1X. large Scale Structure ‘Yormation

Intreduchion

One o the gooks of Cosmo&yb; 3 @Cp@aim‘n‘j how the structores that we cbserve were Joamed.
We allfead& know eout Tthe origia ?)) malter pertorbations aad Grat dark matler was
yor‘mifﬁ stroctues loeg?me matter decoypling, but we need {o understand how s matter
perﬂba&‘df\s grew ovd Vd\l\; dd (',Luoﬁ J)or/v@& afnb\OMO(j@neou& strocturea . (Note: tnat whe
we el adout the homeseneily of tre Unierse, e /\%Var fo o certain saale . Reow Wt
Sale, we have other structures). Tv»m%hom“ the whole lecloe we mﬁdn; Consider ynatfer~
per torkehions  well inside the Hobble rodivs  (i.e., the  hodzon),

q.4. Governing @guations .
Basic newtonian egoa{‘l‘oas
We start with o non-cesmelogieal - selting, taking o newtonan aggoach o find how matter
evolves with fime,
o Pissen’s @grqum‘on:
AV = 46 (@ P B sl gravity
o C‘oﬂHﬂufty eguation:

%ﬁ + U'((e’ng )V) =0 - wasy csaservotion

o Conservaction Momentom :
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D = P(@, §) — covers DM and boggonic wmalter
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We aan Chcm(ja this %MﬁM& Cm&"d@rfrﬁ a non relativistc ()lu(c! N On CJ)CpaJ\dtg Universe
chamctenied @ Smafll P@r’rurbod:(cms about a homzﬁeneou& and A\Sﬁ‘l((tps‘c baotgmur\d.

Non relativistic ()Lu{ds

For von- redativeshee ju,u(ds, e have D= (™. Thos, P con be discarded when i 45 compared)
to the ensrgy densfjr&. However, we cannet discord P becasse i+ con e ch}e. Bagom‘c

Maffer J)Ufg’fils p<< ec® too. e jurﬂ/\ef assume odiabakic per‘}urba%vo,«s, whose egmﬁm
O(y State will be(?ive/) b() : NP = GNP
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Expax\dr/}? Universe
We can chage to Comoving  Gmordinates to consider the pangion P e Uniere.

> AV = 4’77'66

> 5+ T(e7) =0

> —Y]P: CSZV€

Tm/\s(yormfw the \/@QOC[f-at R EMinpER
V. dr C+lp o el r=oX
T oot = ta o w U= ax X = comoviag coondinale
Peculior \&Qou'b J);dd
Dem::
V: g'tf = jdt_[a?) = OL\;):(‘ + d,)_(. = OoX + d(g)

« The pecoliar verc&y O 45 associated to the mefeon c?} matler within an e)qmnd(@ Universe

o % r as the Hobble df‘tg term, relafed 1o the epoagion. We con handle s eqpansion
with the Friedmann egoations.

The pecolinr potential ¢ amn be defined as:

Y -3 - fadx
As it will be seen later, @ {s Sourced bg ma tter r,)erqur*\oaJrl‘or\s. e seaond term oj the

Pof‘eni‘l‘aﬂ is redafed 1o the edpansion.

It 4s adso necessagy o change the oparnfors. We Jiod thet
J = 5{— Ux
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Once we. have ‘@Lese {fgpe,&enf‘&, we can rewrfe tne eguod‘t‘o/\g U?srltj %hg_ comovfga
coordinates.

o Tisson's @goq{(‘m:
Prech:

7 Pssocioted 4o perfurbations, nst bo.ck(jrowté expansio
/SX @ - Ll-n-G 0.2 (C)_@/)_\J, ba.d&ﬁr‘owd densif‘;
N, e#cte , will be wntten as a e/%s.i‘,

Lo oo I oo contrast
E o0 AL (Vs olinF) s
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Y 5
2"d Friedmann equation: d = —ﬁﬁa =4naGa p + 3a(- 426 pa)

= 4aGa'(p-P) ged
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- Friedmany, eg,uq‘h‘oz\s areyor the “backd(‘m/\cl e

- The Comovity Pomft‘aﬂ 3 s responsibole Jor the 8mw£h of pertorbations

— There s ® Solofon J)or Rissons Qg,van‘d/\ in {ym#e space unless bne Surce (}’uncfam
Queruy; €5 to 2em

- The incloson ‘;} o Nterm will not C,lltw\ée the result [,H— woold be compensmLe&
b() Lo agpeomnce in the 2™ Fredmann eguetion
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NOTE :

- Tt conkming an additional dv‘bj Torm doe o the cosmic epansion.
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[@Mﬁvﬂﬁj Confmur?j @gUQ{?lO/\ —&— + —'t Vy (@ul)-f- g':

Roissen'’s @(%oq{(‘o/\ :

o Ccmovu(j conservation © (? vomenfum . {))Tu + é( %)W+ _g— T=-4 %3 -

. bgwodc‘o/\ C()j’ state - Vo= CPVe
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Small ODerfurbq,ﬁ‘o/\g

We want b solve tinese egruq{-mz\g (Pvr‘ Small perturbations about o }\o(ije/\eou& and {50Trpic
bwb(cjmwd_ These perfurbotﬁms are the source ?f twe petentiad. We an rewnte all the
@ium-{‘tb/\s 7 "f@fMS (()/) tho d@ﬂ%ly Contragt:

== —a@:é(ﬂ*g)

Toissen'’s @qoq{(‘o/\ :
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at a a

TT ?4 Fnom Nows ON :
A B c ‘ VW =V
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o ot a N a ¢
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we are sted in matter! a

(lFRWI cture)

» Conservakion OJD momeA fon
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Vp=clVp

Then:

Poisson s @qoq&‘cm: A @ = 416 arEd
o Cbl\éil\uib egrwod(b/\; _&ZT& _,a,i’_ 7.[(_“:;3)51 =0

~a

® S _D,u_ .L [I. -+g..u:—i —Csi_v_g,
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s Adtobafic p@r{“uqu‘h‘c)/\s NP =Cs2ypP



Lineac per toration Hneo

Sinee we are Cons{derfgs small p@pfuréaﬁ‘d/\g , We can take: 8<<1. We can also
Consider [CC U o oy & & . the veﬂogj c)() the ng}urba‘lm& s moch smaller thon he
&Lpa/l&dr\ j dthe Onnerve, e an discord Some ?)) te terms 3? e previous @?Uu'}mf

Roissen’s eguatio A $ = 4ArGeres
@ntinoity squeten: 88 4 L 7. 174,8)] =0
Congorvakion of mamentom 92 ¢ L (@3)F+ &0 =-4 75 S S
Adiebafte porhrbations VP = C5* TP
We ane Qe)’c with *
Boisson’s  equation = Ay ¢ = 4rGarEsS
'be\émuib eguattn: _9/8 4 o%q.&’ =0
Congervation 0(9 mom@/\fm : %% + %‘k =-’15 Vo —2—8178
Adcabatic perﬁ;rbodr‘oxx& IP = Cs2YUP
NoTE

e s the back_gmwl\d clensifa, and so depends on all the componenls cj) the Uniene:

68 = 61'0* (_——- 8 + — & + _%— dj\/ +_. ) SQ)U’\CQ ‘f‘er‘m

ot f’kn“

The gest oj the egutxh‘on& remaoin J’or the decoopged Component (cf in“re/es}/ the
O(\D,D q\)anff?) common T ol Posaier CU/V\POf\en)‘& s the ﬁmvihﬁomﬂ stencial.

We con combine some ?/) e previovs @,?uodn‘on& to oliminate ., Up and §. B,R.‘gv
bne com‘ir\oiJr& eg}\mh‘uq and the momentum @gvodc\‘on_-

pe 83 41g.0=0

S R U AR R 7 U< H o
% = —a’— + o U ~ ‘\7§ a 78
ij - % 2
ﬁ=i((9—‘§+lv-ll) lvplv 2,47, 1va.Svs
a  o\dt «a a a Jt a a a
20 _tg n lins —l(iv-;+ﬁv-;+lA¢+iA5)

a-  a° a ot > <_ a\adt a a a
5 continuity equation
aé add 1d - o
LA NC LI R 1 (a 301

~ —Viu-a—+—-Ad+ —A(S
ot adt aodot al dt (9r a a



We obtain the eqrooﬁ\‘of\ Hot govensy the evdlotion S} Lne &gnsib cansteast & (x.1)

92& é Q_A;. - S Cy =0
) +2% = AT GE0~ = AS

This eguakn && (e, ond can be dewmpoted dn different  sine )W\CJ-\‘OF)&,

NES vaﬂx‘é(}or Qrbifray cocmop,ﬁes , as well os jof collision Jess (cszb) ond
collisonall wmatter (coudoﬂed o J'H:el?j, Cs #0),

Cuamological oxpansin acts os oo damping Jerm.

Remember thad we are éescr;br% maltter pertureatons well inside e Hobble padios.
IJJ thece ore  additonal (3mu. i/\‘}ef‘acjrrr:s) Componends, -v’:l/wy o/\(@ﬁ eator iate e
A6 oo (Jor comple, tadiabion covpled  grovtabionally ).

q.2. Growth OJ ma ller perfur bations

Jeans Qim”’
To S‘l‘x\ég tihe cuwolotion Oy the d@n,sif; contrast we need 1o solle:
938

dﬁ— S Gy =0
¥+)th 4?60—?138

We {ake a d@&nmp@}(dn in plane waves as on ansal J)or the solotion
8(56 t) = Kz gk ({)eik'; <— Foorier Space
:DD‘YD this, we are SQW+"5 gpace and Htime. Loch wave is chacaclerized b& 43
wowe Nomber K.
Tai(lf}/j AS = — k28, we con rewrite the ewlotia equafl‘m a9
03w G 93k S? e 5 =0
o T2 T (—Ez_k —qné‘?)&(
where &, s the amefR&e an k-space. This s tne Q(;uo\']\‘d(\ czj o (‘_Jamﬁ)a& hocmonic aacillador:

m d*<(1) e JdX(t)
dt* ot

Flkx(t) =0

I 4s necesso\ra b Sole the ewlotion equackion J)o(‘ every Wave (aa cheaucterzed 193 PR

K) individoally .

The term 0?7%?2— K* - ‘*1765—) f%}w"ﬁs the balonce befween pressue sugporT and Jpamb (rete
thot we howe ollowed Jor baguniefpressure  fradeaks). We @ cast s inbo o andihn
‘For the wasenumber K in terms § the bqolka(‘our\d cbnsﬁ(j.



. K2 < YrGe = ( )y<o — ﬂmﬁaﬁ‘onaj COquse

o K2 AnGE — ( )s>o0 — ascillayons  (with dec/euag« amplihde doe 4o dampiy form)

WQ Clej)il\Q h’\e Jdoons D,('MH‘ ay:
REMINDER,
[ _dm (&) 2
h =6 Ge Mo = 3<2> o ko 2ma

A

whenre AJ s the deons Qeft&{h ond My ds tne Jeans wmass,

Jéar\g éeﬂgldn c(qDeAds on aﬂl(a\ravf+uHA(S Compsnen}sj w\m‘J,e dJaesny mosg s clymgd j“" a
certain como:)cl\en*} w . I{P The mass C()J) the ‘Oel‘i'\)(bah‘d/\ EAN Qase/ -ﬂ,\a,l 'MJ, 43 CoMuRg‘eg_

Evlution o the density confras? 8(t) Por dark matter

The domiaant Non- redativishe component s dosrk. mater (:WI‘H« G = ©). JFs evelohon Cn.

is guen y: - | ne o3cilluhons o
R %{E _4m6ef=0 We ose werking with Sk

Maifer - daminated Universe

We nged to calculate how obes fie Eer torbation rows [4n an @g{n&u\) Univel‘&e) as o fmc‘hbn

(BO time. The most mfer\esfir\Lj period  4& malter domination, since baracmm maltes decoyplod

(ypjm-b\/\@ CMR in bus epoob\_ (Dor{IL\j malter CJOM;‘\O\_{H‘O/\.‘

e G = 2
/a = /&Jc Om=4 scloton ())or a(t)
¢« 4r6E = 24,

ot? TH ot

Ansate: the solotion 45 o power low:
8= Cy
8. nC £
§ = n(n-4) cen

Sollving  dhe d(}jen‘znﬁaﬂ e?_qurvonc

8 = {:Ql& + & £-1 69’\0“"”5 mg&e + Q),g,aoa»‘aa «MQJQ_)

We only consider the growins mode, Sinee i1 & te one that produces stroctumes.



Fora Qpm=14 oniverse we had o~ £¥2, thet: Cx c
6 the Cea,r%) ero %j) malter dominokon Y Nor k. matrer P€r+0(bq+(\°n5 g[‘ow froporﬁmaﬂ
to the scade yac}O(.

Genef‘o&[%a,{‘fon (J)o( thbﬂ‘r‘ou\y COSMOQ%*:'@S
We have to ,u\f%jmfe the evolokion eguadion, bot Considerig :

IH? N
HTGE = UG Om forit = LT 6 L - 2 ok
98 o 3 2
= — + 2H=EE _ 2 Q =0
o0 HSr -2 m HZS
C’ha/(xjircj vaciables  t = t(a):
o8 _ - _ao
a29_9;_€_+(2~9)—a—a—_%__(2m5—0 9 a2

Jt s Pessible to look ,P:\r o ewct Solotion &oﬂwl(\)*:
() =5 Qo &L (* 4 4.

mo
) Ho N CQH)B

Or an oppoximate Solotvon

8oy 2 B2 O ()| 0,72 - D (o) + (4 o) ) (4 L2l )}

For o yﬁrﬁ Universe cmsm’rfné oj o 2- component flu(é ( dork mater + Somejchfg with
W= const, we=-A= (1-Qm.) 6°= Dmo or W= > (-0, )0 =0y, 072):
HZCG) = }_}02[&",,0 Cl"’s + (4-fﬂm,o) Q.N?)C'Hw‘)] P—"—' (.UC’CZ/ UJ:CU/\S'}'

-1 S -
g(a)— o, F [lw T 1=~ 2w 7 f—-Q,y.1(a)j (Bueno Bellozo et «l. 2044)

I o 9, =100 =00 Q — —Qm :'A' ’ 80{ a
U aanar AL sdohions conege fo this o
osH Q, ,=03,Q, =07 (exact) V,

Q =03,Q =00 QCL(‘% é{/y\eg 3
0.7H Q =030 =00 (exact) /_'_,;5
al: —= Trere ane vourions Wys fo gucm}wjj
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i (Compam_ to Dineor arowt\«)
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. . ,Zc}sarf‘bhm;\c &r‘owth recte:
e ) P ea



Pertorbation evolohion 'U/\r‘oo(s\q time
We are dnterested on B\hﬂb\‘r\s {he evodution (7’ matler  porforbations olUri:\j tne )aﬂcxmg;

Cpochs : ‘
. Rodiation domination ;. Matter dominotion ; /\ clominotion
) Creo : ;
P+ 2 =7 = 24 oo h2 ! ' ~o 3
: eQ Cro 000~ om, ! |' i:ﬂ_—"‘- = Sl (""'2/\)
|I : 1 n ﬁ"’°
| 2e % 8500 : ! "
* ' > [+2 :(ﬂﬁi) - 2,203
] | oo
. - _ >
I—» DM perturbations grow | I — baryonic perturb*nons free to grow —
D‘V‘l }l
t(lt‘(' t('([ I(I('(‘ tl\

DM pertorbotions aMaadD grew duﬁz(xj rodiation dominadion becavse —H\e(j were not cOo\oéed
Eo ‘H'\Q ‘thefma.D ba'l?\n ’E)aaom‘c Pel‘{‘wbajm'o/b& covld O/\g) ﬂr‘ow when _HAEJ dgmup@o,d
(})rom‘Uf‘@ pho‘}‘ons. Untid “Hnen, 'HM(’? were oscillatia wfbhou‘f COMap&frD Cab it was
discossed b%Doxp.

Evolution of dark malter perturbations

Ve have aQreadJ discossed  that, durl‘/b mater domiaation: &L, (o) & C

T sﬂ)&D the ﬁmw‘bl/\ ?J) B dum\J rocdiokon dominakion we consider %jou‘n Yhe e?/\,

cy stroctone J)O(W\a‘!*t‘m; 8§ - Bteatial Pef“i‘drbc\,‘\‘\bf\s Oce Sourced b{y el
————  Comparents

0’ Sm du@gm_)\,a—(@mg C—sf‘g’)__.o
. TS B e e

Ii‘ S necessarg i consider Cr since it 5 the dominont term. JIn the @_g}uo.%ron, it AP
with the radiation Perf‘urbo:l:a‘on 3. Bot we Jave that 8~ x0 [%3 asciliale).
This can be ?m\fei US\‘(B GR..

NOTE
We can write the previoos ngcd-zo/\ as! We don't have &. = % S, [aé (})M
ngm co 98m -
2 Sh AT 6@ Om = O bo«}joz\s) becanse -le\e() do no?

Since MG an << ATbe, = —23—(%) 2, the interact via Thomson Seeitforrsg.

Pﬁa\ha& term con o i&f\or‘eé, The e?n. becomes :
R8n | 1 O&m

—_—

e TT o ®°

2, . -4 d
Dem: Radiation - dominated Univerye: o(t) ot e Y aoi:% t & 2

Sﬁo,o‘h\?l\. _@_g_ +_—Z_g =0 J= _e_&f‘_

US\'{\’S ’ ot 2t
8”‘ (a) < Qf‘(‘t) — radiation dominaFion



Derk malter per+urba+(‘cs\s ore  “not (190.% Yrowias " éun‘/\é radiotion domiration. Thnis s
trog (Por fér'l‘()rloou“c‘ons inside the horon. Perturbationy ootside dne horion are
growing Like 8(a) oL a2 C@a}iw‘&’n‘c Prectment) .

This 4s colled the Mestams effect:

a

- 8,, outside +he horizon Grows bike a2 enter €
: log@®) ;
- Sm dnside ‘t}\@ Whoriton 8(‘01(,5 Dike Qn(&)
When a per+urbod~io/\ onters the horiton (becavte -

ir hos grown ()):ﬁer) H-\L(ywee%e@ in” op to the pint
whon wmatter stacts do dominate.

__— 7 hritn

—

log(a)
ferh)r bation

This ellect allsws 4o predict the Shafe ?)’ the Rwe gloedrum 0(} primordraﬂ mwattor p@r‘l‘urba‘h‘o/\&.
Dﬁ@ A domiaadion :

VS, 06 B 4pEeadn =0
ot* o ot
> 2
As bﬁ’o/e, Snu0 , HrCE. RATGE =-2§[%)
T as )ar ad we know
28n
ot

TQKE(\D inbd ocomont Bt 9_;%_"_ +2Hs ~ O

33 . Ei ® = = _g_&ﬂ
Q P, +2H y=o =
SM[&) & a~*

I:/\ A cominafion the pe{‘f‘urbo}tbns cleccy o.wa&. The/\Q wigd net be Sfmdura )ormah‘o/\ (}r‘om
F@Ph)(‘bo\f\tw\g en{*eri’\& the herizon,
Ewolotion o} bar&dm‘c perJrurbodcr‘OAg
(Bo?cms ove not oble 1o grow Their P@F'l‘or bedtong  wnkl de,t:ouPQ«‘aa Cbeé)ore That, we have
‘H\e bagom‘c o-coushic O&CQD_Qh‘O/\g. Af‘&b\f—’(‘ dQCOU'DQ:/(j y ’{J/L? will caben Ve with  dark
Madifer pefﬁré:ajﬂ‘das, and arow as é}b (o) & o
° BEZ']DWE DleCoo,onA(S ° Af ter cbcoofg@‘ng

& 'x,zlg—gr &b(a)kgm[j_ %i&)

— r&-smﬂu‘rg
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density perturbations
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These are detailed numerical infegrations of -

ggi“ 2%%+(§: k'~ 4mGE) & = O
Jbr cold dork matter, Pho‘hms oncd bagyons and
twe Wave numbers (k= 0.00 Mpe™ and k=4ompe™)
The opper Pom@l shows o Qage scale P@furbau‘l‘ms.
Bagjom are éaodl() coupled o photons , compared

s the (ower Paneﬂ (small scale  pertudeation),
Where oy e gvansly  Coupled. After cewoplis,

))or(jcms joﬂow DH, (j’or‘mf/\(j the same S1LNC+U/‘GS

i the end.

q9.%. Statatice Q perfurbahions

Pertor bations

We can dwvypose perfurbod:c‘ong inte waues:

2
ot

L 8(Rt) =8 (he’"

Since the ewlokon egeakion 43 lincc, €ach

i k-3pace

+ 2%—% —-QITGC?(P:O

SK U‘) (9rouu mdepe#@;

-2

We can "l?akg “Momemls"czy the c}a/\sfb contrast:

o Frst moment:

<&(%H> =0

X

Sum

long wavelength

short wavelength,
large amplitude

short wavelength,
small amplitude

VAN,

Becawse  the aueroge oj < %‘ﬁ> AS Q»+0Ma{‘t‘CaM(7 0. This meany trat, in Foorer
space: <8 (B> =0, & (- Sp (D

» We Con feke hisher order moments:
g, = <& 1) (%, > —— two-poiat corcelodion [})UAch:‘on

g = (3@?@) $(%..1) (X5 1)

?1.‘: o



AI\A,/ since we o WCNK\Y\J withh on \!\omo(j@/\mu& and A/'aofro/ol,‘c Universe ;2 =%, (Jg(',t-yzl)
(\}\Q con O/\Q.O work W]‘H/\ df»gr\ences) /\b‘}" PD&-"’(‘O/\\s).

Two—Pol’fd‘ correlation (Pun&‘l‘t‘ol\ and Bwer Spectrum

The o~ po\mL cor/eﬂaﬁo/\ Jurchon 43 Cosz\ar\eJ nred o gruanfx?a the s’rmenéﬁq J perturkators.
o Ths second moment goantiies the Likelihood\ J (})mdu? ancther

point ot o cortain distene 1o a e point (= Some densty). Tiags

s Compwed fo o random mass disTaboton,

€ (%) = Npeur R+ d5) — 1 (SProbt 4 aslevtate)
‘ nm«:lom (5(.+8;)

This CorfeQu.Jcco,\ LPU&C‘\‘CUA hoas an ar\aD.oaous in Foorver gpace called the Pwer Spectrum.
f.®) = f’PCk) e T I3k - jpc SR e i
k-x

()3 2r?

Pl = <)C?&‘P>,[<',=k <— Power spectrum

knowi/ts the Fourer amplitudes, <f s easy to obtuin the fower Spectrom, end s0 %
Takctj mode) 5 (/\mm ol%e/e/\’r O:Smolﬂn‘es/ 'l?i\ey all

T T
haw the Same Sl'lqpe, Theg 45 redated o the
102 3 = =
h 1 Mesacos @?»j ect. (+ i/)/[ah‘on)
% \\ P(k) hovn:’iizl(l)lnﬁg';:ws T Pi(k) « k (inflation: P(k)<k”, n=1)
o i A\ |
s ; ,
E 101 N\ = —
X 8 \ - ampl {m © grows
SNy S\ 1F with e lm"t'::i;z:.f.,;:,"; (Mesaros et
Y Cluster |_| % =
abundance "\ \\ \ | %
\ \ £ \
100 P | PO Ty | A \\u é
103 102 10-1 100 'y
k

k (h/Mpc)

From In)ﬂa’rCan/ we Know that the inikiad spectcam ?)’ matter Perfw batioy 45 P i) & K .
Tho_n ; D( k) Gvoo,ve; as ¢ CYuAd‘L‘or\ c%)ﬁ Lime jof!‘j ‘fhm%}\ m@;w}mn cl<yr\\'(\a+ta/\ a\/lo\_ G/l‘}en‘/j
Mmatter domi(\qh‘m, Siace DCK) = <é)ﬁ> L, and we K new hows &L evolves, tinen .

1. We hae  k Oa/v\]/;j ouh Gy in)aq%bn. We Cbg,so need to add '{J/\e &“be(y’ 'H/\e horizon

Ky = 2T
H -~



site o] e horon at

Radiation
[_)/1 (PCL()) domination / matter- rodichion eqva.!fly
o outaide oj inside the 2. We Know —Hrat the harizon,  4's (7~owi/\&
-b,\e horiten hori2on
@ d k Whidy Means that Ky i mov;‘z\é

b snaller kI @ pechoriation

/ gnoge ) 2
o T / / oower 45 ouvtside oj the horivon , it s
spest ﬁrowi/j bre az I)? it s inside, 41

]aﬁ wi ﬂo"‘(jrow [/oL Qnct <A Mod. o)om).
3. The Some will happe/\ Jar S@.gue/\'f

@ °_ |
k(g2 Kolbde)

>
On (k)

time steps.

Ths wild ]f\O—Fpef\ okl Molter dominokion. As scon oS we eater maifer CIO/V\l'(\o\‘)%‘O/\J Modey
inside the lorpon ( )\p{ﬂl stadt fo grow ajain a3 S . The peak. -in Ho
PO\}J@F SP@C*F om {5 e site ?} the horRon r‘(fjm‘ at malffer- rackation @?,Uaﬂ{‘la,

Evo|stion 3) the Power Spect rom c]un‘/\j malter domination

As we rove  mentioned bjpo/e, the Power Spectrum s the sguace c()}’ the amplifodes of the Fourier

Modes Ok, Which Wwere d%’r\ao{ os:

g(ﬁ,a) =3 d};(a)emy
K
This  modes evolve, with (‘e&pecjr to he binoar growth (/)ac‘}o!‘ ;

oD . 9D :
i T2 22 —mGgD < maller dominaon

O =

Thos, recaflling the defaition 9}) the  power specteom:
Pao = <8 PDiziew
We con J)fnd e oje,ﬂefmlence with time as:

Pl = (;%[(‘%_))2 DK)

Ba@um‘c oscillations §n PCK) and §(k)

Oscillations leove distinct (/DeaJrureg in tre power qpec‘fr(.lm and
i i d Q)Wef EP@C’?UW)

CDM // E t=$1
= | \
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=
A — =
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DEFiNITIoN) + REMINDER

82 ey= A o
()= 220 8 (o)

_Exki/g Oo=4 = D(a=1)=1

° F(—)f _Qm-‘-/l, Q,o{'l;z)sj mUS'J' ha,ve
Dl e, 4.e. Jor Smatl Perfurba‘}ions,
overdsnsities Jow as the Scale
C})ou:for every where.

*TFor Om< 4, Dl x o a earﬂa

Yimes, at late dimes (when Corveddore
or A term dominales <paagion (afe )
D[a) ANCrens g Mo Sﬂowf;j —
tuctue Jrowth s slower.

See: Evolstion of & Jor orbitracy

cmmﬂo(gras {xraé) )
“H"@ +Wo— be/d' CC\frda.“‘?d/\ (/ﬂunc‘}s‘aw.‘
2. Two _Po{/ﬂ C. J

5224)
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Hiozek arXiv0910.




Q4. Non Linear glructore jorma') ion

A%ﬁmﬂ extrapolations o Lineac theoy

Unkd now, we were cansider% Perfurba%‘o& with  FE 1)< 4, bot the shuckres  that we
observe have [obﬁou@%) S[t) > 4. Ths 4 the iem'}ov of compytoktona) cO&mOQOJb.
However, exfrapa)&m‘rb Dincac theog resulls when &>> 4 provides o o(ge‘))uk ms?‘jhf on
stroctoe fgrovtn. Some existent analyhca? (guasi- bineer ) approaches ace  the Zel'cbuich
anroximajn‘On ) the Spherical  Top- Hat Gollapse mode] and the Pes - Schechter halo mess
yur\c‘rtdn.

Zel) dovich approximation REMINDER

* Eulerian viewpoint: * Lagrangian viewpoint:

The 24) 'dovich opproximation i “PP%"Q‘j (})\‘t‘s‘]' order ; —
PQ(‘JrUrba:Hon t\ﬂ@og_, but U&\'.’(\j o ”La(ﬁmcj’a/‘ vfewpoi/\'} " =S 77
(Unw now, \Ne were fakxg an E0lerion \/l‘ew,oow)_ it e
Letl vs consider an overdense (2{0/\ that 4s Cooﬂap%iﬂé. The P@&H‘Cot’\ oha(zjﬂgs as o Cﬂ;‘/tg;r)

yumjrbov\ cj time:

X(4) = T+ DM® 7
g! ) ‘lz,BW\poroJ ond éfla‘}'tqﬂ @\/uﬁu‘b on

at/\('J‘l&Q (UI\PQF'}UF})QA) ?)0&4'(0/\ p) ba.ck&/‘ovnd
U\Ddcﬂ'ed Po&\i‘( on

* Displocement (})eﬂd S(q) ¢ Emporo\ﬂ evolotion:

lo dbtoin the  diplacement )\'dd, we e | (X 1) = DY 8(Ke) |, &) intial  pertoriuion
e oot chrushe @ dre 2.4 0= 7D 40480 unGed

X = D ()

And Vaing tho &%‘m‘h‘on oOP the peculiar wiociab df)@ﬁd:

><l
Q)

we con Combine them to obtun an @q,uo\‘]-r‘on (/)or the cvolotion oJ’ a:

. U= ®0\"§CQ’)} (206D +02D)Z(7) = -7
DS@) + aDT()
2onzsel‘vu‘|‘tdn of momeatom, Eolerian Perturbation ‘ﬂ/\eog 9“ %—E‘ —-4-7915

213

We  Vave 4o egfuod‘m/\%
O = @ .'2a D ArGg D A§ :'LITTGO\Z@S [Pois&on equa""@\)
. +
(204D +02D)Z(7) = -V $ = 4nGa’s Y [ D%}m‘km cﬁ pecoliar @‘}enﬁaﬂ)



And LPmm them we can abhujn:

—SC@) VA “Jorce ” Comig (ymm e pecfiar potentred
AY - 8(560) T scurced bg initad) Per-}urba'fm/\s " coee ;C::M H{* %\Q
Sice we Know the Solohun foc Dia): Ly B\ 1.
// Cluste [ ; %ﬁ
= -—5—— Q J\a 4 d % abundance " \ fé
:DC(X) = Mo H e (QM(O 0'3‘ + (i —_n.m,o —_n-/\,o)a—z +_D_,|, o * 101003 1(;2 N 11‘34 \wov

We  can sﬁ)a& the evoloton f} we Know &C%). Thy can be oblained (})rom e power
Spectiom, 8o we need Some analytical @lleoliafons jor ) (es. Jrom o Boltzmon sobey).
() = Dy Rpe'™

Once we have obfuined o, we @n ewhe vsing the Sguadons  above.

Ths appreach  can Lo comporeol o e rosolt (o}’ /\)-bo?,y simodationy:

Full N-body Zel'dovich i

4;_. “ 8% T *‘\ ‘. )‘._:A{: BT, N RN W': g ¢
3 S R e o S8 A TR %
VLN (L ag e £ LA t

i : oy g AR s 858 & 1) :

: ¥ e L 4

e ok : %, (4

& ; by
,\ i

s

(Neyrinck , arXiv:
~
(Avih ecal 2015)

L 4%

- 5, . ¢
B F RS N E 5 A o \ %
5 il T MR ; PR « 45 o0 L * 8
P W R I i 2. [ < ¥ N 24 Y
PR T T e v f Py N
{ 5 i AT BT A LA U & 2t
i K oY T ORI e By % 3
¥ \ e L 55 B,

e - 3
= G x 73

2" order l%mn(jl‘ar)
X(e) = §~ D) TY + DAY
Resolues stevcture  (~4p° houry)

portor batios M

Reproduces s’rrodv;e: , b rot resolues
meer‘h'eg GJ) closters (~ 67 houn)
(Veed pacalled Compoting )
Spherical lop- Hat collapge
We waat 4o predict tre density  contrast J o wﬂﬂqulzﬁ chject. It s anly posaiblle To J)Grm
shroctves if the cverelemsi+J decoopl ey Srom the &Paﬂd“\b ‘oa_ckaround, The den%ib
Cortrast needs to ke enovgh to expand with the Uniere asd Luon collapre doe e
s sely- Grovity, Jorming o viriolised epject.

Sp‘ten‘caﬂ ﬁp—kod' overdeasi’r‘j:
Rrn = Ry (t)

H T = CO/‘%%

\—' no qofﬂlnzs c} mass outside R

£
Nt

collapse of overdensity

turn-around
(i.e. ime of maximal expansion,
“decoupling of perturbation™)

background expansion




Lot os Yreat dhe porturbation as o “closed Universe” with k=1 ( Cuma+w€) Le a Unierge thal
CoQQmPses_ We can ano&ase its evolotion U&B “HA@ Fredimounn &gua{n‘o./t&:

R~ clp,penc'en‘f / et consteat /,aunsiwl‘)
N2 RrA 2 6 M 2 2GM
RZ, = e o RE: ke o 26 RE —ke? = 28Hw i
TH 3 C)TH ™ 3 % RTHS TH RTH
1 R - GHw lkjez < © =4 TH overdensr closed  Universe)
Z T R Kle (k=4 for o =

The sollotion 1o i eguajn‘oﬁ way (9ive/\ on the FRw Lecture:

Bﬂ_ _ i- B - .QGHTH
Re (i s 9) Ria c? Al is Cherocterzed }@ Mt , tre mass enchsedl in Rin.
e ¥ (2-sp) o = TT;:*

We are nat interested dn tne absolote value o‘J) the O\ref‘elensffaJ We want ® Compve
AT 4o the backjmuml Jensf’rj‘ Thos, We Colevlate the clefn&"@ Cantruat :

Sty = @}?‘@ Crw — Mass doided by valome  @— Dlut model with Dn= 4
O = o e S (et | o 3 G
5 _ I . e 2 (4-cnp)?
oGt Er6t%e 2
% Precf -
O _ SHw  EwCHL (n-sing) _ b BCGHy  (n-sp)*_ 1? R 3¢ Gugy (0-simp)* _

e MRS TR (lasgp RO M (desm)s T RS T W (age
_ 4 36GH, (2-s0gp _ <2 Q6Hm (p-sgp _ g (1-Sepy

T R fer (1-coagy? T 26Hy  c? (1-cony)® 2 (4- congy>

We want to alcdate the dengitj canfras? ot 4he b?j}nm’(\ﬁ ( turnaround) and the
end O(P collapse ((?ofmalriar\ ﬁ the J)H\aﬂ object). Thus, we need To defermine Dear
and Dvir.

DQOH,-AJ (0 ROy, ) 0nd (4, %), it & possivle & Pind 9y = and p, =2m
(tue = 24,).

At turaaround = One  the collupse has (J)fm‘shed:

44 8 (tu) = IZ w55 4+ &, (W) =0 = Sngulacty
However,, singulac collapse 4s not o pac hcodarly vsgul model (s vnrealatic o assvme

P\)re% rodiol mah‘or\s). We can assome +wat +he overdense f%rcm <fofm& a Vviriedrec
halo at collogse time.



[he eneryy o the hols willl be §iven by

E., =V O, = _3 Gh?
ta £ ta 5 R

+ krfrraJ) thearem : O= 2T +Uw

Euir = —Rrr + Uvir 0\!({ = - _?Aﬂ
5 err

At tomaround, Tvic @ O, So the dohal energy Will be G- Ute,
(or) O-= QTI-/[( +Um~r = 2’:—\/# = QTW 'f'Uvrr + UW = —QU{;q J
—

=0 _‘T\V\'f‘

‘ﬁ\af\/ QV\'(‘:’ th
2

Thos, we widl have [or vie(alized ovefclensn‘&:

3MTH

¢ TH(JCW = 3em ()

And ymr ‘t\’\e bmckg%u.rxd &en&iib:

Bioe = Q'tq;a y S (4v) =—'Lz @ (tw)
€= G C ?

And <o, J)or the density contrast:

1+ 8, (fue) = 8(8(&’/‘) = 32 (1+8(t)) = 32 &2 = 4812
by

Density contreust of o vicialized ohyect

f?(? — i‘l‘g-m (‘eurr = ‘{gTTQ‘ A *I?X

Mnsther possible approach 45 Jcakub tne Dinear +hear 3, Solotion LPor He donst b Conteag,

Tﬂg&:r G)(povndxg CO&Q ond  Rin , gl\;es

‘ “ soluhon ‘
'RTH (‘E) = B*_‘*(Gﬂ‘f ) [ -4 GT{) ’J d SCJc) = éTTJC) 7 R S """" %:iﬁ‘
A4 U 2///

8 ({'Ul'r :2'&{,&) ~ 2.-3)5 (&TT) e ~ 46‘3’6 — 8&-/‘ (tv:‘r) S 46‘6’6 Ec?c . B “ém g

Press- Schechter halo muss j)b‘/\c%‘on

Lineoczed densify contvost CJ allapsed n%’ec‘)’

Once e ka\l‘e Céf\ma'hdl\s ﬁ ‘{i!/\Q ‘Ht\fes}\ooi fo\r‘ structore J%rmod\o.q we wont to Caﬂo\)ﬂujfe
the nomber of dgjects  tned will )erm ()br a given mass, N(W).

Pt some ?ovd‘ tnis (‘e‘)uﬂ\s
/ will become objects
Goaﬂ:(P(nd their mases \'

Ax)N

M7
\/M N

("

4

A halo has J)ormed when dts Jinear
&enslzrj controst 8(x/a) has neached
Sc =169

Note

Time de'oey\de/\ce JSJ:’V\Q/\ bj Fh xDia)



Ta[Pmd the mass g}’ each object (4’.8. ingide gach PeoK), one @n },’11—9,- Yo demﬁ,(j
constrast. This is done Cor\quvn\lS i witn o Dilter that peaks oot a ijrmﬁw Mast . Thes
lo core with Seweral Jiltes, cownlig the peaks absie the theshold Jor ench Jilher,
We consider \perjrurba{l\dAs on o certain Scade R, which can be velated o hals
mass Ve M= Qm 4% Q3

Sa X a) = fé’cw; o) Wr (%-%") 43!

SN {st grah:r &x)4

5=1.69

5=1.69 —]

>

X

¥ is important fo bear in mind  that  Some o(y the peaks are <bev€j counted Fwice, 3o
the will need to be subshracted  (whenever tne ())\‘JZ,Jrer mass 45 smallee I ify mass).
The hest assumphion 4stnat the der\sl"’(‘j contrast S (%) 45 o Gawssian (}VQ,Q& with

voufence G‘R -

c ™ OR® =

er9-

= W R) k2
?(&g) \)EE j Pl) W*(kR) K dk
whee FTk) & the Power spectrum o(J) the density ()&uchm’rwn (oll waves insde R- window

g,y@& Tg). _— it gower spectrum of density  porfurbations  at deaopling

D(a can be smled psine + fow to
Peo - 39) R 0q s e growtn Jushor
P(8r) i5 the Probabiﬂ‘-b (d; (}}nd% o peak with that pertoculor vadue of a . Thos,

the Prcbo\bfgfb f)) (Pmdois a. peok above S will be_&iuen b(?-.
F>¢ = ” 8,,_ R
5 (R) j&: (%) dd

An the number cg}’ peaks in rande [R, R+dR ] 45 Jiven b&:
IN o Foy, (R) - Foge (RYdR)
This cxn Yeveloded to the mass M as:
M: Qm cri —Z‘LT- 3
[or|+ = R
F@M@w{s this steps, One ofrives To Tre Press- Schechfer J)OY‘(Y\UQEA-:

¢ ()

Press - Schechte- jur\ch-on

don Cdnom

dM € .8_.
dinM

™ Ok




where &~ Js the threshold &snsfb Controg b ?J) coﬂapseo[ structoes qccordLU. Yo Dvoco
Per%urbm{-w:\ tkeorxg, € 45 the chkﬂmw\d (mean) &ensiiv ?f the Unete and @
s the voriaace S/ e maxs on scade Corces ponckry to M:.(At/%) Qm Rt R3

OR% = ,fn;j P W2kR) K2 dk

It (s common to 0se o g‘oheru‘cc& top hat J){!&I-er CVJ&\JQC»@) 45 4ifa Fourier +wl§7borm);
W[x) = —; (sm (x) —XCes(x))

o2 This cun be takken to 2=0 e\mﬂum‘j P(k)
T —
- —- SCDM .

———- OCDM2 Wit h DCD—J. Solid Qires "QP/BSQ/Y)‘ the
10-3 —— ACDM

------- Press-Schachter Junchon at 2=0.

O tner lines ove coming oot OJ) cUsmoﬂ@(Svcaﬁ
H simylationg stoctiey at decsupling

\ ; (2ol Yovich @dro dinam cal Qgtvaﬁ‘vﬂ%).
F ae obsorvational data.

n(>M) [A®/Mpc®)

@ (PhD thesis Knebe 1999)

" A A A a2 " aaaahal
1013 1014 1015
M [R'Mo)

The oér‘eemen'f between the modd] and amolatiang
wos im provolble, boT new medels  and cadeylatons
had ot introdoced new Physics, just <ntroduced

- F
=]
—

Inf(o)

new paramahzrs.

on d [\ dal\“/u—4
—_ M = WM)_ _

(Watson et al. 2013)

J(5) = A Kg})" w4 | eel-2/52)

The mass ()U!\C{‘Fo!\ (J)or a scede .(}N\ee o \wer Spec}rum

102 e

T % %%i POe K | s given ga .
[ z 2 i

/) Ocbm
27\ B nis
‘3 T —_—
z = 0\02( ,;:6 ) 3 ( )

/”SCDM § ‘
A /.. Tcom ; X
S-S e (i) e [ s (3)F |on
where Mg a5 the "Moicd»o Moss 9’ an okject ata gien rediit

101 ¢

P(K) ((Mpc/h]?)

AN
Cluster ‘ ‘ \
abundance " \\

(Bahcall etal. 1999)
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103 102 10-1
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Gomputational cogmoQo(%

Nomerical simolihons ase necessary bo obforn ifoomation albos) the internal praperties e the
Spotial digheibotoon 0)3 objects. It s possible to 753 Qlige/wr} Models Qor example,

gor dack mater). Compaciy this models to cbgervahions , they ave  wabidated or

reés&ed (structves Jbrmgd , power gpectrum, ctc.)

HDM WDM

HDM power spectrom s auﬁy&gsecj

jor small wawofongths. Thus, +m9

objeck and struchiey ae ot Jom\ad
6Pf‘om overdensities. T o’%erej\ce 9
rise To Ywo gormo\fcw\ Senoctos {n fems
o) the “nature” of dark matfer -
botom~vp (cold dock mafter) and
Jop- down (het dork  malter) shruchure

omr\ctjn‘o.n .

Simulations W. observabions

d (h! Mpc)

T T 3
Clusters Galaxies J

1000 100 10 1
T T

CDM

HDM CDM
Top-Down Structure Formation Bottom~Up Structure Formation
in a top—down scenario, large pancakes of matter form first, than fragment in a bottom-up scenario, small, dwarf galaxy-sized lumps form
into galaxy-sized lumps first, then merger to make galaxies and clusters of galaxics
l T s -
. e l
P e N P a
l J'L’ e ‘j‘r’-.
* * . % . ¥ » *
E » » l
N — (&= (&=
& @2 = @

GaQa)tg /\ed%\r\i}‘f SUf\lEtljs wver Gpe® (wlumes. Simulations canpot (yoﬂ,ow juu Sei‘od[?

Pkysics dn Such ()J»Dewllumea_ However, there cice multiple agproa.ches:
CBmsed) gu&w@ (Pormahon models 'E(}vfce:
* SAM - Semi- analytical (jaﬁaXy Jomoction modaf.'zj

¢ Hob - Halo OCCUPOL+1‘OI\ distribution

« CLE: (onditional Qummoxfb Ju/\c}w‘o/\
-CS)HAM: C&bhalo) Halo abundance Ma‘}‘chi/\;
° %iusig moéQ,Ql ;)gag [K) = bzck) PDM [K)

+ other ass\;mp’rrons



