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€4. 'ﬁ\eora of Gauge Invoriaat perforbations
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We can write the Robertson- Walker metric os:

de? = a2(0) [~ dp? + % dxide]

D= j Wy  Corformal time

And vaing  the scalor j:‘eﬂ& ¢ = $(3) (which cannst cepend on space becavse oj homoseneify,
ond i&oh‘dpa) we cn derive the Friedmann ond  Klein- Gordon eguadions
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Perturbationy and goge p&r@n%t‘aﬂs_

1P tne metric has any pectucbations, it & important do be careful with the decompesition
(siace it is o tenser). Perturbabiony  an be  “broken” info  Secdar - Veclor - Tensor (SNT),
and  Ue bhis decompesition.

For o vector, we can decompese it as:
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Durw\g i/}PQaJn‘o.n, thre quon Fom (J)QUC+UQ+I\0V\S 0()’ £the Scalur JDN’JA Wil 4ncdude metee
pcriubﬂn‘o;\s which will  backreact on the Scolac )l'dd_ Letus consider, in lineac Perﬁ/w?‘m
‘U/\eow, the mest (9BY\BPOJ) Line element With both Scallac and  tensor metrc Per‘fur'aq‘h‘of\s,

+03@tMr with the scolor (J):‘eﬁd perﬁ).rba‘h‘m& (Jrom FWR metec):
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The indice g {QO'} label the thrge - dimensiondl Spateal  cosdicates with wmetric ¥y
619 bhe |4 denotes covactant derivative with /\Q\sped {o tngt metree. The
Jowse anvoriant tensor pertorbation  hy comsponds to a franwerte traceless Grav.
wove, Jihe = hi =0, The )our scaloc perturkbations [AB,R.E) ae gouR
Jependent Jgnc{-:‘oms (‘) (1, x3).
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With arbi‘rrav )onc’rtbr\s (?D/ g ) the scadoc and tensor pPerturbations ‘Ymmg})aﬂn,

in lineac order, os:
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Where oL grime denctes derivative with respect to m(Ajﬂom\aJ Time.

Since we Dook Jor measorable guantitres. we need o consfruct olyects that ob
nol- depend o “H/\@éaude. I s Po&%fbﬁe o construet Lo Sagje" invasiont
9ravi¥ahonaﬂ potentials (Bo.rdef\ Potentials ),

b=A+ (B-E) +H(g-£")
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Two P)(/\Jr coredetion yU/\c{-L‘OAS and perforbatt ons .

The end 30&0 o}) P@r\{-urbaJcc‘o/\ a/\af,&a‘s s 1o cdedate the two point (mec%bn jor saaloc
Potentials 9"’@\&(, whee Ry 45
later).
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whee Sf L5 the gcuﬁQ— vocieent de/)Sib {,)er‘f‘urba‘l'(‘on. The Qaﬂ‘er Q?_ua:LL‘OK\ '2Y ‘B/\Q
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This Q?_ua;{:tb/\& con be  solved aaaQJJcccmM; ;) €.9. 4n Mgtter domiaateon, or ﬂumer:‘mﬂ;

in (j‘enerodl J)or the classical «S(")s,\}-em_ Feom the fms"f e?ua{mn we can frad e
Solobeon  u(2), whith Subskituted ile the fiob one can be mt-egm#ecl to He
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Quadtom mechanics in corred sperce -time.
Un{ﬁ@ aow, We have frecd‘eé JC‘r\e P@ri‘orba‘h‘on& oS cQa.sss‘cd,Q, bOTWeshoqu .[/\(/)a_c‘)' consider

the Perfurba{,‘t‘d/\s 4 and §¢ as ﬂuonﬁm\ J.‘e&ds. Mote that the perfurbed  action <Poc‘

the scaloc Mmode u con be wrilten os:
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In order to guantize the J)ceﬂ,é U ¢ bhe Courved ba.ok@muml o{ejh'necl by the melrc we
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Mode eq vation

The ratio 2"/2 octs Uike o time- dependenf pofeafl‘oj (?ar Hnds Schrci'di/(xjar— Lire ec%uccl\‘on‘

Jntredoction 03 the & low ol pacOuve‘rerg
In order to ){,AJ_ exoct solottong to the wode eaucxh‘cm, we will use the slow -vold

Paramel'ers:
g- 4. A _ ke
w2 @
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JIn tems cy) these Paramel:ers . the conjdr/v\al Lime and Lhe @%ed‘ive potential]

(yor the 0, mode can be wrten oa:

_ -1 Eda
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Note +twat twe slow- ol Pa(‘am2+ews evolve sﬁow%. £ and § an be haken e
constonts o order €2
E'= 2HM(e2-£8) = O(&y

8 = W (ed-5) = Oy
In that case, jor constant low - roll parameters , we con write:
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Mede eguation solotions (sealac perturbations)
Now we ove 5@}\9 to Search (J)or aPPmA(McLJre Solotiong Cy e Mmode C-?gruwh‘o/\) where

'{TL\Q octive  potenttal 4s of order 2”/ v 2P in the slow approximation. JIn
P 2 ppP
Quasi - de Sitrer, there 4s oo aharasterstic scade given Jf? tre (eveat) horizon size

or Hobble scale QJ,W‘\/\.& inPlation F 1t
o There will be modes Uk With pvgarcd wave lergths  much smaller  Linpn this



Scalle, K => H, that are well within bre de Siter horzon and vaxe»?pw\e

do not (yee/Q the Corvature of spce-time A<l — k>>aH

e Tnere will be modes with ph(&)S\‘CaJ) wavelesths  moch 8rea‘rer than the Hobble
Scede, Kja<<H. Ad s ka<eh

Tn 4these two as(7mp‘rc+:‘c realmes, the solokions can be wntten o -

_ )
be =— @ kK > aH
K u__
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Wk * (ki' Z)u =0 £ oy -2 =0
2" A -4 = $-» gro 0D ass  Tev
= - Zz(-b A{) — 2 C,Z + G Y [ E(/)ofm _l' ’V‘)

e = &, »Z%'“ PGP —— womey2
Tn e limt K> ad bne modes behave live of‘&i/\ard quantom modes in Minkowski
space-time, approx;Ma‘reJZ() normadred , while the opposite  limit, u/p becmes
constant on superhcn%w\ scales For ONPPFO)(\_MCJ-Q.PO anstant  Slow- roll parame?ler\\
Oone Can 3;/@ solohons to bhe mode cguertion tinat interpolate between the o
OSDmPTohC soloteons .
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Where HLM (2 45 the Hankel Junc{\‘on of twe j“‘ﬁ' Kind , and 2 45 iven 2;
_ 4 & . .
L= t‘gg +4 (in Terms ?} the slow- U parometers). In the Limi4 kg~ 0, the
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We can now Compote @ ond &CF J)i‘om the Supor- Hobble- Scale made Solukop Ck«ah)_
Sub‘sﬁJrchil\g into (OL @) K au, we J)i/\d'-
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5’4):%} a"'dz _
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Tne term (Propor{“{'ona& to Cy corresponds to {he g rowing solobron , while that pmpoﬁrio/\qﬂ
fo C, comaspond to tre dewﬁ;na Solotion, wWhich con Scon e fgnored. These Guantities
are G intoriaat bil evolve with time outside the horpen, &un‘/\d ixjﬁq%mm
and bg)ore @mLerir\(j obom Lhne horon durn‘né the radiation or matter ers. We
would Qike to write an @Ypression J)or‘ o 9ouge {nverat E?,uan‘tf‘)'(j that 45 also
constont Jor soper horen modes . Fortonetelly, <n tne cose q) odiakatic pertor bationg,
there 48 Soch o guarﬁcckb:
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One cwa caledbte the inifiall covatore perturbation T (which 4s more or less constant in
Soper horzon medey) and relate it s @K. We want o caleolate tire two- Point
}ur\cfrfm (yor C, whioh 5 reJated 4o de Fwo-poinl (yw\d‘fo/\ o} $, ond g to te
-:Lwo/pam‘) (j)o/\ch‘on ?y W Thrs will be discossed i the Rimordial  Power &pe_c’rrm
Qection.

Tensor pertor bationy

et us now compute the fensar or arwﬂru&c‘mﬂ wowe metric Pertorbations Jenerorted

clurirﬁ &'/t})ﬁq_ﬁ‘d/\, The pcri'urbed action Cyor 'hme donsor mode Can be written as:
= Wiaehe term

88 = 7 J o dp 5 [onay® - (7h)]
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with the tensor (Peo)d hyg Considered oS oo qua/\‘}uﬂ\ (})eﬂd

q(1.5)= J(z T [hktg)e (K, 0) 8z, @ “%4 ),.c.]
Where @ (K, 4) ave two pularivation tensars, satiglying symmetric, trarserse and draceless

Féi uvier ,y\leQ_S

Conditions.
G‘d = C?\)-{' k*‘eg‘ = O Cyu =0
ey (k. N)= ey (B> Ze5(Ry) (k) =4

While e creation and  annihilation operadors 80&(??9 Lthe usval Commotodion reladcon ﬁ’
besone. (Pa’eQd\s. We an new reé%bme our c?au{je invocont  Henser amplitede as:

Vi (1) = 2 e (9)

which sotisfies the CYOMDUUMO evolution guatios, decnopled Jor eoch mede Vi (1) un
Dinenc 'Perf‘or bation "U/\eor&:

'/;c‘ +(k1—-£-i)\/,<=o
The ratio C\“/a acks (ike o Fime- depen&eni po‘fea‘l:?u& ju{‘ this Sc\r\wgc:lilkjer Dire
Gguoﬂcl‘o/\ Gnaﬂegoo& Yo dhe term 272 30(‘ the scalar meter pef‘Jrurbq*Ho/\. For constant

8low - rell pacameters, the Potentral becomes:
a"  _ 2 _ﬁ = _4_ 1_i
£ - 2a [»1 e) 21(/4 4)
-4 + 4
/A-E— 2

We an sle He eq,uah‘ox\ dPor‘ Vi A %I/\e “Hwo Qs(ymp‘}o‘h‘c ,»Q(jimes-.

_ A ok
2z k > ah
Ve = Ceo k << aly

In Be Qimit K> aH the medes behove (Qike ovﬂm;;, g'luowfom modes in MinKowski qoacafimg,

O«Pprox(maieﬂ\) normal@ed, while J4n the opprite Dimit the metie pertorbatron b
becomes aonstant on soPerhorfz:o/\ acaley .

Primordial Power Spec‘l‘rum
Not o{]% we b @e,oecj ‘o measure the mmp&‘+ude 3? the metrie per'lwba:kﬂm& (78AQFOL+QA
dun'ﬂg x'r;PQafu‘ox\ and rp,s‘ay\s{bﬂe (})or the anisotopies in the OMB and dens(’(rj }P,uducch‘o/\g



n Qaﬁe soale strochore, bot we shovdd alse be able & measue <l power goedfum,
or two-point comelation junclrfcm in tourer space. Lekus amsrder (j)msf the scalar
melric pertortaations (‘RK, wheh eater the horiton ot a=k/y. T cordator 45 gven

L)D - / D\;PJPJEM' modes ae decoopled
Ux (K
LoJRE Ry lo> = Llgorz_jpy o 2

2_2

(2m)* 8(k- &)

. s—1
s L () A
T e 22 T 2¢ 211) aH

Where @@» s ‘the Primordiad poner gpect rum ond We have vsed that RK ~C Uz

M:—"’——'

2
NOTE

{. I ns =4, we haw ec_;\raﬂ power on ol scafes Cj’@at spectium)
2. Ns 15 determined (Pmm the i/gﬁ,aﬁonoﬂ MOolQ,D [&i/zca At 45 redated to the slow

roll PabmehrS)_
A% L o, 5/82) L0, _¢
Ng-d2 —— = = 3-25= 2 i—g)‘ 90 - €&  (swall)

d. As 45 tne cxmp@f‘l'odg %)7 i/\))ﬂ,a,’ab/\ Perfurba{wb/\&

[he primorcl»‘aQ Power Speci'mm m;‘jM‘ have &\\PunniAj ¥ dorm L6voﬂu¥ron ?)P o Slow roll
Pacbw\@l‘ef%):

dns dns

s-—pH [ 28+ 3™ loeS) » 28 2942 - 6y, &
Joak dony, pot ( ) vt SAEE - gy &

%u‘m(@ar%/ ‘Por “ensor perfurba‘l‘t‘w\s, we can celcolate +Hre Fwo- po\'n‘,' correllation (Punc{-io/\ and
J)mcl the power Specfr‘um_

= Bbfz 2 O3/~ M\ _ %(K) e} Al =~ ~
<Olk5s hes JO> = 2 | u?* & (k- &) = e (20)® 8§ (k-

Z
o= me(L) () 7= At (F)"

N+ = dgnqgﬁk) = 3-—,%0\ = —2¢ ~ -2 <0
dok t-&

Tb\ere w(d aaso be a r‘unm‘/\o (})crr the pn'morclu‘o& p:wef &(Jec‘:frum (Por ‘fe/\sa*s_
dnr - _ dne ——pHd 2 _ ~ 2z _
e pr pH (462 - 4e8) = B> -4y, &




Corgfrming on the show ol poramdess

AS H’ wol Cl(scussed in the prevt‘ou& (),edore , the CMp Consfrain\g

Jc\/\e VU,QUQ& ?} the SQow ol Pd!nme“h&’\S_ We can c]ejmg the
ampli fode O(P the scalac ond tensoc pes forbahony and the

PG.'HO bd waoen

Tn sigle },-eu slow- roll mededs, Ny~ -v/g, where r=

_ 4 drng
Ih By = n Bl + . ok

tihem Ci‘)

0n E(k): Qﬁ(fAs>+ Nne Qf\(k/x,)-#—_..

The Planck 208 awstraing on scalac pasameters and the ronning arE:

Parameter TT.TE.EE+lowE+lensing

Quh? 0.02237 = 0.00015
Q.2 0.1200 = 0.0012
1008y 1.04092 + 0.00031
T 0.0544 + 0.0073
In(10'°A,) 3.044 £ 0.014
n, 0.9649 = 0.0042
Hy 67.36 = 0.54
Q 0.3153 + 0.0073
oy 0.8111 = 0.0060

0.009 4
0.006
>
w r
0.003 - // /
0.000 /n
0.02 0.00 0.02
v
R
2 ] Plans ( 3
o (K/K,,) + Z: ’__dﬂn s A k/K») - . é
1 0 1 3
Cosmological model  Parameter  Planck TT,TE,EE Planck TT,TE.EE Planck TT,TE.EE
ACDM+r +lowEB+lensing  +lowE+lensing+BK14  +lowE+lensing+BK14+BAO
r <0.11 < 0.070 < 0.070
To.002 <0.10 < 0.064 < 0.065
ng 0.9659 + 0.0041 0.9653 + 0.0041 0.9670 + 0.0037
r <0.16 < 0.079 < 0.076
To.002 <0.16 < 0.077 < 0.072
+dns/d Ink ns 0.9647 = 0.0044 0.9640 + 0.0043 0.9658 + 0.0038
dng/dInk  —0.0085 £ 0.0073 —0.0071 + 0.0068 —0.0065 + 0.0066

€.2. Transplanckian physice aad the power spectrum
There is o very bffeél) Wi ndow for A:?))ﬂaﬁw\ to act (cbbi'er the Pluncle epech), So i &
EO.SJ o (_7‘# above  Planck  Scales ({0445@\/). At these seales, goomLum &Pavi‘(fj becomes
impoctoit (and we donst have Hraf Hresyy).
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Since we. do net hove o JC\(\eorD J)or gua/nLUM (?rcxvf'l‘{j, we con consider the operators et
are nof ?;:Tczy bhe stancbed meded  (becane -Ehea beak Aorentr iﬂvarrance,_._) bst covld
be important in ln(:‘jh energy p@&u (PQa;\ck scales). We dnshz}ju\%h between velevent
([ dim< 4, restore SJ’“"‘QT’(j at high eneies) ond irelever] operators [dcm > d, do
nst restore gymmetey). The procedure s do cnsider yariony eperetors (quad <n )
ond add them fo fhe iﬁ)ﬂafox\ ,,Za(ﬁra/(\y an .

L @5 ("’MV/«Vo - KnMU/,)UZ Momentom p!‘?je.chb/\ oraerqix:m
% K ‘e", (P@CP « Dimens on 3 C.Aozenh ANV ance vl‘oﬂg-}‘;nj)

-;—K'LCF?‘) é— KePDe , - 7.0, < Dimans:‘on <
B~ K s dx* Ox? = —a2 HdXdx

Once 'H«% oo added o ke o&%r‘a.zj'l‘a/\ A S pasﬂble to (Pi/\d their PJ%Q’# on the
Drimordoad fower S‘Oecf‘rum ( and dhog, (Pmdu‘{\j Predt‘cﬁof\s on iy)ﬁa‘/:‘oﬂ),

_ c)-i K2 2 d2 2 > = 1z dz = ."‘ oy _""--?’)a
im—ﬂ_ ¢ t— H*e (-7-7) 7¢ + 2 HVP vc(’+a%|\4 @(v-v) G

l Obtain Power spec}rum

-

3R R[F-7) 5
<00) 100,%) wn i) locey = | ome " [22 2]

;(6

<t g \
IOCVL)> - —re 'S'lo d HIULJ’O}
Hy (2) :—JJ“‘X B oL ae
The comections introduced. 4nthe  power spedum ace:
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€.3. Primondial black holes ond ianoiion
Darlc malter ond primordial BRI
As it was discossed 7a tie Xfrrd‘ lecture, roughly a 27% of the Oniverse 45 dack
malter, which & collissionless and non relativisiec. We OA% Know et Lt 4ateracts &r‘au:"nfv‘ma%_
AR the evidencos J)OF its euslence o Jadiect @mvf'}-a:‘-fo/\ap- Qe/ls?lk&/ 5qﬂ¢t‘h‘t rotahin
cones, )
Ihere are many “ condidates” {0 be dork maller, Uke axions, wikps, neotralines , efe.
bat nowada.(ys primordl‘aﬂ black holey oce beCOMI'/l) soikble candidates. These are
guan'}u/n )Qucﬁm‘h‘oz\s thot ase reaﬂl() st g collapse  and J)om'\ o blackhole . Thﬁj
would behove Qike DM becavse JCMQ? are. collissionless, numerovs aad aon relofivestic.
Drimordial  BH
This ¢s on old idea ((Garcin Bellido, Linde ord Wands {446) that became hot
(f‘eoenﬂ?v o)‘ver CWs dn‘scwena_ PRRH ar OPormecl ojﬁ’f 4'/\)[24)7‘0/\ when droad peaks
W0 e primordial  convature power Sﬁaedmm k) collopsed &r‘a,vii“a}/'on.aﬂl; durma the
radiation @ra. and )ormeé clusters 03 BH bt mse ond inoresse 4 Mass aj’u‘er
recombination vatil Jcoéaﬁ. Masses ranye }""”‘ 0.01 to 40° Mo ond covld Jump-
stat stactue )om\a‘lﬂ‘on.
PRHs cold make P amest ol DM with o non-monochrematic distribotion.
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Other constaing come fmm @drﬁaﬂq@‘rc
Phaton chk& round [omaﬁe) y )ewﬂLo Qe/\a‘g
[n&l,) , m:‘croﬂensit\; ba MAcHo (green)
ard EROS (blue), /Profv\ wede  binanes
(Uit brown), and  CHB distortrens by
FirRAS (can) and WHARPS (puple).
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logn(M) Black Hole Mass Distribution PRHe con hae a U*q/ﬁe ?)) mass es (afe nat
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Tlr\e(? have many potential spncdwes ond 8ide %edg,
* Singe ‘H'\% were Created baty Corvatue Perfufba‘l~1‘on5 y PBH have ne Spl‘n.
Emisscong G’(y GW in bincres and  hyperbolic encoonters
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Soper - Chandraselthas).
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