst [GRB] ) → GRB allows to measure -2 , Gw gives da Cz) . Taking first order

expansion , one can measure the hubble constant .

12.2
.
Formalism in GR

Linearization

Gravity is weak and cows interact weakly , so we need to linearite GR (perturbation theory) .

Run - f- gun R = 84¥ Fun
we also know that GR is diffeomorphism invariant :

XM s x'n Cx) - gu (x) - g'm, (x) = III geo Cx) (metric tensor transforms
Small perturbations around empty space can be written as :

as a tensor)

gun = few t hmu

hmu ⇐ I } hmu (x) > him (x ') = hun Cx) - ( on% tower)
XIX'm

= Xu t 9^4 E
introducing x 'm in the metric transformation rule

where you, is the Minkowski background and hmu is a small perturbation and EM

tells how have we set up our coordinate system .

We can also plug in the perturbation in the Riemann tensor and lineariee it :

Razer = I ( side hurt Qiao hae - dude hoo - 22 hue )
We can also introduce

"

barred " h :

h = pm hmu
ti
= hun - f- pm, h }

[⇒" time = h - 2h= -h

hmu = him - Irish
> Trace



REMINDER
combining everything for Einstein 's equation "

D → ①Alembert operator

time t Yuu 2eEtter - 2% time - deputise = - t6Tun D= Yussuf = from

GR has some residual freedom, so we can choose a gauge ( usually , the Lorentz gauge) .

This makes the GR equations decouple .

Lorentz gauge : In time = 0

This is possible because

The final equations are :

①time = - ¥9 Tuo (with sources)

D Fun = 0 ( in vacuum)

we can use the gauge to remove spurious degrees of freedom (dof) .

Let us find the number of degrees of freedom of GR. During the lecture on gauge inv .

perturbations that the metric has 16 d.of . However, since it is sine trig only do

or them are independent . 4 dog can be removed by choosing a coordinate system, and
another 4 choosing the gauge .

This leaves us with only 2 physical propagating
degrees of freedom . If we go back to how the perturbations on the metric transforms
(and knowing that we can

choose B as we want) :

Dega =o hmu Cx) > him (x ') = hun Cx) - ( onE t 2. En)
we decide that :

fo s 5=0 ( trace = O)

E
"

(x) → hoi Cx) = o ( spatial party } transverse traceless gauge
(TT )

Assuming that we are in vacuum, we can eliminate some of the hi,' :

A tin, = O > 20hoo t Zi hoi = O s 8hoo = 0

Finally , the TTgauge : h" = 0 hii
= o his' = o

Solutions in vacuum are plane waves

Trµw = o - hi'T Cx) = eij (E) e
""

KM = (E , E) and % =/ El



The polarizations :

A = KIKI

y; hi; ⇒ } nihij = 0 ( using TT gauge we find a
condition on the polarization)

V

hey.TT = (htt - thy §)
,;

cos[w (t -ZED

> oscillatory part t phase
> polarization tensor

once we have this , we can write the structure of spacetime:

de = - Edt + DE t ( I t ht cos [w ( t - Hc))) DR t ( I - ht cos[w ( t - HD) dy ' t 2hx cos[WH - ED dxdy

Taking the expansion in Fourier space :

e tab = (f 9) as east = (9 f)ab

Effect on the masses
To get afirst approach to the effect on masses, we study of geodesic deviation for two

geodesics : p coupled system of diff egos

XM(e) D
'
EM

xmcej +grace, } Jez
= - Riker Ee d¥d¥ , g. i = I iiiirigj

> geodesics >geodesic deviation equation

Taking each polarization separately :
The t polarization :

is
hast' = htsinwt ( f f ) (2-= o) gasol

Gw •

And substituting in the geodesic deviation equation : a ¥

did = - HI Cxotdx) ur sin (wt) ly , { 8kt)
= thztxo sin@t) E

dy
"

= tht (yo toy) wzsin (wt) dy Lt) = - hat yo sin(wt)

The X polarization
Following the same procedure gives :

8×41 = HEyosinlwt)

By ft) = HEXo sincut) }
Gw energy
Feynman showed that cows do work and carry energy . Energy of a wave is E - h2 , so we



need to expand to second order :

Russ = Bmw t Rub" t Rad" t . . .

Rewriting the Einstein egs and averaging over a wavelength :

Raw = 81¥ ( Tm - f- gmt) s Pino = - L RnB'> t 8 L Tun - Iga. T>

Averaging over a wavelength . the background part will remain and the first order term will go
to 0 (closed cycles) .

We can take it to the right hand side and define an effective
energy

- momentum tensor for the gravitational waves .

two = - g÷g Lawn - I g-no R'D
⇐ et 's Pino - I g-me = ( Tn, + two)

Do the expansion :

The GW
energy momentum tensor is :

→ energy density of the system

two = 32%, Lou has 2. has> s too = %: Lin 't t inxD

The energy flux and momentum by the waves are ( integrating over a volume /surface)

Ev = fr d3× too btw= Os
p angular momentum

Gravitational waves carry energy, momentum and angular momentum .

Solutions with sources can be obtained using retarded Green functions :

Dhhs = - l{ Fun
D. G Cx - ×, = (* ×, }

% = - k¥1 d'" OG-x'Tuo Cx's

4h45- Ey
84nF - × icy

tret = t - HII ,
G(x- X') = -

1

The solution can be written :

Eun (tix) = HIS d3x'

Tm ( t - HI
'' '

,
I ')

Low velocity expansion
Tx - I

'

I = r - I
' of to (E) >



Gw radiated power

Quadrupole

One can define the moments of the 00 part of the energy - momentum tensor as :

total mass/energy - conserved

dipole (centre of mass) - removable

quadrupole s [his.TT (tix))quad = f-2¥ hi, ke CA) Nike ( t - ra)

,
octuple

Thus we can introduce the quadrupole tensor as:

Mke = (Mke - 138"e Mii ) t I 8 keMii

Q = Mii - fois
-

Mar
.

= facet, (*×; - z r . } Eh
"

( t '*David = I Gift (t -E)

Amplitude in terms of the quadrupole tensor

>C =L Too

If we have a distribution of matter (eg . orbits of BH) one just needs to calculate the cuadrupole
tensor and derivate to obtain the amplitude , from the which one can calculate the power,

energy , momentum, angular momentum , . . .

Radiated power
and angular momentum :

(IIe )
quad

= 5229,1 Line; " hi,- TT) Pguad =⇐ ( i; i;)
→

Ji = 329% fd3x f- Eiik bag" x k ol hastT + 2Eike har.TT wait] ( IF
"

)
quad

= ET Ei" "a ed

In order to get GW, it is not only necessary to have a time - varying distribution of mass,
but also to have a non - Zero third derivative in order to radiate power.

Radiation from Octuple :

①Klm
= M Kem - Ig (g ke µ K'k'm + grim µ K

'l K '
+ Ilm µ Kk

'k)

Miik ft) =p xoict) xoil t) Xo
"(t)

(hitYou. = f- 2¥ iii. ueenynm "em }
Note :

The power of the octuple is suppressed with respect to the octuple by afactor of
Ya > can get a good prediction without considering it



Particular cases

Inspiral binaries in circular orbits .

Ws
'
=
GI → Frequency of the orbit ¢ Viewing angle
Rs

Xo Ct) = Roos (wsttI) µ=mmY

{Yo Lt ) = Rs in ( wst + Iz ) reduced mass
>

Zo (t) = 0

Power :

(II )
goad

= III: this thx) > (II )qaa= 291274
WE

gcoy gas = ( Its
2

toooo

Pquad = 3¥ GII 124 we = # {n÷R4w6 w=2ws ← w Frequency of the Gws

Introduce the chirp mass ( to simplify the expressions for the polarizations )

Ws
2
= GmR3 7

Mc =µ
315 MHS =

(Mi Mz ) 315

(My t Mz) 115

The system is losing energy , thus
the frecuencg changes:/

they get closer

we = Gmrs in = - ER wigs = -Er
>

Eorbit = Erin t Foot = - GILES ⇐* = - ( oqygzswgwyeis} Wow = ¥2"3({⇒%wgw"'3

One can solve the differential equation to get the time to coalescence (when they merge) :

§gw = ¥ IT (Gcmg)%fgwM3 a fgw Ce) =¥(5⇒ E)31816¥)
- 518 I 134 Hz (12%0)*8 (¥)%

Z = tcoal - t

Change of amplitude with time : (solving numerically and substituting) .

After the merger h
→ O



Elp tical orbits

Taking again a semi Keplerian Inewtonian approximation :

One can calculate the second moment
, obtaining :

May =µrz (
cos24 si?4cos4

sin4 cosy sin24 Jab
Radiated power:

Average over orbit (Te period)

feel

D= 33%1: m
'

fee, feel =
a.tea,⇒ ( est Ea e't IIe

.)

one canfind the change in period :

a =
Gmm

21 El

woe = Games
,
} II = - ¥ G''II m"' (¥) -8's fee,

T = const x ( - E )
- 31

Measured

for pulsar
>

Change in orbital elements : the system is radiating energy and angular momentum .

( E → related to semimajor axis .

J- related to the eccentricity)

translate to

diffeqvation

a

Orbit circularization (dividing both equations) :

> ace) = co
e
1249

I -ez
( I t Jody e)

879229g

s

•

The orbits tend to e = t : they circular ite
→

e



Time to coalescence (e.g .

Hulse - Taylor pulsar)
,

neutron stars

my = Mz I 1.4Mo.
°

To = 7.75 hr } Kao .G) a 300Mgr

Rotating spherically Symetric objects
A spherically symmetric rotating matter distribution does NOT

emit 6W . Let us see why . (spoiler : Ithas to do with the

third derivative of the quadrupole moment
.

The moment of inertia tensor is given by :

(E) ' t '

t (E)2=1 }
Going to a rotating frame :

>

The quadrupole tensor isgiven by :

Qij = - (Ii; - Iz Pij Tr I ) = - Ii; t constant
TrI = Ii t Iz t Iz = constant } →

For spherically symmetric objects , a = b -- c :

Ii = ¥ (beta )

I =¥ (a+ay } Qij = o
In general ( if we have a small deviation) :

⇐ faff, s ZIYI = LE a'at.biz?ab=EtOG3)
y

rot. frequency

> Rpoauduiearted : Law = SEINE IZ
↳ small

,
but existent



The post-Newtonian expansion (PN)

Decomposing the metric and Tmo in terms of yo :

And expanding the geodesic equation :

ddI = - rim date date adf.fi re - EMooi = a (Lai hoo - oohoi) = Iz oihoo

The expansion becomes :

dLd÷ = Vsi ddh÷ = Ai
'

tf Bi
'

t Fa Ci
'

t# Di
'

t OCD

where :

(Breaks time reversal)

12.3
. Detection techniques

Interferometry
The expected amplitude of gravitational waves is small , so we need a technique to

measure very small displacements . One well developed technique to do so is interferometry .

GW require photon - based distance measurements to be detected
. We need something that travels



with the speed of light (which is constant) . Hence :

Laser interferometry , Michelson (1887)

(wavelength separation,
power , coherent

emission)

some of the photons go through the
mirror

,
others are reflected .

Differences in flight distance (e.g .
due

to gravitational waves ) creates different
interference patterns .

Electric field measured :

Ey = - z fo e
- iwat trike↳ (

on the detector

✓ Flight
path difference

Ez = + ez Eo e
-iwzttzik Ly } Eat = - i E-

""""""↳ +↳ )
S" (↳ -↳ ))

I Eat 12 = ETsin[ka (Ly - LxD
Eat = Ee t Ez

connection with Gw ( effect on distances) :

We have seen that GW have an effect on the distance .

Since photons move along null

geodesics, we can calculate this :

ht (t ) = ho cos wgwt

ds' = -Edt' t [It h+ (t)] dxz + [s - ht ftp.dyz + azz } d5=0 > dx = ± Cdt
"

I -I ht Lt))

Similarly (on the way back) :
Lx = C (tr - to) - Ifat'dEh+ ( ty

↳ = c (t- te) - Eft! d't ' ht Ct)
Total time and difference in phase :



We can also calculate the power detected :

Noise and sensitivity .

The detector measures the total strain but measurements given in terms of signal to noise
h (t) =D

"
hi; HI

> Depends on detector geometry
Final measurement depends on the transfer function Tcf ) ← sensitivity in terms of the frequency
[ out (f) = Tcf) I (f)

The output also includes the noise (more later ) :

Soot (t) = hat (t) t n out (t) 8(f -- o) → IT Idt e
""ft)

g⇒
= T

{ n'* Cgs)
a Cf'D = off - f) I Sncf)} KINCAID -

- fi SnCPT

and LnCt)) = o

noise profile in terms of the frequency
Spectral noise density Sncf) is variance of the noise spectral noise density

Sf = %
I Sn =L ,nyggzysg } LMlt)) = 441=0> =L! dfdfknt.CH not 'D = II.

'

Jay snip =L
-

dy snip

signal to noise ratio

We can calculate the signal using the filter function K , which provides the sensitivity for
eachfrequency .

.

Noise :

Final expression for the signal to noise



Then :

Example I : stochastic backgrounds (white noise background of unresolved sources )

Example 2 : Distance to coalescing binaries

←
Function that depends ongeometry of
the system, inclination, etc .

Averaging over inclination (etc) we can solve for the distance :

Average amplitude on Earth and length of detector :

SL = f- ho L
ho 45"

s SL ~ 2×10-18m

Sources of noise
• Shot noise : photons are discrete, they follow Poisson distribution

Total signal to noise :

• Radiation pressure



• The quantum limit

(shot noise t radiation pressure)

Sn (f) I opt = Sn (f) I shot t Sncf) trad

• Seismic noise

x (f) = A (III) mHz
- "2

Quantum noise domains for larger freq .

Low frequencies are quenched by seismic noise .

12.4 . Recent observations (BH - BH, NS - NS)
BH - BH

First detected by LiGo in 2015

The signal (strain) from both 2180 detectors

(SIN n 24 ) > A true signal must be detected

by both detectors with a 10ms delay (given
by the distance between detectors

.

The signal in time -frequency and strain-frequency domain :

←
merger

(FFT to the

signal)



fit to the data (determination of the chirp mass) :
we = (qq.gs#.qgowy-ngjowy3)

'"

go-w8B (t) =

(
81g)%(G÷)% ( ta -t)

of =
(Menz ) 315

(time of coalescence)

(me tmz )
"5
→ It = 30 yo.

die ~ 45 Gpa (goth;ma ) ( n'9!! ) (t cosmological model)

Overview and comparison of all GW observations

✓ Spin n O : dprimordial BH ?



Merger rate of events ( up to Dec 2018) as a function of redshift and mass .

NS - NS binary
(there is an optical counterpart)
Neutron stars are collapsed stars

, supported

by neutron degeneracy pressure .

ML 1.4Mo.

Usually emit radiation in pulses (pulsars)
LIGO saw event Gwt70817 linked to

GRB170817A
,
detected by Fermi .

Detected by two LiCoos and Virgo → triangulation

Spin of objects is important in this case



Other GW experiments /detectors

12 -5 . Other issues

speed of GW
GRB 170817A was observed n 1.7-s after GW 170817

,
which provides constraints on the speed

of GW and modifications of gravity :

-3×10
- TSE CgK - I E 7×10-16} Iii; t (3 tan) Hii; t (Itat ) K

'

hey = O

Cg2 = It AT

Optical counterpart → redshift → cosmological constraints
Ho = 70%2 Km/s1Mpc

Possible constraints on the equation of state of neutron stars

'Hyperbolic encounters

Primordial black holes may scatter
in clusters (a .

K
. a. hyperbolic encounters)

The amplitude and the power emited are given by :



Frearency
domain and power spectrum :

SE=L! pets at = ¥1! pcwjdw = - ¥ { M
"

'm?÷m" foe,

Pcw) = .¥ ¥ is
. I ' =÷, w 6

If Qi;
2

The quadrupole tensor isgiven by
.

.

The power spectrum

Total power and peak frequency

The peak frequency is important, since it is detectable by LiGo



Gw memory effect : After scattering (w- o) spacetime remembers event

P(w=o) = 63M'M' 32 (e 2 - 1)

a2C 'S 5e4

Possibility of detection by Lisa -LiGo
LISA and Liao are sensitive in specific frequencies - stains

These are known as sensitivity curves
.

PBH by hyperbolic encounters gives unique predictions for strain tfrequency . There is also a

unique stain for detector .
The scattering will be seen as a unique event (not periodic even, like inthe binaries), aka

a glitch .


