1T . Friedmann - Robertson-Wal Ker  modeds

2.14. Friedmann E?va:l\‘o/\s : Comovif(\} Ooardivates ond mdshl’)f
The Friedmann C"qua{?l‘c/\ descrives The bw)@romcl , not the )OrMa:{:L‘o/\ oc? golaxies or other obsvible

S+ﬂu ctures

2.4.4. Robertson - Walker - Metric
TIntreduction
Friedmann was the (yccd‘ one o recart Einsteins equacttons ints on oo that cllows o olution
Jor o Unierse that & either epanding or cllapsiog , bul" o o 50 he did not use the mest
geneml homogereous  and.  isolpic petnc . This mefie was derived ten yeoss Duter by
Robertson  and  Wradke ((1235).
Decivation
The stocting pont i te principle f relatiilys dhe equations dserbng b luus of physics
hae the same (J)Of'm Lnesf&ch\/g o(}’ the coordinate @erem, This 4% )UQ)(UQA @ Eirstein
cguating -

Rpo = £ RGw ~ A9 = 876 T,

wlnich  regoice. o metric. This metric most  be homsgenecus and  dsstropie 4n space (@ym@oamﬂ
Principle) = Robertson— Walker metec.

let o8 start with o gereral metrre:

dg? = G dxMdx® with Z x# = (ct, x*) = vedor [wordmaJreS)

L dishonce befween two poinds g s = metric fensor, describes spoce

-1 6 o o Note
- o U, [/ g =
3/“_’ = L z42. b"3 94{- =0
O % O Usm I) tire deponded an  goace,

!
O Ju s 33 Mmeo.guremenls o) tme could

Jintinguish péu-l‘_e fl‘dm asather
Dﬁ[ ; o ) > {\ﬁ one
) Shoold descibe a moﬂene,ou& ond O3 1‘rop < 8D §pace, (nnnL - . o iso'}mp‘C)

Le. \ma;d/v\a,g %mmd‘ty (Par Jcl'\e 4D hdper\su oce &escribad

bb x4 o"’

Netric %? 1D corved Spoce d = dx* +dy*

fr—

4 .
\ R%= X4y

ﬂD Spoce = h&pe/‘&uyoace 4 2D (maximam(\? SDmme'}n‘c in 21))

L. d0% => 4D distaace on 2D h;persuﬁam
R* = 20 hypesvpiace




We con 391’ rid of the second dimension (eg y) 05 we lie on 1D space (eg. oly x).
Takmj ‘6\'1@ e]eriwd‘ive tf the Second efzuod-(‘c/\:
R?_ =X2 + al — 0= de_,_&(%) —_— Ja - "XCJX} égla d;(2+ X dx?

J R
Distance 4n curved 1D Space

Lr@-aﬁ'&(\jl\? Jorms —» yz = R*-x*
NOTE : We recover Euclideon distince when R-o0 ( de% = dx2)
Metic in @D corved space  (4p matimally - ymmelric kopers«aj)ace).
The calcolodion is similar to $he AD cose.
We have three possible cases Jor homggencovs cund. isshropic. melrics:
1. Sphericall 3D space 2. Hyporolic 2D space: 3. Eoclidean 3D space:

Ab? = dx@+ Ix? L dxZ +de> A0® = dx?+ Ix? +dxd +d2z

R2=X41+ X2® + Xa* + 22 _R2=X41+ X22+Xal+27‘

Flat Curvature

Positive Curvature Negative Curvature

2D smce. Nere

Eoclidean —- Hravied HOmgyene#&: d0 i invacant Uader  Frangletions

Sprorical —> inherted Jrm LD gymmetey Xi— X: +D

Hypecbolic — Sec 8.2 «a Weinberg 's Iso+rop<9: dd is invasiant  under  retateons
" Growitalion & Gogmology"” x; — R, x,

(Di%’eremfa‘ﬁl\o n the expression yor R O= X,0u + X20x + XzO¥a +2d2  and Using &+ 4o bhin
QN expression LPOP 2, one (76'}’% o the line gﬂemen+
(X4dX4+ ch&z_ +X;d>(3)2

R2 — (x,2+ Xa2+Xa2)

c\Qi = C'J><42 e dxt+ Ixg + (Sphan‘caﬂ 3D CQSe)

Ad chmji/ﬁ 1o 8Phcn‘<:a,Q coordinates : 9 - | g’ 4
e (2) - (m§m£> — Oxr+ drtrdiic g drr 9,8+ geder 4 9, - |
2 r co3e

e = |'97| = rsin®

= dit= d? [ Rf - o AJ +12(d6” + si® dE*)  (sphenical 2D ease)

To take B as o pé)ador, we intedoce pPew rescaled [c:omovi/\a) coordinates
r=Rx dr = Rdx r= Sphen‘caﬂ coordingle



do? = R2 (dx1 [ 41(1

for the haperbop,a‘c ond Buclidenn coms  we Josﬁ' toke info occont the Chalzje cj Sign (or disoppearance

] +% (do*+ sine &Eﬁ)) Sphercal 8D case

o(Y) R. This olows os o rewrille the melrc as:

2 _ o2 f Ix? N A . = +1 sphericad
de* = ® (1—kx2 + x+(do*+ 8\0196‘82)) with zb(:o Euch daan
=-1 %W&le
-4 o) 19) o
Rz O o
Yo = 1- kx* 'f‘ok\'/ko inte owcount the Rz o o
W - R’qu_ o) - > 3/*) = o 1- k™
0 time compunents o Qi o
o) ) R? x*sin?0 0 X
o 0] @) R? Xsin®

Wich gies s the Robertson - Walker metric:

( ™= Gy dexdy®)
N ) dx2 _
d = - (et + R+ (4674 s g o)
1 - Kkx*
Robectson - Walker mel-ic
NoTes
. CU(‘VU.’}UPE § SDW q;L :G?‘::;_
| L /Y [k
Comod'ure C(’f 8Pa08~+l/v\-e,: qQ_ = G_%- + G(_FL—) + é (QL)

* Pny fon-trviad g, componsat can be absrbed &y fe-cleé)im'ry time: dt'= g, dt
- The inclosion P Foi O 9o Componeats world brealk Lsohapy

.?. 42 (Geodesics

Generall  Case.

We can doilt the 3@_@&@:@ Egucg‘}“(‘c)/\ }rem the ﬂpssi-}?o/s 4-vector and tre petric j W-*Me-
x* = (ct, xi)

ds? = G IxM dxt  with G = Roberron Wal iker metric
In absence P external (Poroe, the écoo’esl‘c eguaJrh:n i:
LDy dxe dx
ds* = g5 as
with E,f = A‘g’“‘_%ﬂ y %0 _ 92m
oxA x* oxk

And in Jerms of tre praper vPJocﬁ(j g

O = élii_\- Pﬁ w2 with U= &
4% ds



Porkclonaation fo Robertson- Walker meric.
FEF6+/ we Colevlute the Chrtsfoﬂeﬂ s(7mb00,5'.

o= Ry Mg gy PR RN
R XY ox o Xt

AR other Compoenlts are 2ero
In FRW  metic: M=0 E; = R 34
=R

_ seo) 3D veloo
lhos, We con write the &eo&es\‘c equation as: / Tfh 2 wius ke
O = _C%E'i + P—‘:)A U"L’ L&,’\ = .SI’E— + Rb U‘_": L(,J = _Ci/\k_a_ + —B— T” U." U." = clu® + —gfull
ds ds ’ ds R ds R

= 0= R ye
ds R

We con do an odditional Chﬂ/\(je cg) varfables to write j—g in Teims of t:

w’ :—C—éi/ L'_"-:,d_xl._'.
ds ds

§£_ _ dw dt\N__du"_\—;__"_ (1)

ds dt ds dt c

—c? - ULt > wdu® = = [u] djul
due _ due dt (f)_ due uwe usdue luldiul _ Jul [i]
ds dt I it e o Jdt T edt [

W@ obf‘ai/\ -b‘/\@ 360&88!'2 eq_ou.‘l'z‘an-_

I U R A
O-——E—(U.l'l'—glul

rom b, we can read thot 19 o R (ith one more ohoJ(Lje ?)) vaciables we yind:
lw R
: ; dia _ dM g :
Ll“_Jo(__._%_ ot b _é_dlu\ﬁ,oc___%__,fﬂﬂo(_igé[u]%’
“ = u] dR R~ Jw) R

magnihde o plysical 8D rebcity
Thos, 4he  momentim 9} ’Por‘h'cﬂe»s scales  Oikee J/‘R

Ip) o« }

2.4.3. Comoving ccordinates and redshijt. £x panding - Universe.

E'xpan&cn& Universe

Cesmological exponsion ond  redshift

det vs Qwk again at the Roberfsan- Walker metc. '

dst = — (eat)® + RED)| X o (de* + zwe d\eﬂ)]
1= kx>




Mote Hal R (1) con be on o:bﬁm,y J)um-}l‘o/\ #) Lime . Usia(j R(t), we had d§}’med the

CJaMWi/\? coordinales as:

m(¢) = RWYX
L Comoving coordinate /1 /N v

\ / panding Universe /
- 5
R(1)

We waaf 4o (ymo\ 49 thee <5 O!L(y connechion
between R(X) and observables

Since aﬂ D,efgﬂ/\s SCOQE D"KC RC‘t\/ %l’\fs qu aﬂ» ﬁ%ecf _b_/v.', _j.l_ T T 77;‘.-4«.’,\'
'ﬁb waves, e con éefine r‘ed.s\ru;y‘} as: ':J_w‘ =233
]
X e
o demde & = obsered wavelens th 20 :t: ™
dg Ag = emited  waveleagin C% K 3
:5? we are oble to J)mo\ o. relation between R(t) and 3, gz P 1281
We would hove o comechion between R(H) and an obsenable | Ll -
e ek i _ =13 S, | 2206 E
This Non is gt\en b& Elé L b Mz=0311 | 3
« Do BPOQQCQ redation . p= Y/ \ do _ Je : #__ﬁy,_,,.'_f_;w
- FRw (QQOO\QSCCS-‘ P “% Ro Re Jlll 1\‘1””’“‘“\”
Expana\‘on (J)cu:%r and Peo‘.s\r\g{T Restframe Wavelength (A)
Wor K(rg with oor  Oefknition ooQ redshift ond the rellation between R(t) and tne wavelength,
We Ccan Wwrte: NoTe
Trs relabon s very
-&E— = -A_E. = 1 = 4 = 4 RC#E) = 1 ° impof+M+ &CQ-USQ l+
R  do Afte a2+ R(t)  d+2 dows el depond

on  CosMmo Qo&;

And d@im’/g the scole fac‘fbr a(t) as the pormalization %? RID «bg\, R(%)
(ﬂ(te) = ’-L) :

- R® _ 4 £ - ; 3 for
a(t) R el o (¢) Cosmic  expansion (}a.c o)
cukauﬂ.qbie (—-5 observubﬂa

2 obsevadle, a(t) rdated o cosmOon) Cnead fo Dean how to calculate it)

2.2. Perfect Noids: eguation of state and adiabatic expansion
2.2.4. Derivation o() Friedmonn Eq,uq.'l:t‘m&

Friedmann quuo:l'ions and gener‘aﬂ ne@ah‘\:ﬁy.

As we haw abready Seen, Einstein's egumtions gown the behaviour o spacetime:



energy

&w —Qi i —A% ) ETL?I/:; ; 70! ‘TO'Z 703
gesmetry properties o matter, 710 i e
L, descnbed ® ) the Cnergg - sfress {;ig kq-j } .S;ressm
domsor T A
described by the Ricei tensor Ru, and the Rieee 3cador R
R =3 (o) R = n(Rps)

ASSomi/\; /L}so‘]‘ro@ /hom?je/\efb (})or Space <Rober1‘86/\ Wal ker me?erc) and gt mafer

LS o @rfed‘ (/)ﬂufé :
Tus = = P + (> #P)umus,
one can obtain the Friedmam eguat‘o/\s.

( R \? 3G Kc? c*/
’.) = —FC - " + 3
R 3 R (Bq;tv\ eq,um\?ar\.s are conectad via E/usr(p Conserua']ﬁon)

i:_-‘{ﬂ‘é (@4._32. -)-C1A
R 3 cr 3

Friedmann egruc.(‘t‘ms

Feom twis egrua+toAS we @n obtain  RCE)  (or al¥)) and s’)ud& its depordences.

Critical density
A-éSumin.a Mo cuvature and A, we can e%)me the critted d@/?sfb as.

3 L]

(= o = 36 R

Xt widl pe vsed to normalise the Friedmann egfua‘HO/\,

2.2.2. @uaﬁm %) state

Egua&ron of state ?y borotrepic dD[;oi&

gouvmg the Friedmann Egruakons still reguires an c-zgroacho/\ ?) state. We will restict eurseles
to Vorstepic.  ploids (ie Unesc celuton between o and e):

P = w(T)cc?
Thes expredsion is derive d (PMM tne e?,\)ctl‘?of\ 7) shate g}’ an 4deal éq&:
— KaT KsT f’cl
= nk - 2 _ - 2
sl = meC* Cn mp C* (:l . _keT ) w(T)ec n=s nomber &ensi"r(p
(5-1)mpc? L S MOSS density
Number densﬁar nass o)e/\siy . > Cneryy a\ens{*}; o= GﬂSFJJ Jden Sﬁ;

assume moin confribution need o nclude “the thermad @nergy .
s @ming from peatony



Dem: Mass olensdg E— EHGWJ Ql@ﬂ%i‘}(j'-
P

c* - 2+ £ = + - o2 NkeT _ 2 GneipT _ 2(4 ke T
- . J & (F-9 (ot (¥-4) R (¥v-1) mpc? e e " tryme

p=(3-4)€e , ¥= odiabatic coe%icfeut, € Hosemal erergy

Bwo‘?‘resp'c (})luiés n CbSMoQosé

AN Lne tems in Friedmoan egoations can  be inferpreted as densities, and. so how an
assaciated egncdw‘or\ cgj’ stade.

eradiation: W= 45  [photons)

. collisionless matler: w= 0O — absence ?}’ collissions  cannst boitd up pressuce

> \ocoum onery : w=-4

o Coryatoe : W= — 4/3

2.2.3. Adidsohc  expantion
Enelw conservation and Friedmann eguakions.
Mmoot all solotions Pre,e.\‘c’r an eXpunsion op @Mapse aj the Universe. This eXpansion s odiabafc

(not issthermal or ay other pocess).
I an 0 diokatic Spansion thee (s o baleace between the chwge n ‘]'equaerq%/e (or Onetyg)

and pf‘eSSUVQ work. Jn adiabadic f?(’OOG&SESJ @n‘fvop() 4s conserved.
From the combination o) 1% and 2™ Friedmana egua*éfong [ adse dﬂrom T2 - o ) we Qun

obtain enerj(? Consecvation egruc’:ﬁ()/\:

A. Fiedmann egruajn‘ol\ 2. Friedmann qua:l:t‘o/\
e _ &b pe 2 cA B_. = _ Ant ( + éf_) kd
R = 3 €R Ko™ + = R? i’/{: R 2 € c* + 3

2RR = 86 rspz 4 QeRR) +2QR£Z‘_
¢

"___»Qjé R? Cz/l
R (Tz’ " 2eR) +

%_ = Am@ (6_, +.'2@)+

Equcdfrv botn e;cpressio/\s‘
ima (C"— 4 QC’)

>~

|

- zme(c,+ e




(¢x +2) --€+2

. R 3P
Cqg T™=-C" &=

. ’ P
O =+ 3%—(e+——

cn-

O=¢ + 8% [ f+.c%
Energy conservaton
Adiobatic epansion and erer9g asngervation.
Now if is inferesting to (ooke ot tre second Qaw of thermodyramics -
Tds = du + pdv
The chsnge  in en+rep9 i given l%y the Shogge én Gnergy ond the Pressue work. et vs toke
a Dok at the Jf(]Derem‘-taDs:
° VoQume clement: dV= d(RS) . ot
scales like R® since r=Rx (Comov('\a Goordinades) — V= R*Ve — du= V¢ d(r?)
. 8,1%: need to mvgtiply Snersy &eqa,i‘b by the volome, which scales filce R3
dU = d(Veer) = d(Rec?)
Dividing by dt  the epression of the 2™ Law of '{Ihermocl(?n_a.mt‘cs we. fiad:

du dV dCF@ C’cz) J(R?) 20 onl 2.4 20
— + —_— = =~ _ + = BR R(?Co + R c*+ 3pR*R = O
& T m P ¢ P

From eneray congervation eguotion:

O = |23C:;c" + 3RR2 Ce* + BQRIP

— T3 -0  — Tds=0
dt

'Dbﬁfp Conmic. &ponsion en'rrq;a &S Congerwed, and hence ‘t"\e &xpon sion is adiabatie,

Any change in erengy mst be compensated by pessie work: The wolume £s Changing , So
8ne'~9 Opor the expansion measT Come )r‘om Somewhere. J+ comes )Nm Lhe Ch_a-/\(je in

Energy ooQ the Contents 3)) bhe Universe: the photons are redsk?‘rei.

Imp@,(co:bto/\ J)or \oaroﬁmp‘c ())Qufdz
lef vs remembec the eﬁuaﬁo/\ <j state CPar This J)ﬂufd&:

'P = wcvcﬁ



Osi/\f) Q_aa_m Jdu and &\f/ but Sobs+ffuTrA(j P bg the eqw:.ﬁo/\ éj)Sh‘}ei

&(R’"‘c&)} d(R*eet) == pJ(R) = - wecd(R)
d (rR?)

du
dV

(1

1]

O =R de +edR®) +wped(rY) = R¥de + ((4+w) e J(RY)
4

_ Jd(Rr®
= de =~ (44w) C;)

This J%ereaﬁc& equations  gies the relation between @ ond -the scale J‘bﬁor. Ip we sollve i,

we find: Note
e RIS) et ER* = (o R . o Matter density scdeg ke "/R's be e
Choose &"Alff\a R =4 ot s Mass /\slumen
o The addittonal 2 (yad“of J)of' radiation ¢
s Madiation: W = 4/3 er x R de o de energy olw(\ja priduced b}) 2
Wis; -3 malter fadiatton cquallity

s collisionless mater: w= 0O Cm ot R
° \fow,uum ewer(% ow=-4 G = const 10
+ Gouabore - @ == by px R ]

2.2.4. Densty parometers
DeoPinih‘on. ReWrih'mg Fried mann 84_\)«."‘?0/\5

First Friedmann @g(UCL'I‘?On
The iatrsdockion o} densib Paramem eads fo the most memorable (Form for the Friedmann
egruqln‘cr\& We start with Fiedmanns eguation:

Ry2 - 86 o ke cA
(E) 3 C7 & T3

where €= wz Co (R(W) Z[R‘*A““{*“”“ w= 4y — E(R) x R™

CWisiodess  malfer: w=0 — E(R)ot R™®

We cold alss incode A and K in the densdy +orm, byt we will ())ocus)rrsfon radt atior
an) dark mafer.

Since we. Kaow how energy densities scale , WC con  rewrite the Fricdmany e{;m{-{m i Tems o}
the preserﬂ‘ dena')ra confent ond  R5.

T o (8 en(s) ] () 2




We can wse +he criticak denstjry +o nomalise the densitias and

eliminate tne pefochr. We can define:
REMINDER.
THE CosMD20GICAL PARAMETERS Cribead dem(‘b :
4 36 . Crme 2
Motlr densly: Lo = 5 Guo = g b = 2%
. Radiotion devx&iiy: Dpo = Zn6 Gro = G g
3H01 Ea},o
« Vocuwn energy : Q. = €~ A
atuum (9; Ao BHO'L
. Curm')u,e & QK,O = - L k
Het R

» Exponsion mafe:  He = (%)o

5&@(1\#(/\5 this on the Friedmann egwodx‘cm and Vemem beri/‘(j thet ER; = 4:2

H* = Q& [_Qp,o (4+2)" + Qe (1+2)? + Q. (1+2)* +_Q/_,o_j — Uses Jensity poramefers  at preseat  Hme

Note that these c@&mo%ﬁcal densi b pocometers are the values measured {rt:el)dﬁ. CaDCUQaﬁg
the Bubble posoneter at f‘cﬂa%'\s time Jives the Known c=ame sum rule:

i = QV‘,O '+"O-m,o +—O—K,O +ﬂj&,o

This  hods ot any Yme: A= .(2) +0, (2)+ 04 () +Q,(2) (5o decoupled maifer

ond  yadiaton

Second Fr(g&mann @q’\lcﬂ'{‘on borotmopic gﬂo{ds

‘:i - _ 4m6 ( + _%E) r ctA 416 (2 - 3 2 wigict e _ 416 (Z . F 35w o <A _
- -_— —_ - = = — “ -—_— _—= T = < 3 “ +——'— -
2N 3 c c* > 3 € c? t 3 3 ¢ ¢ 3
e only ayw'den'l\& rodiation and matter
S LI TETY .y CA H H* H2 ) + H? .
R lui) Cs ¥ s - =z (Z(‘+3w:)—(2;(2)) + 2(2) = - 2 (&).,., () + 20, () + HQ, (9=

HUQ‘HFQ(?M.; b; ——:—; :
_RR 4o (2) +0c (2) (%)
,}-22 2

a_ =_RR ) Qn(2 +2%(2) -2,(3) — ULazs densily Famme‘,am af redsh)t 2

> =

Decelerotion pomme*er

Q(’t) : e\loﬂu‘l‘l‘oh ? densi*;; Pot‘ume'l‘ef‘ S
To caleolate the evolotion of the densidy pacameters e J‘os‘f need To look af theic defntim,

a&dl‘/\j how each term cvobes with redshi)t:



porstropic. matter

6 (4+w)
_Q. %) = &6 C%) = 3T A 4 +2)
C IH®D ¢ 3H2(z) £ (
A, Fedmonn egucdion
3[13w) REMINDER.
g6 86 6 (4+2)
Q C%) = ~ €C2) = ” 3 = o Rodiation: W= J/2>
IH(R) BHR) Qo (4+2) + Qe (142)% + Oy, (442)7+ 2, Maber: = O
e — < Vo.cuom energy: W=-4
—Qo( 4 +2)3[“h)
Q=5 e =
IHY(®)

Qo (4+2)" + Qo (142)% + Qo (1+2)+ 200

Vote :

2

0
N@ = A R z

; same resvlt  as }(‘ w= -4
H(R) oo (4'*’2.)1"1'&”:5(“%)3 + —O—k,o ('“2)1""—(2/-,0 ’

%nor?f\Q roadiadion (87/\(;6 i+ is net J(;/lﬂpor‘fauﬂL in Thed red&hg‘} M+UM> :

B o = Note For. LATGR
ACDM model: 0 0 (0 - 15)
—— < 3,0 Sl
Qm(z) 1 . = Ci + %)

£ —Q") -(Zd',o
Q“,\(Z) —0

Trere are. o.c\'uqﬂa oAD.g three  independent density Para.me“‘@rs, Race:
L=Qn +Qpe + Q0 +0Q,, Jor 2=0

I\‘\a-p(laj scale J’qdur— /laclsh)+~'bitve
J} we ¥aw  the valoes %P the deﬂsiy pacameters Jcoéag, we con Solve the Friedmann €$ua+t“on
s o (yunch‘on 0(5) time, and we have o direct relation 1o somejt\/\\'f? HraT we con obsere (2).

Foc  standard COSmoQoﬂCCa& medels We have o \migue W\aﬂamo between a4, + and 2. Forthes,

the cmsiw\c& o(y the speed 2}’ QEJM then also rdatey these o dishance,

IX aleolabons do pst mabdy observations, #F ds Pecessary 1o c\mﬁe e Qg wed to
sdllve  the e?\)aﬁm [H'eraﬁ\,eﬂb)_

HY = HE[ 0, (4190 + 0, (1530 + 04, (4+9* + 0]

= sdobion 45 a(¥)

= reabien to re&&\m'))’r a(t) = 4)] —  observable.
+2



2.3 . Soluhons 0} Fried mann egua:\-too\s J)or simple models
23.4. General trends

We wild O-ﬂao(jec HYhe  solotion o(y Friedmoann er*ua{‘t‘ms J)OF d%’e/efr) th‘ame‘}er volues .

- ke g
) 3

Q_ )'!\TG R<€+__;)+_c_g\_k

A=0, bomtrepe )Qoi& (’pz wee?)

R* RZ2™ P e N R NoTe
2~ 3(1+w) 2 0
<0 i = ez w>
R oy er = >0 (p wee? ©)
T&dnﬁ:
E—) >0 R2) > 0
(R o RAO (R2).
R>0, RO
— R(t) has  been Vhwm',‘onfca,ug t-/LC!‘eo.Sl-/g
3 & wit, R(t) =0 — sinquo_(Hy
Foture
. K: O', QZ < R2‘3C4 ws) . Roé -EQ/SUHD‘) __% m [‘V“"i-e @(P CAI/\&‘\Q\,
. RSCH-ID)/; -1 _ J't o
2 2-3(1tw)
R[o) = +00 (e
_ chosge y sign
R(o) = - ke

K< O ,]—'ll o Rz—zaw)_}_ k) e* —> 2SO — R(t) T2 incrensed 4.'/1&?[/\[1’8 S0N3IN

N <o
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2.3.3. Horizons

De‘?in&hx)

Ve aduays Fadk abost RIE), Lt i is nsh the size of the Uniene, but the scale  Joctr of
the Coerdinates., Thee are mulbiple A%D\'nf-}?w\& (Pof the edge of the Dniverse.

vao@;ﬁ(mﬂ hor2on measore  dishaaces )mm which one could possibly  refrieve x:j’orman‘m
Jrom te  past or dnterac with in the fofue

Diafou\ces,

We go back to Oor meteic:
dxz

= (c#) = R e o #X (de” + Sin“-gd‘eli)

= KX

Photons Jollow noll - geodesics :

O = () - R%t}[dxz + xz[dezﬁin‘ed&?‘)]

- K>
We can ob(yme the distance as:

Xe k=0
de =flx) = | Z= = )5 JOe) =Y f osn(i® 26) k=4
Eomchiny shatance —ﬁ—:(_—l— cresi(in ¥g) K=-4

R(E) R(t) (& dt

= e = ——
dp Ro  Ro Jy RED
Preper Jistonce
'Pasf horiton:

be = today t = Qast
Fotore horivon

tE‘:‘{JOC\&(y '&o_-_oo

Epes zz) horizong
Parkicle  horjzon
Max dJistonce that a pacticle can  hawe trovelled  aince decOupQ;v S

Ro (4) = R(¥) j Tocow
tdec R



“Pocticle horizan” (for some fextbooks )

Max distance o phston con hove travelled since
B9 Bony (tne ae eveds we hawe not
Seen &eJr).

Even horivon

Hax distance o pacticle can teavel Jrom
now onwords  ((thee cwe evenk that e

will  never See)

co )
&C_&) - Rct> )-t Cd{:
R(E)
Hobble  padiva
Oistonce ot which recessional veloct by e_?uu,k
Ry = & Rew (1) = X2 =
H ) H

Comov(l\\j

events we will never see

events we will never see

space



