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most recent review article on this:

Bullock & Boylan-Kolchin (2017)

https://www.annualreviews.org/doi/10.1146/annurev-astro-091916-055313
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(dark matter halo ‘Aquarius-A‘, Springel et al. 2008)
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e.g.,

Navarro, Frenk & White (1996, 1997): a = -1
Moore (1999): a = -1.5
Ghigna (2000): a = -1.5
Fukushige & Makino (2001): a = -1.5
Dahle, Hannestad, Sommer-Larsen (2003): a = -(0.9-1.6)
Power et al. (2003): a = -1.2
Ricotti (2003): a = -(1-1.4)
Fukushige, Kawai & Makino (2004): a < -1.5
Tasitsiomi et al. (2004): a = -1.2
Hayashi et al. (2004): a ≈ -1.0
Diemand, Moore & Stadel (2004): a = -1.16
Navarro et al. (2004): a = a(r)
Caimmi, Marmo & Valentinuzzi (2005): a = -1
Reed et al. (2005): a = -1.4
Diemand et al. (2005): a = -1.2
…

LCDM claims central density cusps:

cusp-core problem

ρcentral
DM (r)∝ rα ;α < 0
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…but cusps do not comply with the dynamics of galaxies

LCDM claims central density cusps:

cusp-core problem

ρcentral
DM (r)∝ rα ;α < 0

AA55CH09-Bullock ARI 17 June 2017 13:39
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Figure 9
The cusp-core problem. The dashed line shows the naı̈ve !CDM expectation (NFW, from dark matter–
only simulations) for a typical rotation curve of a V max ≈ 40 km s−1 galaxy. This rotation curve rises quickly,
reflecting a density profile with a central ρ ∝ 1/r cusp. The data points show the rotation curves of two
example galaxies of this size from the LITTLE THINGS survey (Oh et al. 2015), which rise more slowly
and are better fit by a density profile with a constant density core (Burkert 1995, cyan line). Abbreviations:
CDM, cold dark matter; NFW, Navarro–Frenk–White.

remaining smaller subhalos to galaxy formation physics. As pointed out by Boylan-Kolchin et al.
(2011), this solution makes a testable prediction: The inferred central masses of MW satellites
should be consistent with the central masses of the most massive subhalos in !CDM simulations
of MW-mass halos. Their comparison of observed central masses to !CDM predictions from
the Aquarius (Springel et al. 2008) and Via Lactea II (Diemand et al. 2008) simulations revealed
that the most massive !CDM subhalos were systematically too centrally dense to host the bright
MW satellites (Boylan-Kolchin et al. 2011, 2012). Although there are subhalos with central masses
comparable with the MW satellites, these subhalos were never among the∼10 most massive ones
(Figure 10). Why would galaxies fail to form in the most massive subhalos, yet form in DM
satellites of lower mass? The most massive satellites should be “too big to fail” at forming galaxies
if the lower-mass satellites are capable of doing so (thus the origin of the name of this problem).
In short, though the number of massive subhalos in DM–only simulations matches the number
of classical dwarfs observed (see Figure 10), the central densities of these simulated dwarfs are
higher than the central densities observed in the real galaxies (see Figure 8).

Although too-big-to-fail was originally identified for satellites of the MW, it was subsequently
found to exist in Andromeda (Tollerud et al. 2014) and field galaxies in the Local Group (those
outside the virial radius of the MW and M31; Kirby et al. 2014). Similar discrepancies were also
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…but cusps do not comply with the dynamics of galaxies

(Stoehr, White, Tormen & Springel 2003)
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mass modeling of LSB’s

Navarro et al. (2004):

LCDM claims central density cusps:

re-interpret
the observations?
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mass modeling of LSB’s

Navarro et al. (2004):

LCDM claims central density cusps:

adjust
CDM models?
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cusp-core problem

NFW

ρcentral
DM (r)∝ rα ;α < 0
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§ possible solutions

• “stationary”: (e.g. re-interpretation)
- triaxial halo
- non-circular motions (bulge, bar, disk, …)
- …

• dynamical: (e.g. adjusting CDM)
- adiabatic contraction
- bar-DM interactions
- baryonic feedback
- …

• tinkering with fundamental physics (gravity, WDM, cDE, VDE, …)
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- …
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original r(r) ¹ present-day r(r)
due to baryonic processes
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§ possible solutions: baryonic processes

cusp-core problem

Ejected Gas 

Ejection

Reincorporation

StarsStars
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Reheating
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§ possible solutions: baryonic processes are very complex

cusp-core problem

8 Sembolini et. al
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Figure 1. Values of fgas and fstar as calculated at ∆c = 500 for the dif-
ferent codes. The green area corresponds to the phase space supported by
observations. Codes including AGN feedback are represented as diamonds,
codes not including AGN feedback as triangles. The diagonal line shows

the relation fgas+fstar = 0.174, the value of the cosmic ratio according

to WMAP7.

As already mentioned in Section 1, one of the main goals of
modern simulations is to give a description of the baryonic (galax-
ies and ICM) component of clusters which succeeds in reproducing
observational results. We therefore start our analysis by testing how
the different codes used in this work compare with measurements
of the gas and stellar components as provided by observations. We
show in Figure 1 the values of fgas as calculated at Rcrit

500 , the ra-
dius enclosing ∆c = 500 times the critical density (the gas fraction
with respect to the total mass of the cluster) against those of fstar
(the star fraction) evaluated at the same overdensity. The green area
indicates the range of values allowed by observations; as observa-
tional results still do not agree (e.g. Gonzalez et al. 2013 invokes
higher gas fractions for massive clusters with respect to previous re-
sults, see Section 5 for a more detailed discussion), we set very non-
restrictive limits to the extreme permitted values: 0.11 < fgas <
0.174 (the value of the cosmic ratio according to WMAP7, which
also corresponds the value of the baryon fraction used in our
simulations.) and 0.005 < fstar < 0.03. The diagonal line shows
the relation fgas+fstar=0.174. We see that most of the codes not
including AGN feedback show values of the stellar fraction which
have been ruled out by observations, although they are able to re-
produce the gas content. In this work we do not use an observa-
tional approach to estimate baryonic masses (e.g. measuring the gas
fractions from synthetic X-rays observations), but we estimate the
masses by simply counting the number of particles inside a fixed
radius.

Figure 2 shows a selection of global properties calculated
within Rcrit

200 , the radius enclosing 200 times the critical density:
radius, mass, mass-weighted gas temperature, gas and stellar frac-
tions, shape parameters (here we report the values of the minor
semi-axes, b and c, normalized to that of the major semi-axis, a) and

the one dimensional velocity dispersion, σDM. The first feature is
that the scatter in FP simulations is higher than in the non-radiative
(NR) case (see S15). The mean values for the total mass, radius,
shape (with the exception in this case of RAMSES-AGN) and DM
velocity dispersion are extremely close to those in the non-radiative
runs and still have very low scatter (less than 2 per cent).

More importantly, pronounced differences lie in the baryonic
sector. The temperature (4.3 keV, corresponding approximately to
5×107K) is ∼20 per cent higher in FP simulations than in NR mod-
els (3.7 keV) and has a scatter around 5 per cent compared to that
of 2 per cent registered in the NR comparison. The gas fraction
is lower than what was found in the non-radiative case (as some
of the gas has been converted to stars), especially for the codes
which do not include AGN feedback. The overall fractions show
significant scatter: fgas ∼ 0.12 − 0.18 and a code-to-code scat-
ter of 30-40 per cent; the discrepancies are more dramatic for the
stellar component, where fstar varies between 0.01 − 0.05 . The
total baryon fraction (fbar = fgas + fstar) shows a more moder-
ate scatter (around 10 per cent) and most of the codes show val-
ues around 0.16, very close to the cosmic ratio (here we adopt the
value -used for our simulations- of Ωb/Ωm ∼ 0.174 reported using
WMAP7+BAO+SNI data by Komatsu et al. 2011). RAMSES-AGN
is the outlier, showing a baryon fraction that is slightly larger than
the cosmic ratio (fbar ∼ 0.18). Interestingly, we observe a trend in
the AGN codes, from RAMSES-AGN to G3-OWLS the tempera-
ture tends to increase and at the same time, the gas fraction tends to
decrease. This may suggest a variation in feedback strength from
left-to-right (as more and more gas is expelled, the remaining gas
is hotter).

Figure 3 shows how the main global cluster properties re-
ported in Figure 2 changed in full physics simulations with respect
to the NR runs reported in S15. The quantities that exhibit less scat-
ter (e.g. mass and radius) are, as expected, also the ones whose val-
ues were basically unchanged with respect to the NR models, with
differences lower than 1 per cent (only for RAMSES-AGN some of
these values are 5 per cent higher than its NR version) and scatters
between 1 and 3 per cent. The temperature and gas fraction, which
depend only on the baryon component and are therefore more af-
fected by radiative processes, exhibit higher differences: as the gas
is heated by the different energy injection mechanisms included in
the FP simulations, temperatures are on average 10 per cent higher
(with the only exception of RAMSES-AGN, which registers a tem-
perature a few per cent lower than its NR model) with a scatter of
7 per cent. Furthermore, as part of the baryon component is now
converted into stars, the gas fraction is now substantially lower: we
find a median value of 15 per cent and a scatter of 13 per cent.
On the other hand, the methods with the lowest portion of baryons
converted into stars (see Section 5.2), such as RAMSES-AGN and
G3-X, show a gas fraction very close to the value registered for
the corresponding NR version. The total baryon fraction is either
almost unaltered or 5-10 per cent lower than in the NR case for
almost all the codes.

4 DARK MATTER

A visual comparison of the density field centered on the cluster
at z = 0 is presented in Figure 4 and density profiles are shown
in Figure 5. Although all the codes successfully recover the same
object and its main features (e.g. the position of the main subhalo,
which in the maps is located at 7 o’clock close to Rcrit

200 , except for
RAMSES-AGN, which seems to have a slightly different merger

c⃝ 2015 RAS, MNRAS 000, 1–20
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nIFTy galaxies 4035

Figure 2. SMF at redshift z = 0 (top) and z = 2 (bottom). Each model used
its preferred mass definition and initial SMF.

IMF which implies a higher mass estimate than for a Chabrier IMF
(see Section 5.2 below). The mass function for LGALAXIES at z = 2
is lower than any other model due to the delayed reincorporation
of gas ejected from supernova feedback that shifts star formation
in low-mass galaxies to later times (Henriques et al. 2013). At
both redshifts, the GALACTICUS model displays a bump in the SMF
around 1010 h−1 M⊙ due to the matching of feedback from AGNs
and supernovae. For completeness, we also checked that the scatter
seen here basically remains unchanged when restricting the analysis
to (non-)central galaxies and (non-)orphans, respectively.

The differences seen here are huge, especially at the high-
mass end, even when models have implemented the same physical
phenomena such as supernova and AGN feedback. For instance,
LGALAXIES and GALACTICUS both allow the black hole to accrete from
the hot halo, with associated jets and bubbles producing ‘radio
mode’ feedback; however, the mass of the largest galaxies differs
by around an order of magnitude at redshift z = 0. In order to under-
stand how much of this difference arises from the different physical
implementations, we first need to consider other factors that may
influence the results. For example, the models

(a) use a variety of halo mass definitions;
(b) use different IMFs;
(c) have been taken out of their native environment, i.e. they have

been applied to a halo catalogue and tree structure that they were
not developed or tested for;

(d) have not been recalibrated to this new setup; and

Figure 3. SMF at redshift z = 0 for models that (also) returned galaxy
catalogues using M200c as the mass definition. To be compared against the
upper panel of Fig. 2.

(e) have not been tuned to the same observational data.

In the following subsections, we will address points (a–c) in more
detail. Points (d) and (e) are more complex and will be left for a
future study.

5.1 Mass definition

It can be seen from Table 1 that the models participating in this
comparison applied a variety of different mass definitions (which
were introduced in Section 2) to define the dark matter haloes that
formed their halo merger tree. But as several of the code represen-
tatives also returned galaxy catalogues using mass definitions other
than their default one, we are able to prepare a plot that shows the
SMF for M200c, i.e. the mass definition for which the maximum
number of models exist. We show that plot as Fig. 3 where we see
that the effect of changing the mass definition is smaller than the
model-to-model variation and hence not the primary source of it.

Appendix B provides a direct comparison of models for two
different mass definitions (their standard one and M200c). That ap-
pendix further shows its influence on other galaxy properties such
as the stellar-to-halo mass ratio and the number and star formation
density evolutions.

5.2 IMF correction

An additional source of scatter is that the models assumed various
initial SMFs. Hence, we transformed the stellar masses returned by
each model to a unified Chabrier IMF (Chabrier 2003). For that we
used the following equations (Bell & de Jong 2001; Mitchell et al.
2013):

log10(MChabrier
∗ ) = log10(MSalpeter

∗ ) − 0.240

log10(MChabrier
∗ ) = log10(Mdiet−Salpeter

∗ ) − 0.090
log10(MChabrier

∗ ) = log10(MKennicutt
∗ ) + 0.089.

(2)

Note that this is only a rough correction, as these numbers depend on
the SPS model, age and metallicity of the simple stellar population
and on looking to one or several bands when estimating stellar
masses from broad-band photometry.

The models have been corrected as follows:

(i) GALICS-2.0: tuned to observations w/ Chabrier IMF;
(ii) GALFORM: Kennicut → Chabrier;

MNRAS 451, 4029–4059 (2015)
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§ possible solutions: baryonic processes are very complex

cusp-core problem

Cusps and cores in MaGICC galaxies 419

When early stellar feedback is not included, the energy per SN must
be increased to ESN = 1.2 in order to lower the stellar mass to the
Moster et al. (2013) relation (cyan). We note that the star formation
history using such feedback is quite different from the fiducial runs,
with more star formation at high redshift (see Stinson et al. 2013,
for details). The yellow simulations that include high ϵesf have sys-
tematically lower stellar-to-halo mass ratios, and also have high late
time star formation. Finally, the original MUGS feedback (black)
systematically forms too many stars at each halo mass.

The bottom panel of Fig. 2 shows α as a function of halo mass,
where Mhalo comes from the full hydrodynamical simulation.2 The
solid black line shows the theoretical expectation of α as a function
of halo mass for the DM-only case, as in Macciò et al. (2008)
assuming a WMAP3 cosmology; the thin solid lines represent the
scatter in the c–Mhalo relation.

At fixed halo mass, α varies greatly, depending on the feedback
strength. The simulations that most closely follow the M∗–Mhalo

relationship show a notable flattening of inner profile slopes as
mass increases, as in Governato et al. (2012). This flattening is due
to the increasing energy available from SN explosions, as derived
in Peñarrubia et al. (2012). Indeed, all the galaxies in our sample
whose inner slope is shallower than the corresponding DM run
have had an energy injection from SNe equal to or higher than
the conservative values found in Peñarrubia et al. (2012). We note,
however, that in our simulations the core-creation process does not
only depend on the total amount of energy available: in the g15784
MUGS dwarf galaxy (black triangle), for example, the energy from
SNe is higher than in the g15784 dwarfs of the same mass that
had an expansion, yet this galaxy is strongly contracted. What we
observe is the interplay between the energy from stellar feedback
and the increased potential well caused by the high number of stars
at the galaxy centre (see the next section for more details).

The profiles are flattest around Mhalo ∼ 1011 M⊙.
At higher masses, however, the inner profiles steepen again. All

the simulations above the M∗–Mhalo relationship have inner slopes
α < −1.5, i.e. a contracted halo steeper than the DM expectation at
each halo mass. These simulations are all black coloured indicating
that they were part of the MUGS simulations.

Thus, depending on the feedback and the halo mass used, the
DM haloes may expand, contract or retain the initial NFW inner
slope. It seems that the inner slope of the DM density profile does
not show a clear dependence on halo mass (or equivalently stellar
mass) when different feedback schemes are included.

3.2 Inner slope as a function of the stellar-to-halo mass ratio

While there is not a well-defined relation between α and stellar
or halo mass individually, Fig. 3 shows α, measured in the range
0.01 < r/Rvir < 0.02, plotted as a function of M∗/Mhalo. The DM in-
ner profile slope shows a tight relationship as a function of M∗/Mhalo:
indeed, much of the scatter apparent when α was plotted as a func-
tion of Mhalo disappears. The grey area indicates the region where
the M∗/Mhalo ratios are more than 1σ above the M∗/Mhalo peak in
the abundance matching relation. Real galaxies do not have these
star formation efficiencies.

The tight relationship between α and M∗/Mhalo points to the
conditions in which stellar feedback can create DM density cores.

2 Using Mhalo taken from the DM-only run provides similar results, as
the halo mass amongst DM and SPH simulations changes by only a few
per cent.

Figure 3. The relation between the DM density profile slope, α, measured
in the range 0.01 < r/Rvir < 0.02, and the stellar-to-halo-mass ratio of each
galaxy. The colours and symbols are the same as in Fig. 2. The best-fitting
function of equation (3) is overplotted as a dashed line. The grey area on the
right-hand side indicates the 1σ peak in the M∗/Mhalo abundance matching.

At low values of M∗/Mhalo, the stellar content per halo mass is too
small for the feedback energy to modify the DM distribution, and the
halo of such galaxies retains a cuspy profile. As the stellar content
per halo mass increases, the feedback energy is strong enough to
produce expanded DM haloes, and thus for increasing values of
M∗/Mhalo the inner slope of DM profiles gets flatter, reaching a
maximum of α = −0.10 at M∗/Mhalo = 0.5 per cent. The maximum
value of α is even smaller, i.e. the profiles are flatter, if the inner
slope is measured closer to the centre. At 3 < r/ϵ < 10, α ∼ 0
at M∗/Mhalo = 0.35 per cent. At higher masses, the number of
stars formed in the central regions deepens the potential well at the
centre of the galaxies, opposing the expansion process and leading
to increasingly cuspy profiles for higher values of M∗/Mhalo.

We verified this claim by studying in detail the medium mass
version of g15784 for different choices of feedback parameters.
We found that the stellar mass within 1 kpc is a good indicator of
the minimum of the potential in each galaxy and that, as expected,
the medium mass, cored most version of g15784 (green triangle)
has the shallowest potential well. Looking at the evolution of this
galaxy, we observe that its star formation rate (SFR) decreases with
time and correspondingly the M∗/Mhalo value within 1 kpc is fairly
constant at every redshift, reaching only 0.1 at z = 0; the fraction of
gas versus stars at the centre is always very high, making possible
the core creation since there is enough gas per total mass (or stellar
mass) to be efficient in flattening the profile.

This process does not occur in the cuspy version g15784 fidu-
cial (red triangle), which has a constant SFR after 11 Gyr and its
M∗/Mhalo ratio within 1 kpc increases up to 0.4 at z = 0: the increas-
ing number of stars at the centre causes the gas versus stars ratio
to become very low; therefore, the gas available for the outflows
is not sufficient to be effective at flattening the profile because the
potential well has been deepened by the stars.

We note that the total amount of gas in the inner 1kpc is similar
in both the cored and the cuspy medium mass versions of g15784:
it is not the absolute amount of gas which regulates the cusp–core
transition, but its relative value compared to the total (or stellar)
inner mass. We conclude that stellar mass at the galaxy centre
and in particular the ratio M∗/Mhalo is the most important quantity
at indicating the deepening of the gravitational potential which
balances the energy released from SNe.
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§ quantitative comparison…

of the host, compressed, and eventually cool and fragment into
stars. A circular velocity threshold of 12 km s!1 corresponds to a
virial temperature

Tvir ¼
!mpV

2
max

2kB
< 8700 ! K; ð5Þ

where ! is the mean molecular weight. Figure 5 shows the cu-
mulative number of Via Lactea subhalos as well as all Milky
Way satellite galaxies within 420 kpc (the distance of Leo T;
Irwin et al. 2007) as a function of circular velocity. The current
available data are summarized in Table 1. The data points in the
figure include all the previously known dwarfs (Mateo 1998)
plus the new circular velocity estimates of the ultrafaint Milky
Way satellites from Simon & Geha (2007) plus Boötes (Munõz
et al. 2006) and Willman 1 (Martin et al. 2007). They have been
plotted assuming a maximum circular velocity of Vmax ¼

ffiffiffi
3

p
"

(Klypin et al.1999), where " is the measured stellar line-of-sight
velocity dispersion, i.e., assuming a stellar spherical density pro-
file/r!3 in a singular isothermal potential. Note that the assump-
tion of a constant multiplicative factor between Vmax and " is
merely the simplest thing to do, and is not likely to hold on a case-
by-case basis. Detailed modeling of the radial velocity dispersion
profile, allowing for variations in the DM mass distribution and
the stellar velocity anisotropy (Strigari et al. 2007), would be
preferable, but is currently only available for a subset of all known
dwarfs.

If the stellar systems deeply embedded in dwarf spheroidals
remain largely unaffected by tidal stripping (this is clearly not

the case, e.g., for Ursa Major II and Sagittarius), then the mass
removal of large fractions of their original halo mass by tidal
effects may make solutions in which luminosity tracks current
subhalo mass somewhat misleading. Our simulations show and
quantify better than before that many of the dark matter clumps
that have small masses and circular velocities at the present
epoch were considerably more massive and should have formed
stars in the past (e.g., Kravtsov et al. 2004). We illustrate this
point in Figure 4 (right panel ), which shows the cumulative cir-
cular maximum velocity function of substructure within 50, 100,
and 389 kpc. Also plotted, for comparison, is the abundance of
surviving subhalos selected instead by the highest circular ve-
locity they reached throughout their lifetime, Vmax;p. Subhalos
will reach their Vmax;p at a redshift zmax before falling into Via
Lactea: this type of circular velocity selection is designed then to
remove the bias introduced by tidal mass losses, and to highlight
the subhalos that may have started shining before being accreted
by their host. Within r200, the number of massive galactic sub-
halos that reached a peak circular velocity in excess of 10 km s!1

at some point during their history is 510, about 5 times larger
than their present-day abundance. This ratio increases with increas-
ing Vmax;p and decreasing radius: (1) above a virial temperature
Tvir ¼ 10; 000 K, or a circular velocity Vmax ¼ 16:7 km s!1

(! ¼ 0:59 for fully ionized primordial gas), gas can cool effi-
ciently and fragment via excitation of hydrogen Ly#. The number
of subhaloswithin r200 that reached this ‘‘atomic cooling’’ mass at
some point in the past is 135, nearly 6 times larger than their
present-day abundance; (2) within the inner 50 kpc there is today
only one subhalo with Vmax > 16:7 km s!1, but there are 16 sur-
viving remnants that had this peak circular velocity andweremore
massive at earlier times. If substructure mass regulates star forma-
tion, then for a given mass threshold many more subhalos should
have been able to build a sizeable stellar mass at some point in the
past than indicated by their present-day abundance.

It is important then to investigate the consequences of a mass
(or circular velocity) cut that picked instead the top (say) 65most
massive (or largest Vmax;p) subhalos at all epochs as the hosts of
the knownMilkyWay dwarfs. FollowingDiemand et al. (2007b)
such or similar samples have been termed ‘‘LBA’’ (for ‘‘largest
before accretion’’ subhalos) by Strigari et al. (2007) and Simon
& Geha (2007). The idea behind this selection is to allow star
formation only above a relatively large constant critical size, a
scenario of permanently inefficient galaxy formation in all
smallest systems, independently of time-varying changes in the
environment like those triggered, e.g., by reionization. Today’s
circular velocity distribution of our LBA sample is shown in
Figure 5: interestingly, this sample includes 12 of the 14 sub-
halos above Vmax ¼ 20 km s!1 identified today, and 26 of the 35
identified above Vmax ¼ 15 km s!1, i.e., the most massive today
and LBA subpopulations basically coincide at large values of
Vmax.

5 Therefore a solution to the substructure problem in which
only the largest 50Y100 Vmax;p subhalos at all epochs were able
to form stars efficiently would automatically place the luminous
Milky Ways dwarfs in the most massive subhalos at the present
epoch. To match the circular velocity function of the LBA sam-
ple, however, the observed dwarf spheroidals (dSphs) must have
circular velocity profiles that peak at values well in excess of the
stellar velocity dispersion (see Fig. 5 and discussion below).

Fig. 5.—Cumulative number of Via Lactea subhalos within r200 (solid curve),
as well as all Milky Way satellite galaxies within 420 kpc ( filled squares), as a
function of circular velocity. The data points are from Mateo (1998), Simon &
Geha (2007), Munõz et al. (2006), and Martin et al. (2007) and assume a maximum
circular velocity of Vmax ¼

ffiffiffi
3

p
" (Klypin et al. 1999). The short-dashed curve con-

necting the empty squares shows the expected abundance of luminous satellites after
correcting for the sky coverage of the SDSS. Dash-dotted curve: Circular velocity
distribution for the 65 largest Vmax;p subhalos before accretion (LBA sample). Long-
dashed curve: Circular velocity distribution for the ‘‘fossil of reionization’’ EF sam-
ple. This includes the 61 largest (sub)halos at z ¼ 13:6 [Vmax(z ¼ 13:6) > 4 km s!1]
plus the 4 (sub)halos that reach a Vmax;p > 38 km s!1 after the epoch of reioni-
zation and are not in the largest 61 at z ¼ 13:6. [See the electronic edition of the
Journal for a color version of this figure.]

5 Note that the same is not true for the top 10 LBA subhalos (Kravtsov et al.
2004; Diemand et al. 2007b; Strigari et al. 2007a), as the largest Vmax;p systems
suffer the largest mass loss and are removed from the top 10 list of more massive
systems at z ¼ 0.
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Figure 10. CDM overabundance problem. Data points with error bars and black
solid line represent the measured ALFALFA WF (same as in Figure 4). The green
lines represent the WF of a sample of synthetic galaxies modeled by Trujillo-
Gomez et al. (2010, TG10), which populate the halos in the Bolshoi CDM
simulation (Klypin et al. 2010). Two models were considered by TG10, one
where the gravitational potential of baryons is simply superimposed on the DM
potential (solid line) and one where the subsequent adiabatic contraction of the
DM halo is taken into account (dash-dotted line). The blue solid line represents
the WF of a modeled galaxy population corresponding to the higher resolution
CDM simulation of Zavala et al. (2009, Za09). Note that both theoretical
distributions predict a steeply rising low-width end, in stark contrast with the
observational result. The discrepancy according to the Za09 result is a factor of
∼8 at w = 50 km s−1, rising to a factor of ∼100 when extrapolated to w =
20 km s−1 (see Section 5.1).
(A color version of this figure is available in the online journal.)

galaxies. They found that restricting themselves to synthetic
galaxies classified as late-types (based on their bulge-to-total
stellar mass ratios in the DeLucia catalog) produced a much
better fit to their data. However, Figure 9 suggests that applying
the “morphological” cut of Zw10 results in too few galaxies at
intermediate widths (200 km s−1< w < 600 km s−1).

The red solid line in Figure 9 is the WF corresponding to
an indirect observational estimate of the velocity distribution of
spiral galaxies by Gonzalez et al. (2000). Their determination of
the spiral galaxy VF was produced by combining the Southern
Sky Redshift Survey B-band LF for spirals in conjunction with
the Yasuda et al. (1997) Tully–Fisher (TF) parameters in the BT
band. This indirect method, based on galaxy scaling relations,
is reliable only for relatively massive spirals (vrot > 70 km s−1)
and suffers from numerous sources of uncertainty (e.g., scatter
in the TF relation, uncertainties related to the correction of the
LF for extinction, bandpass conversion uncertainties, etc.).

5.1. The CDM Overabundance Problem

CDM predictions start diverging from the observational
results at low widths, and so the behavior of the theoretical WF
for w < 200 km s−1 is of great importance. Unfortunately, the
very interesting work of O09 is only reliable for w ! 100 km s−1

due to the limitations in the mass resolution of the Millennium
Simulation. We employ instead two recent high-resolution CDM
simulations that lack however modeling of the HI component of
their virtual galaxy samples.

Figure 10 compares the ALFALFA measurement with the WF
of the galaxy population corresponding to the Bolshoi simula-
tion (Klypin et al. 2010), as modeled by Trujillo-Gomez et al.

(2010, hereafter TG10). Each Bolshoi halo was assigned real-
istic stellar and cold gas masses, based on empirical relations.
Subsequently, two models were considered, one where the grav-
itational potential of the baryons is simply superimposed on the
DM potential (solid green line) and one where the DM halo adi-
abatically contracts in response to the presence of the baryons
(dash-dotted green line). Note that TG10 define vrot as the value
of the simulated rotation curve at a radius of 10 kpc. We argue
that their modeling scheme and use of v10 kpc provide a good
approximation of the measured velocity for galaxies with both
flat and rising rotation curves.

Also plotted in Figure 10 is the WF of simulated galaxies
based on the Zavala et al. (2009, hereafter Za09) constrained
N-body simulation (blue solid line). Za09 perform a modest
volume (64 h−1 Mpc on a side) but very high-resolution (vlim =
24 km s−1) constrained simulation, designed to reproduce the
large-scale structure of the local universe. Virtual galaxies are
modeled according to the analytical results of Mo et al. (1998),
assuming a disk-to-virial mass ratio of fdisk ≡ Mdisk/Mvir =
0.03 independent of halo size. Lastly, the maximum amplitude
of the rotation curve (vrot,max) for each galaxy is calculated by
combining the disk and DM halo contributions.

Since neither model considers the distribution of the velocity
field tracer (i.e., HI) in simulated galaxies, we convert rotational
velocities into HI velocity widths by assuming the relationship

w = 2vrot sin i + weff . (4)

Galaxies are assumed to be randomly oriented with respect to the
line of sight (cos i is uniformly distributed in the [0, 1] interval),
while weff is a small “effective” term used to reproduce the
broadening effect of turbulence and non-circular motions on HI
linewidths. The use of Equation (4) is only justified if the HI disk
is extended enough to sample the value of vrot adopted by the
model under consideration (e.g., v10 kpc for TG10 and vrot,max for
Za09). We adopt the value weff = 5 km s−1 for the broadening
term,8 which is added linearly for galaxies with vrot > 50 km s−1

and in quadrature for lower velocity galaxies.
Figure 10 puts in evidence the marked departure of the

theoretical distributions from the ALFALFA measurement at
w < 200 km s−1, which becomes more dramatic with de-
creasing width. According to the TG10 WF, the difference is
approximately a factor of ∼4 at w = 100 km s−1, exhibiting an
increasing trend. The Za09 WF,9 implies a difference of a fac-
tor of ∼8 at the lowest width where the simulation is complete
(w ≈ 50 km s−1) and displays a much steeper low-width slope
than the ALFALFA measurement. An extrapolation of the Za09
WF to the ALFALFA width limit (w = 20 km s−1) would result
in a discrepancy of a factor of ∼100.

5.2. Is CDM Viable?

The ALFALFA measurement of the WF confirms the results
of the HIPASS survey (Zwaan et al. 2010), which obtained
its WF at lower sensitivity and velocity resolution. This fact
excludes the possibility that the CDM overabundance problem
is an artifact of the limited performance characteristics of past

8 The value of weff = 5 km s−1 is derived empirically by Verheijen &
Sancisi (2001), based on a sample of 22 galaxies with flat or decreasing outer
rotation curves.
9 In order to account for the fact that the Za09 sample resides in an overdense
volume (within a radius of 20 h−1 Mpc from their simulated “Local Group”),
we lower the normalization of their WF by a factor of two, as suggested in
their Section 4.3.
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§ possible solutions

• not (yet) discovered (e.g. observational problem)
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- photo-ionisation during reionisation
- baryonic feedback
- …

• tinkering with fundamental physics (gravity, WDM, cDE, VDE, …)
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Fig. 1.— Locations of the eight new dwarf galaxy candidates reported here (red triangles) along

with nine previously reported dwarf galaxy candidates in the DES footprint (red circles; Bechtol

et al. 2015; Koposov et al. 2015a; Kim & Jerjen 2015b), five recently discovered dwarf galaxy

candidates located outside the DES footprint (green diamonds; Laevens et al. 2015a; Martin et al.

2015; Kim et al. 2015a; Laevens et al. 2015b), and twenty-seven Milky Way satellite galaxies known

prior to 2015 (blue squares; McConnachie 2012). Systems that have been confirmed as satellite

galaxies are individually labeled. The figure is shown in Galactic coordinates (Mollweide projection)

with the coordinate grid marking the equatorial coordinate system (solid lines for the equator and

zero meridian). The gray scale indicates the logarithmic density of stars with r < 22 from SDSS

and DES. The two-year coverage of DES is ⇠ 5000 deg2 and nearly fills the planned DES footprint

(outlined in red). For comparison, the Pan-STARRS 1 3⇡ survey covers the region of sky with

�2000 > �30� (Laevens et al. 2015b).

DES Collaboration (arXiv:1508.03622)
(red: new from DES, green: new from others, blue: previously known)
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A critical challenge to the cold dark matter (CDM) paradigm is that there are fewer satellites
observed around the Milky Way than found in simulations of dark matter substructure. We show
that there is a match between the observed satellite counts corrected by the detection e�ciency of
the Sloan Digital Sky Survey (for luminosities L & 340 L�) and the number of luminous satellites
predicted by CDM, assuming an empirical relation between stellar mass and halo mass. The “missing
satellites problem”, cast in terms of number counts, is thus solved. We also show that warm dark
matter models with a thermal relic mass smaller than 4 keV are in tension with satellite counts,
putting pressure on the sterile neutrino interpretation of recent X-ray observations. Importantly,
the total number of Milky Way satellites depends sensitively on the spatial distribution of satellites,
possibly leading to a “too many satellites” problem. Measurements of completely dark halos below
108 M�, achievable with substructure lensing and stellar stream perturbations, are the next frontier
for tests of CDM.

I. INTRODUCTION

One outstanding problem for the cold dark mat-
ter (CDM) paradigm is the missing satellites problem
(MSP). When originally formulated, the MSP high-
lighted the discrepancy between the number of satel-
lites predicted in CDM simulations, numbering in the
100s, and observed in the Milky Way (MW), numbering
⇠10 [1–3]. Since then, increasingly sensitive surveys have
pushed the observed satellite count to ⇠50 (e.g., Ref. [4–
6]). Simultaneously, however, improved resolution in nu-
merical simulations has also increased the number of pre-
dicted satellites (e.g., [7]).

A crucial step towards resolving the MSP is to cor-
rect for those satellites that have not yet been detected.
Only a fraction of the MW’s virial volume has been sur-
veyed [8]. The Sloan Digital Sky Survey (SDSS), by
which ultra-faint dwarfs with luminosities as low as 340
L� (Segue I) were discovered, covered only about a third
of the sky. For the faintest dwarfs, SDSS was complete
to ⇠10% of the MW’s virial radius [9, 10]. The observed
count is thus a lower bound on the luminous MW satellite
population. Completeness corrections must be applied to
derive the total number of luminous MW satellites.

Fully resolving the MSP requires that the
completeness-corrected galaxy count match the pre-
dicted luminous satellite abundance. This depends on
the physics of an additional key component: baryons.
There is growing evidence that not all dark matter
subhalos host an observable galaxy. Galaxy evolution
models [11] and star-formation histories of ultra-faint

⇤ kim.4905@osu.edu

dwarfs [12] indicate that feedback processes and reion-
ization prevent star formation. In fact, subhalos
below ⇠109 M� are ine�cient in forming a luminous
component [13, 14]. In CDM, most MW subhalos are
dark.

In this work, we compare completeness corrections of
the observed MW luminous galaxy population to theoret-
ical predictions for the luminous galaxy population. We
use an analytic approach to highlight specific physics,
and provide a roadmap for future MW-based DM con-
straints. Our completeness correction is inspired by
Refs. [8, 15–17], which used simulations or Bayesian tech-
niques to estimate that the MW hosts hundreds of lumi-
nous satellites. We calculate the total number of lumi-
nous galaxies down to 340 L� based on the satellites ob-
served by SDSS. For comparison, we predict the number
of luminous satellites expected in CDM based on empir-
ical scaling relations between halos and galaxies.

Successful dark matter models cannot produce just
enough dark matter subhalos to match the corrected
galaxy count—they must produce enough luminous
galaxies. This places stringent constraints on warm dark
matter (WDM) and sterile neutrino models, competitive
with Lyman-↵ forest constraints [18].

Successful galaxy formation models must produce
enough luminous galaxies to match the corrected galaxy
count. This has implications for the mass threshold for
the subhalos that host the faintest galaxies, the redshift
of reionization, and the tidal stripping of subhalos.

II. COMPLETENESS CORRECTIONS

The total number of luminous satellites within the MW
virial radius (Rvir = 300 kpc) can be extrapolated from
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Boylan-Kolchin et al. (2011)

these (simulated) objects are too massive for their size!
or put differently:

these massive subhaloes have no observational counterpart!

satellites: too big to fail?
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Fig. 1.— Locations of the eight new dwarf galaxy candidates reported here (red triangles) along

with nine previously reported dwarf galaxy candidates in the DES footprint (red circles; Bechtol

et al. 2015; Koposov et al. 2015a; Kim & Jerjen 2015b), five recently discovered dwarf galaxy

candidates located outside the DES footprint (green diamonds; Laevens et al. 2015a; Martin et al.

2015; Kim et al. 2015a; Laevens et al. 2015b), and twenty-seven Milky Way satellite galaxies known

prior to 2015 (blue squares; McConnachie 2012). Systems that have been confirmed as satellite

galaxies are individually labeled. The figure is shown in Galactic coordinates (Mollweide projection)

with the coordinate grid marking the equatorial coordinate system (solid lines for the equator and

zero meridian). The gray scale indicates the logarithmic density of stars with r < 22 from SDSS

and DES. The two-year coverage of DES is ⇠ 5000 deg2 and nearly fills the planned DES footprint

(outlined in red). For comparison, the Pan-STARRS 1 3⇡ survey covers the region of sky with

�2000 > �30� (Laevens et al. 2015b).
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Figure 1 | Map of the Andromeda satellite system. The homogeneous
PAndAS survey (irregular polygon) provides the source catalogue for the
detection and distance measurements of the 27 satellite galaxies20 (filled circles)
used in this study. Near M 31 (blue ellipse), the high background hampers the
detection of new satellites and precludes reliable distance measurements for
M 32 and NGC 205 (labelled black open circles); we therefore exclude the
region inside 2.5u (dashed circle) from the analysis. The seven satellites known
outside the PandAS area (green circles and arrows) constitute a heterogeneous

sample, discovered in various surveys with non-uniform spatial coverage, and
their distances are not measured in the same homogeneous way. A reliable
spatial analysis requires a data set with homogeneous selection criteria, so we do
not include these objects in the sample either. The analysis shows that the
satellites marked red are confined to a highly planar structure. We note that this
structure is approximately perpendicular to lines of constant Galactic latitude,
so it is therefore aligned approximately perpendicular to the Milky Way’s disk
(the grid squares are 4u3 4u).
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Figure 2 | Satellite galaxy positions as viewed from Andromeda. The Aitoff–
Hammer projection shows the sample of 27 satellites20 (filled circles from Fig. 1)
as they would be seen from the centre of the Andromeda galaxy. In these
coordinates the disk of Andromeda lies along the equator. ‘M 31-centric
galactic latitude’ means what a fictitous observer in the M31 galaxy would
call ‘galactic latitude’. The background image represents the probability
density function of the poles derived from 105 iterations of resampling the 27
satellites from their distance probability density functions, and finding the

plane of lowest root mean square from a subsample of 15 (the colour scale on
the right shows the relative probability of the poles, and is dimensionless). A
clear narrow peak at (lM 31 5 100.9u6 0.9u, bM 31 5 238.2u6 1.4u)
highlights the small uncertainty in the best-fit plane. The solid red line,
which passes within less than 1u of the position of the Milky Way
(yellow circle labelled ‘MW’), represents the plane corresponding to this best
pole location.
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§ possible solutions

• environmental effects, i.e. Local Group is a very special place:
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• dynamical effects, e.g. radial alignment of orbits, …
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Figure 3. Observed plane of Andromeda (I13) as detected by our method. The face-on and edge-on view of the plane are presented in the top left and right panels.
Only the satellites of the plane are shown (crosses), along with their velocities. The color of the satellites (green for the dominant rotation vs. black) and their velocities
give their rotation directions. The blue circle with a black line shows the center of M31 and the direction toward the Milky Way. Bottom panel: the satellites of the
plane are shown in red in an Aitoff–Hammer projection showing the positions of M31s satellites. The positions show where each object would appear in the sky if
viewed from the center of M31. We detect 14 satellites, with 12 co-rotating. There are two additional satellites out of the boxes in the top left and right panels, one on
the right and another on the left. We recall that only the line-of-sight velocity is known, and the plane is seen edge on. This alignment of the plane with the direction
toward the Milky Way (blue circle) can also be seen in the right panel. The properties of this plane are given at the bottom of Table 1.

14 satellites. We compute the significance of the detections
in order to do a proper comparison (see Section 2.4.2). In a
first step we only consider the probability of finding a planar
structure (Table 1, Column 7) assuming the radial distributions.
Using only the spatial p values there are no significant planes.5
The smallest spatial p values are for the plane of 14 satellites
of the LGb Mmax model (16.77%) and for the LGb zr model
(13.91%) which contains only 11 satellites.

The effect of the radial distributions is again illustrated by the
spatial p values of the planes LGb zrMmax and zr: both contain 11
satellites, but the former has a spatial p value of 51.26% versus
13.91% for the latter. This means that for the radial distribution
of LGb zr it is more difficult to find a structure of 11 satellites
than in LGb zrMmax. Indeed, the radial distribution of LGb zr is
more dilute. We now proceed to include the kinematic properties
of the planes in assessing their significance.

5 We recall that a 3σ (5σ ) plane would have a p value of 0.27% (0.00003%)
for a Gaussian distribution of events. In the current paper we will arbitrarily
refer to significant planes as having a p value less than 1%.

3.1.1. Velocity in the Detected Planes

An important aspect of the plane of Andromeda is the fact that
13 of the 15 satellites of the plane seem to co-rotate (I13). In
the observations, only the line-of-sight velocity is accessible.
In the simulation, all three components of the velocity are
fully known. Therefore, it is possible to exactly determine the
number of co-rotating satellites, unlike the observations. The
Column 4 of Table 1 gives the number of co-rotating satellites
for each detected plane and the p value for the co-rotation pcor in
Column 8 (see Section 2.4.3). The total significance or p value
of a given plane is the product of the two other p values, spatial
and co-rotation. It is given in Column 9 of Table 1. It is a more
meaningful assessment of the significance of the planes found.

Here we consider that a total probability lower than 1%
is a significant detection. Even if it is three decades above
the observed planes, this still means that the detected planar
configuration appears in only 1 in 100 realizations of a random
satellite population. Therefore, finding such an alignment purely
by chance is still very rare.

None of the simulation planes has a total significance as small
as the observations. However, there is one case of significant
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§ possible solutions

• proper numerical modelling

• baryonic effects The fine structure of disc galaxies 2513

Figure 1. Face-on and edge-on synthetic images obtained using Bruzual & Charlot (2003) models at z = 0. All images are 40 kpc side.

As a first step, we performed two low-resolution simulations that
consisted of two different Monte Carlo realizations of the same
cosmological model: a flat !CDM universe (with "! = 0.723,
"m = 0.277, "b = 0.04, σ 8 = 0.811 and h = 0.7) within a periodic
box of 10 Mpc per side.1

From each of these low-resolution simulations, we selected two
gas-rich objects with a prominent gas disc at z = 0 not appar-
ently perturbed from recent major mergers: the most massive one
from a sparsely populated region and the most massive one from a
crowded region. These selection criteria then focus on massive reg-
ular spiral galaxies extracted from both low- and HD regions and,
hence, with different histories of mergers and accretion events. For
each selected object, we traced back the particles inside its virial
radius until the initial redshift zinit = 31. We then computed the
convex hull (Barber, Dobkin & Huhdanpaa 1996) enclosing these
particles at zinit and substituted all the particles inside the convex
hull by their high-resolution counterparts. Gas particles outside the
hull were eliminated and their masses added to the low-resolution
DM component, thus obtaining the initial conditions for each high-
resolution simulation. The galaxies obtained in this way have a full
history of mergers and accretion events in a cosmological context,
without any assumptions made for their initial conditions beyond
the cosmology and the initial conditions generator used (Prunet
et al. 2008). Table 1 summarizes the main characteristics of each
high-resolution simulation, with a gravitational softening of ϵg =
400 h−1 pc and a minimum hydrodynamical smoothing length half
this value. In this table, LD-5003A and LD-5101A correspond to
objects selected in low-density (LD) regions, while HD-5004A and
HD-5103A correspond to objects from HD regions. All these ob-
jects (labelled as A) were simulated with identical SF parameters.

1 Although this box side implies a lack of very massive objects and galaxy
groups, it has been proved that it has little effect on the internal properties
of the haloes (Power & Knebe 2006) and on the formation of individual
galaxies.

The two objects selected from crowded regions experienced ma-
jor mergers at moderately low redshifts. In principle, the ability of
their discs to regenerate after their last major merger, as well as the
resulting properties of their fine structure, could be sensitive to the
choice for SF efficiency. In order to test the possible effects of SF
efficiency, these two objects were re-simulated with less efficient SF
parameters (simulations labelled as B: HD-5004B and HD-5103B).

Table 1 also shows the total, stellar and gas masses enclosed by
the virial radius of each object. We can see from this table that
our simulated galaxies have virial masses in the range 1.2 to 4.7 ×
1011 M⊙ and stellar masses of ∼1010.5, placing them among middle-
mass spiral galaxies. Therefore, they are less massive than the Milky
Way (with virial mass of ∼1.2 × 1012 M⊙) and their masses are
comparable to the least massive simulated galaxies presented in
recent works (e.g. Governato et al. 2007; Scannapieco et al. 2009;
Guedes et al. 2011).

3 G E N E R A L P RO P E RT I E S O F D I S C S

3.1 Bulge–disc decomposition: D/T ratios

Fig. 1 shows the face-on and edge-on synthetic images of the four
main simulated objects at z = 0, where SSP ages, masses and metal-
licities have been converted into luminosities using the Bruzual &
Charlot (2003) models.2 In all these images, a conspicuous disc
component can be appreciated even for the object HD-5103A, where
the disc structure has survived a recent major merger at z ∼ 0.3.
Although the synthetic image of HD-5103A does not show clear
evidence of such a merger, we will see in Section 4 that this event
has still a strong imprint in several physical properties.

In order to quantify the importance of each component, Fig. 2
shows the face-on r-band luminosity profiles as well as the fits

2 Dust effects have not been considered in this work, so, in order to minimize
these effects, photometric studies have been done with galaxies seen face-on.

C⃝ 2012 The Authors, MNRAS 421, 2510–2530
Monthly Notices of the Royal Astronomical Society C⃝ 2012 RAS
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§ possible solutions

• no explanation as of now!

• currently investigating using Constrained Local Universe Simulations (CLUES)...
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Figure 5. Pairwise velocity versus average mass of DM halo pairs at z =
0. Here we show the box size effect; increasing the simulation box size
increases the number of low-mass, high v12 pairs more than the high-mass,
high v12 pairs. Each increase in the box size and particle count yields better
statistics, broadening the distribution of v12.

number of low-mass, high v12 halo pairs, along with increasing the
number of high-mass, high v12 pairs to a lesser degree. As the box
size increases, we are allowing for a greater number of rare high v12

halo pairs which probe the tail of the distribution.
Fig. 6 shows that an increase in the resolution results in a larger

number of low-mass, high v12 pairs, and a less substantial increase

Figure 6. Pairwise velocity versus average DM halo pair mass at z = 0.
This illustrates the resolution effect; how increasing the resolution probes
lower mass halo pairs. There is a slight increase in high-mass, high v12 pairs,
but the majority of the increase is in the low-mass haloes. As the particle
count increases we can resolve smaller structures with higher v12.

in the number of high-mass, high v12 pairs. Increasing the box size
yields high v12 pairs with increasing mass, while increasing the
resolution yields a larger number of high v12 pairs at the maximum
halo mass allowed by the box.

3.4 Cumulative v12 function

To examine how the box size and resolution affect the actual num-
ber of high v12 halo pairs, we plot the cumulative v12 distribution
function as shown in Figs 7 and 8. Changing the box size (Fig. 7)
extends the curve to higher v12. The larger box and particle count

Figure 7. Cumulative v12 function of DM haloes at z = 0. This figure
shows how increasing the box size increases the number of high v12 pairs,
extending the tail of the distribution.

Figure 8. Cumulative v12 function of DM haloes at z = 0. This figure
shows the resolution effect. As the resolution increases, the normalization
of the distribution increases due to a larger number of lower mass haloes
with higher velocities.

C⃝ 2011 The Authors, MNRAS 419, 3560–3570
Monthly Notices of the Royal Astronomical Society C⃝ 2011 RAS
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§ very rare objects, yet we observe quite a few

• Bullet Cluster (1E0657-56)

• “line-of-sight bullet”, (Abel 576)

• “Cosmic Train Wreck” (Abel 520)

• “Dark Matter Ring” (Cl0024+17)

• MACS J0025.4−1222 
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§ possible solutions

• simulations volumes simply too small: Jubilee simulation!

angular momentum crisis?

Extreme objects in Jubilee 3783

Figure 7. Relative pairwise velocities for haloes. The data points correspond to the observed Bullet cluster speed from Markevitch et al. (2004) (cross) and the
corrected speed estimated by Springel & Farrar (2007) (circle). The simulated speeds were obtained from the full box using the output redshift slice (z = 0.32)
that best matched the redshift of the Bullet cluster (z = 0.296). The halofinder used was AHF, which can resolve both subhaloes and haloes. We have shown in
blue, merging objects that are both host haloes in their own rights and in red, merging objects where a subhalo is moving with a high relative velocity to its host
halo. The data in the simulation were reduced by considering haloes with a mass of over 1 × 1013 h−1 M⊙ and data points were plotted with the restriction
that one of the haloes in the pair had a mass of at least 7 × 1014 h−1 M⊙. Finally, we have added in a random scatter to mimic the effect of Eddington bias, as
described in the text.

haloes of mass greater or equal to 7 × 1014 h−1 M⊙ at z = 0.32.
Our results are shown in Fig. 7, along with the original Bullet speed
presented in Markevitch et al. (2004), and the moderated result from
Springel & Farrar (2007), which represents the lowest value from
the literature to date. We show in blue, haloes that are colliding pairs
and in red, haloes that are a colliding subhalo and halo pair. We have
added a normally distributed random scatter to our velocities with
a width given by the error in the observed value for vs. This is
to mimic the effect of Eddington bias in our simulated data. This
observational bias arises when observing extreme measurements
in a distribution of measurements all with some associated scatter.
As there are many more data points that exist with less extreme
velocities than the one in question, it is likely that an extreme
data point is an upscattered less extreme one. As we know very
precisely the pairwise velocities of halo pairs in our simulation,
adding random scatter to this distribution serves to create the effect
in our measurement.

As can be seen from the distribution, the Bullet cluster is an
extreme object, but only when the radial separation of the halo
pairs is considered. We find many candidate mergers in our volume
with a collision speed that equals or exceeds the more conservative
speed estimate for the cluster and a few objects that are not far from
the higher velocity estimate of Markevitch et al. (2004). However,
we find no objects that, at a closer separation, give rise to a large
enough merging velocity. This is likely to be due to the effect of
only considering one simulation output in our analysis. At any
given output redshift only a handful of haloes will be undergoing

a major merger event of the sort we are interested in and this is
reflected by the paucity of data points that lie at a separation of less
than 0.6 h−1 Mpc. It is likely, therefore, that over the course of the
Jubilee simulation run, high-velocity mergers of the type observed
in the Bullet cluster do occur.

This result is in line with previous attempts to use large cosmolog-
ical simulations to address this issue where the bullet was not found
to be extreme (Hayashi & White 2006; Thompson & Nagamine
2012). Interestingly, Thompson & Nagamine (2012) extrapolated
their results from smaller simulation volumes and concluded that a
volume of (4.5 h−1 Gpc)3 would be required in order to observe a
Bullet-like cluster.

The conclusion that we put forward based on this result is that
there is at present no tension between our data and the standard
cosmological model. This conclusion is tentative, however, and
there would appear to be a need for careful further research into
this question based on a number of points. First, the results are
very sensitive to the mass cuts imposed on the candidate search.
It would be very difficult to find a precise analogue to the Bullet
cluster in terms of the masses, velocities and spatial separation of
the haloes. Here, we have taken a cut-off in mass that allows us to
search for Bullet-like systems rather than a precise Bullet cluster.
Secondly, we have placed no restrictions on the directions of the
relative velocities of the halo pairs. The bow shock observed in
the Bullet cluster has arisen from the Bullet subhalo having passed
through the parent halo (it is this occurrence, which fortuitously lies
almost in the plane of the sky as we observe it, that has allowed us
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of the cluster which has density greater than 200ρ̄m,0) from Tinker
et al. (2008) of {0.186, 1.47, 2.57, 1.19}.

When comparing to real-world clusters we need to correct for the
fact that theoretical mass functions are defined with respect to the
average matter density ρ̄m,z, but observers frequently report cluster
masses with respect to the critical density ρc. In order to do this, we
follow the procedures of Waizmann et al. (2011a) and Mortonson
et al. (2011) to convert all cluster masses to m200m, and correct
for Eddington bias. Eddington bias refers to the fact that there
is a larger population of small mass haloes which may upscatter
into our observations than there are high mass haloes which may
downscatter into them, and is corrected for using

ln mEdd = ln m + 1
2
ϵσ 2

ln m, (12)

where ϵ is the local slope of the halo mass function and σ 2
ln m is the

measurement uncertainty for the cluster mass.
In order to ensure we are avoiding a posteriori selection (by only

performing our test in regions in which we have already observed
something which we believe to be unusual), we set f sky = 1. This
is both the most conservative estimate and, we believe, the correct
one for testing ‘the most extreme clusters in the sky’.

3.2 Results

We now seek to use the apparatus described above to test if any
currently observed objects are significantly extreme to give us cause
to question $CDM cosmology. We consider the set of recently
observed, potentially extreme clusters shown in Table 1 in a $CDM
cosmology as described above. The extreme value contours (light –
99 per cent, medium – 95 per cent, dark – 66 per cent), most
likely maximum mass M0

max (solid line) and the cluster masses and
redshifts (stars) are plotted in Fig. 1. The plot shows the expected
features of a peak in maximum halo mass at z ≈ 0.2 (the location
and height of which is in broad agreement with the analysis of
Holz & Perlmutter 2010). As can be seen, none of the currently
observed clusters lies outside the 99 per cent confidence regions
of the plot, meaning that there is no current strong evidence for a
need to modify the $CDM concordance model from high-mass,
high-redshift clusters. This appears to be in agreement with the

Table 1. The extreme clusters considered in
this Letter (aMaughan et al. 2011, bMenanteau
et al. 2011, cPlanck Collaboration: Aghanim
et al. 2011, dFoley et al. 2011, eBrodwin et al.
2010, f Jee et al. 2009, gSantos et al. 2011).
MEdd

200m is calculated using the numerical code
of Zhao et al. (2009) to convert from M200c

(where necessary) and equation (12) to include
the Eddington bias.

Cluster z MEdd
200m(M⊙)

A2163a 0.203 3.04+0.87
−0.67 × 1015

A370a 0.375 2.62+0.87
−0.67 × 1015

RXJ1347a 0.451 2.14+0.60
−0.48 × 1015

ACT-CL J0102b 0.87 1.85+0.42
−0.33 × 1015

PLCK G266c 0.94 1.45+0.27
−0.20 × 1015

SPT-CL J2106d 1.132 1.11+0.24
−0.20 × 1015

SPT-CL J0546e 1.067 7.80+1.27
−0.90 × 1014

XXMU J2235f 1.4 6.82+1.52
−1.23 × 1014

XXMU J0044g 1.579 4.02+0.88
−0.73 × 1014

Figure 1. Extreme value contours and modal highest mass cluster with
redshift for a $CDM cosmology, along with a set of currently observed
‘extreme’ galaxy clusters. None lies in the region above the 99 per cent
contour and hence are consistent with a concordance cosmology.

findings of Waizmann et al. (2011a) for a similar set of clusters, but
in contradiction to Chongchitnan & Silk (2011)3 who find that the
cluster XMMU J0044 is a 4σ result (i.e. should lie well above the
99 per cent region in Fig. 1), whilst here we find it to be well within
the acceptable region.

4 T E S T I N G C O S M O L O G I C A L M O D E L S W I T H
EXTREME CLUSTERS

In addition to simply ruling out $CDM cosmology with massive
clusters, we may also consider whether extreme objects offer the po-
tential to discriminate between different alternative models. Whilst
many alternative models are capable of predicting enhanced struc-
ture formation, the exact scale and time dependence of the enhance-
ment will differ from model to model. Here we consider two models
which have a well-defined and investigated effect on the halo mass
function, and hence are relatively simple to calculate the EVS over
a range of redshift for: local form primordial non-Gaussianity and
the bouncing, coupled scalar field dark energy model labelled as
‘SUGRA003’ in Baldi (2011b). These should be regarded as toy
models – our aim is to show how the EVS can be used to select
between different models, rather than make definite predictions.

4.1 Models considered

We make use of the CoDECS simulations kindly made publicly
available by Baldi et al. (2010, 2011a). This suite of large N-body
simulations includes realizations of both $CDM and a number of
coupled dark energy cosmologies. Here, we compare the CoDECS
$CDM-L (where ‘L’ is for ‘Large’) simulation of the concor-
dance cosmology to both the primordial non-Gaussianity and the
SUGRA003 (supergravity) bouncing dark energy models. Primor-
dial non-Gaussianity, motivated by considerations of the fluctu-
ations of the inflaton field, is one of the most widely explored
modifications to the concordance cosmology (e.g. Desjacques &
Seljak 2010) and has long (Lucchin & Matarrese 1988) been known
to affect the abundances of high-mass galaxy clusters. It has also

3 In an updated version of this analysis, Chongchitnan & Silk find no tension
with $CDM.

C⃝ 2011 The Authors, MNRAS 421, L19–L23
Monthly Notices of the Royal Astronomical Society C⃝ 2011 RAS
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Figure 5. A new version of Fig. 1 from Harrison & Coles (2012) using
the EVS prescription of Harrison & Coles (2011) and the CPMSO mass
function from Watson et al. (2013a). The shaded regions show the 66, 95
and 99 per cent confidence intervals. The black data points show maximal
mass clusters observed by a central observer in the Jubilee simulation.

Figure 6. Histogram of extreme objects for three different thresholds in
mass (dotted line) compared with the prediction from the Poisson distribu-
tion (dashed line) for the corresponding mean value of the objects above the
corresponding threshold. The mass thresholds are 1.2 × 1015, 1.4 × 1015

and 1.6 × 1015 h−1 M⊙, left-to-right panels, respectively. The statistics are
calculated for z = 0.05.

The question of how well the Poisson distribution fits our rare
cluster number counts is addressed in Fig. 6. The simulation vol-
ume at z = 0.05 was split up into 5438 independent subvolumes. For
each subvolume, we calculated the number of objects above a given
threshold mass (1.2 × 1015, 1.4 × 1015 and 1.6 × 1015 h−1 M⊙ for
the panels in Fig. 6, left-to-right, respectively) found in each sub-
volume. The mass thresholds were chosen so that only a very small
number (around 0–2) of objects were found in each subvolume,
which represents the regime where we expect Poisson statistics to
be dominant. We then compared the histogram of the measured
distribution of the objects in the simulation to that predicted by a
Poisson distribution with a mean set by the average across all the
subvolumes. The correspondence between the two is very close.
This is an interesting result as it validates the common choice of
Poisson statistics for describing the expected distribution of these
objects, and this is the first time it has been validated using a simu-
lation of this scale (for a detailed investigation of the applicability

of the Poisson distribution in cluster counts across different masses
see Smith & Marian 2011, who used simulations of box length
1.5 h−1 Gpc for their study).

3.4 High !v mergers and the Bullet cluster

There has been recent debate regarding whether the Bullet cluster
(1E0657-56, which resides at a redshift of z = 0.296) poses a chal-
lenge to the !CDM model. 1E0657-56 consists of a large cluster
of mass M200 ∼ 1.5 × 1015 h−1 M⊙ and a subcluster – the ‘bullet’
– of mass M200 ∼ 1.5 × 1014 h−1 M⊙ that has traversed through
the larger cluster, creating a substantial bow shock along the way
(Barrena et al. 2002; Markevitch et al. 2002; Clowe, Gonzalez &
Markevitch 2004; Bradač et al. 2006; Clowe et al. 2006). Ten-
sion with !CDM arises from the calculated value for the speed of
the shock of vs = 4740+710

−550 km s−1 (Markevitch et al. 2002, 2004;
Springel & Farrar 2007), which was originally calculated to be
too high for a !CDM universe (Farrar & Rosen 2007) – whereas
it might be better accommodated in alternative cosmologies (e.g.
Llinares, Zhao & Knebe 2009). Other studies have concluded that
the velocity is not in tension with !CDM (Hayashi & White 2006).
An important clarification of this issue was presented by groups
working on simulations of Bullet-like systems (Takizawa 2005,
2006; Milosavljević et al. 2007; Springel & Farrar 2007; Mastropi-
etro & Burkert 2008) where, in general, it was found that the shock
speed was substantially higher than the speed of the mass centroid
of the infalling subcluster. For example, Springel & Farrar (2007)
found that a Bullet-like system in their simulations had a shock
speed of ∼4500 km s−1 whereas the subcluster had a speed of only
∼2600 km s−1. Milosavljević et al. (2007) found that in an illus-
trative simulation, the subcluster CDM halo had a speed that was
16 per cent lower than that of the shock.

Even given this moderation of the extreme subcluster speed in
1E0657-56 there have still been claims in the literature that the
!CDM model may be incapable of creating such a system (Lee &
Komatsu 2010; Thompson & Nagamine 2012). This is not wholly
unexpected as (a) Mastropietro & Burkert (2008) have shown that
the properties of the bow shock are not well described by simulations
and (b) even with a moderation in subcluster speed along the lines
of Springel & Farrar (2007) or Milosavljević et al. (2007), the
speed may still be too high for the !CDM model to accommodate.
These studies have relied on numerical simulations to observe the
distribution of relative velocities in colliding clusters. From these
distributions, 1E0657-56 can be assessed and deemed to be either
rare for a !CDM universe or so rare that it puts the whole model in
doubt.

Alternative approaches have also been taken in addressing this
question. Forero-Romero, Gottlöber & Yepes (2010) looked in 2D-
projected position-space for Bullet-like systems in the MareNos-
trum Universe, a large hydrodynamical cosmological simulation.
The characteristic distribution of gas and dark matter in 1E0657-
56, as projected on the sky – with a large displacement between
the cluster’s gas and dark matter – was found to be expected in 1–
2 per cent of clusters with masses larger than 1014 h−1 M⊙. Nusser
(2008) performed a ‘back in time’ analysis to place bounds on the
relative overdensity the system resides in, in the Universe, conclud-
ing that for a relative speed of ∼4500 km s−1, the system would
need to have a mass of 2.8 × 1015 h−1 M⊙ and exist in a local
overdensity of 10 times the background density of the Universe.

Here, we use the huge number counts of clusters in the Jubilee
simulation to add to the debate. We consider AHF (sub) haloes with
mass greater than 1 × 1013 h−1 M⊙ that are colliding with (host)
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Figure 1: The Current Tension in the Determination of Ho   

 

 

Figure 1: Recent values of Ho as a function of publication date since the Hubble Key 

Project (adapted from Beaton et al. 2016). Symbols in blue represent values of Ho 

determined in the nearby universe with a calibration based on the Cepheid distance scale. 

Symbols in red represent derived values of Ho based on an adopted cosmological model 

and measurements of the CMB. The blue and red shaded regions show the evolution of 

the uncertainties in these values, which have been decreasing for both methods. The most 

recent measurements disagree at greater than 3-σ.  
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description of the initial power spectra in Section 2, then move on
to the simulations themselves in Section 3. In Section 4 we analyze
the output from our numerical simulations mainly focusing on the
merger history in the newWDMmodels. We finally summarize our
results and conclude in Section 5.

2 WARM DARK MATTER POWER SPECTRA

In agreement with the combined observations of the cosmic
microwave background anisotropies on sub-degree scales by
BOOMERANG (de Bernardis et al. 2000) and MAXIMA (Balbi
et al. 2000), and of high-redshift supernovae (Riess et al. 1998;
Schmidt et al. 1998; Perlmutter et al. 1999), we have chosen
a flat universe model with a cosmological constant. More
specifically, values for the cosmological parameters in all the
simulations presented here are: V0 ¼ 0:33, VL ¼ 0:67,
H0 ¼ 67 km s21 Mpc21, s8 ¼ 0:88. We note that in the case of a
CDMmodel, these values also account correctly for the large-scale
structure properties of the Universe, such as the evolution of cluster
abundances (Eke et al. 1998) and the distribution of galaxies (Benson
et al. 2001).
The only difference in the power spectra of the three simulations

presented here comes from the damping of small-scale density
fluctuations owing to relativistic free-streaming in the WDM
models. More specifically, we have chosen the free-streaming
scales, Rf, to be 0.2 and 0.1 h 21Mpc for our WDM simulations,
corresponding to smoothing scales – defined as the comoving half-
wavelength of the mode for which the amplitude of the linear
density fluctuation is divided by two – of 0.72 and 0.33 h 21Mpc
respectively and therefore to masses of 0.5 and 1.0 keV for the
respective warmons (cf. equation 1 of Bode, Ostriker & Turok
2001). The values are summarized in Table 1.
Following Bardeen et al. (1986), the WDM power spectra,

PWDM, are then obtained by multiplying the CDM power spectrum,
PCDM, by the filter function T2

WDM, where

TWDMðkÞ ¼ exp 2
kRf

2
2

ðkRf Þ2
2

! "
: ð1Þ

Fig. 1 shows the initial power spectra which are used as an input for
generating the initial conditions of our three different dark matter
simulations analysed in Section 4.
Note that these choices for the masses of the warmons are

compatible with observed properties of the Lyman-a forest in high-
redshift quasar spectra and with the fact that a minimal fraction
of baryons has to have already collapsed by z < 6 if the universe
is to be re-ionized at high-redshift. As a matter of fact, this
latter constraint leads to a lower limit for the warmon mass
mWDM < 1:2 keV, which can go down to mWDM < 750 eV in the
somewhat extreme case where the ionizing-photon production
efficiency is 10 times greater at high redshifts (Barkana, Haiman
& Ostriker 2001). On the other hand, such a low value for the
lower limit of the warmon mass has also been derived from
analysis of artificial Lyman-a spectra extracted from numerical
hydrodynamics simulations (Narayanan et al. 2000).
We have not explicitly assigned non-zero initial thermal

velocities for particles in the simulations, because as shown by
Dalcanton & Hogan (2001) from phase-space density arguments,
even if present, they would be too small to be relevant on dwarf
galaxy halo scales for the masses of the warmons under
investigation here. We note that this conclusion is also supported

by the recent simulations of Avila-Reese et al. (2001) and Bode
et al. (2001) who have included such velocities in their WDM
N-body simulations.

3 THE N - BODY SIMULATIONS

All three simulations were carried out using the multiple-mass
ADAPTIVE REFINEMENT TREE code (ART, Kravtsov, Klypin &
Khokhlov 1997).
The ART code achieves high force resolution by decreasing the

size of grid cells in all high-density regions, using an automated
refinement algorithm. These refinements are recursive, which
means that refined regions can also be refined, each subsequent
refinement having cells that are half the size of the cells in the
previous level. This creates a hierarchy of refinement meshes of
different resolution focusing on regions of high density where high
spatial force resolution is needed. The present version of the code
uses multiple time steps on different refinement levels, as opposed
to the constant time stepping in the original version of the code. The
multiple time stepping scheme is described in detail in Kravtsov
et al. (1997).
In addition to these features, the latest version of the ART code

also allows the usage of multiple masses. We started by placing
5123 particles into the simulation volume according to the input
power spectra as given by Fig. 1 and then using the Zeldovich
approximation. All these particles were then collapsed in packets
of eight until only 1283 particles were left. Therefore, in order to
re-simulate a region of interest with higher mass resolution we

Table 1. Parameter of the WDM
models.

LWDM 1 LWDM 2

Rf 0.1 h 21Mpc 0.2 h 21Mpc

mWDM 1.0 keV 0.5 keV

Figure 1. Input power spectra.
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the output from our numerical simulations mainly focusing on the
merger history in the newWDMmodels. We finally summarize our
results and conclude in Section 5.
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microwave background anisotropies on sub-degree scales by
BOOMERANG (de Bernardis et al. 2000) and MAXIMA (Balbi
et al. 2000), and of high-redshift supernovae (Riess et al. 1998;
Schmidt et al. 1998; Perlmutter et al. 1999), we have chosen
a flat universe model with a cosmological constant. More
specifically, values for the cosmological parameters in all the
simulations presented here are: V0 ¼ 0:33, VL ¼ 0:67,
H0 ¼ 67 km s21 Mpc21, s8 ¼ 0:88. We note that in the case of a
CDMmodel, these values also account correctly for the large-scale
structure properties of the Universe, such as the evolution of cluster
abundances (Eke et al. 1998) and the distribution of galaxies (Benson
et al. 2001).
The only difference in the power spectra of the three simulations

presented here comes from the damping of small-scale density
fluctuations owing to relativistic free-streaming in the WDM
models. More specifically, we have chosen the free-streaming
scales, Rf, to be 0.2 and 0.1 h 21Mpc for our WDM simulations,
corresponding to smoothing scales – defined as the comoving half-
wavelength of the mode for which the amplitude of the linear
density fluctuation is divided by two – of 0.72 and 0.33 h 21Mpc
respectively and therefore to masses of 0.5 and 1.0 keV for the
respective warmons (cf. equation 1 of Bode, Ostriker & Turok
2001). The values are summarized in Table 1.
Following Bardeen et al. (1986), the WDM power spectra,

PWDM, are then obtained by multiplying the CDM power spectrum,
PCDM, by the filter function T2

WDM, where

TWDMðkÞ ¼ exp 2
kRf
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Fig. 1 shows the initial power spectra which are used as an input for
generating the initial conditions of our three different dark matter
simulations analysed in Section 4.
Note that these choices for the masses of the warmons are

compatible with observed properties of the Lyman-a forest in high-
redshift quasar spectra and with the fact that a minimal fraction
of baryons has to have already collapsed by z < 6 if the universe
is to be re-ionized at high-redshift. As a matter of fact, this
latter constraint leads to a lower limit for the warmon mass
mWDM < 1:2 keV, which can go down to mWDM < 750 eV in the
somewhat extreme case where the ionizing-photon production
efficiency is 10 times greater at high redshifts (Barkana, Haiman
& Ostriker 2001). On the other hand, such a low value for the
lower limit of the warmon mass has also been derived from
analysis of artificial Lyman-a spectra extracted from numerical
hydrodynamics simulations (Narayanan et al. 2000).
We have not explicitly assigned non-zero initial thermal

velocities for particles in the simulations, because as shown by
Dalcanton & Hogan (2001) from phase-space density arguments,
even if present, they would be too small to be relevant on dwarf
galaxy halo scales for the masses of the warmons under
investigation here. We note that this conclusion is also supported

by the recent simulations of Avila-Reese et al. (2001) and Bode
et al. (2001) who have included such velocities in their WDM
N-body simulations.

3 THE N - BODY SIMULATIONS

All three simulations were carried out using the multiple-mass
ADAPTIVE REFINEMENT TREE code (ART, Kravtsov, Klypin &
Khokhlov 1997).
The ART code achieves high force resolution by decreasing the

size of grid cells in all high-density regions, using an automated
refinement algorithm. These refinements are recursive, which
means that refined regions can also be refined, each subsequent
refinement having cells that are half the size of the cells in the
previous level. This creates a hierarchy of refinement meshes of
different resolution focusing on regions of high density where high
spatial force resolution is needed. The present version of the code
uses multiple time steps on different refinement levels, as opposed
to the constant time stepping in the original version of the code. The
multiple time stepping scheme is described in detail in Kravtsov
et al. (1997).
In addition to these features, the latest version of the ART code

also allows the usage of multiple masses. We started by placing
5123 particles into the simulation volume according to the input
power spectra as given by Fig. 1 and then using the Zeldovich
approximation. All these particles were then collapsed in packets
of eight until only 1283 particles were left. Therefore, in order to
re-simulate a region of interest with higher mass resolution we

Table 1. Parameter of the WDM
models.

LWDM 1 LWDM 2

Rf 0.1 h 21Mpc 0.2 h 21Mpc

mWDM 1.0 keV 0.5 keV

Figure 1. Input power spectra.
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the output from our numerical simulations mainly focusing on the
merger history in the newWDMmodels. We finally summarize our
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H0 ¼ 67 km s21 Mpc21, s8 ¼ 0:88. We note that in the case of a
CDMmodel, these values also account correctly for the large-scale
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abundances (Eke et al. 1998) and the distribution of galaxies (Benson
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presented here comes from the damping of small-scale density
fluctuations owing to relativistic free-streaming in the WDM
models. More specifically, we have chosen the free-streaming
scales, Rf, to be 0.2 and 0.1 h 21Mpc for our WDM simulations,
corresponding to smoothing scales – defined as the comoving half-
wavelength of the mode for which the amplitude of the linear
density fluctuation is divided by two – of 0.72 and 0.33 h 21Mpc
respectively and therefore to masses of 0.5 and 1.0 keV for the
respective warmons (cf. equation 1 of Bode, Ostriker & Turok
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Fig. 1 shows the initial power spectra which are used as an input for
generating the initial conditions of our three different dark matter
simulations analysed in Section 4.
Note that these choices for the masses of the warmons are

compatible with observed properties of the Lyman-a forest in high-
redshift quasar spectra and with the fact that a minimal fraction
of baryons has to have already collapsed by z < 6 if the universe
is to be re-ionized at high-redshift. As a matter of fact, this
latter constraint leads to a lower limit for the warmon mass
mWDM < 1:2 keV, which can go down to mWDM < 750 eV in the
somewhat extreme case where the ionizing-photon production
efficiency is 10 times greater at high redshifts (Barkana, Haiman
& Ostriker 2001). On the other hand, such a low value for the
lower limit of the warmon mass has also been derived from
analysis of artificial Lyman-a spectra extracted from numerical
hydrodynamics simulations (Narayanan et al. 2000).
We have not explicitly assigned non-zero initial thermal

velocities for particles in the simulations, because as shown by
Dalcanton & Hogan (2001) from phase-space density arguments,
even if present, they would be too small to be relevant on dwarf
galaxy halo scales for the masses of the warmons under
investigation here. We note that this conclusion is also supported

by the recent simulations of Avila-Reese et al. (2001) and Bode
et al. (2001) who have included such velocities in their WDM
N-body simulations.

3 THE N - BODY SIMULATIONS

All three simulations were carried out using the multiple-mass
ADAPTIVE REFINEMENT TREE code (ART, Kravtsov, Klypin &
Khokhlov 1997).
The ART code achieves high force resolution by decreasing the

size of grid cells in all high-density regions, using an automated
refinement algorithm. These refinements are recursive, which
means that refined regions can also be refined, each subsequent
refinement having cells that are half the size of the cells in the
previous level. This creates a hierarchy of refinement meshes of
different resolution focusing on regions of high density where high
spatial force resolution is needed. The present version of the code
uses multiple time steps on different refinement levels, as opposed
to the constant time stepping in the original version of the code. The
multiple time stepping scheme is described in detail in Kravtsov
et al. (1997).
In addition to these features, the latest version of the ART code

also allows the usage of multiple masses. We started by placing
5123 particles into the simulation volume according to the input
power spectra as given by Fig. 1 and then using the Zeldovich
approximation. All these particles were then collapsed in packets
of eight until only 1283 particles were left. Therefore, in order to
re-simulate a region of interest with higher mass resolution we
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type satellites. This result also gives us confidence that our
ability to count satellites is not impaired by the numerical
issues (c.f. Polisensky & Ricotti 2011).

The known number of satellites in the Milky Way halo,
22, is a lower limit to the total number within 280 kpc
of the galaxy’s centre, the distance to which the tip of
the red giant branch can be detected in the SDSS. This
is because although all the classical satellites (i.e. satel-
lites brighter than MV = −11) have probably been discov-
ered, SDSS surveyed only 20 percent of the sky [data re-
lease 5(DR5)]. Thus, a conservative lower limit to the WDM
particle mass is obtained by requiring that the simulation
should produce at least 22 satellites within this radius with
Vmax > 5.7 kms−1. Our m1.5 simulation produced only 25
subhaloes with Vmax greater than this value within the larger
radius, r200b = 429 kpc. Furthermore, the mass of the m1.5

halo, M200 = 1.80 × 1012M⊙, is towards the higher end of
acceptable values for the mass of the Milky halo; simula-
tions of haloes with lower mass would produce even fewer
subhaloes. Finally, any residual contamination by spurious
subhaloes would artificially inflate the numbers in our sub-
halo sample. Thus, we can safely set a conservative lower
limit to the mass of the WDM particle of mWDM = 1.5 keV.

We can set a less conservative but still robust lower
limit to mWDM by correcting the observed number of SDSS
satellites to take into account the area surveyed. A simple
extrapolation multiplying the observed number by a factor
of 5 has to be taken with caution because we know that the
classical satellites are not distributed isotropically but are
concentrated towards a plane, called the ‘Great pancake’
by Libeskind et al. (2005). However, from analysis of the
Aquarius simulations, Wang et al. (2012) have argued that
such flat configurations occur only for the most massive ∼
10 subhaloes and the anisotropy of the distribution falls off
rapidly with increasing sample size so that samples of ∼ 50
subhaloes follow quite close the overall shape of the halo.
Based on this, we do not make any corrections for anisotropy
and conclude that the Milky Way contains at least 11 + 5×
11 = 66 satellites with Vmax > 5.7km s−1within 280 kpc.
Using the same argument as before, counting out to a radius
of 419 kpc in the simulations to be conservative, we find that
only the m2.3 and CDM models produces enough satellites
to satisfy the limit.

To make an estimate of the halo-to-halo scatter, we
make use of the result of Boylan-Kolchin et al. (2010) that
the intrinsic scatter in the abundance of CDM subhaloes,
σscatter, can be fit by the sum of the Poisson, σ2

P, and intrin-
sic, σ2

I , variances:

σ2
scatter = σ2

P + σ2
I , (10)

where σ2
P = ⟨N⟩ and σ2

I = sI⟨N⟩2. Here, sI is a constant,
which Boylan-Kolchin et al. (2010) calibrate against their
simulation results and thus obtain sI = 0.18. They also
found that the probability distribution for the number of
subhaloes N , given the mean ⟨N⟩ and intrinsic coefficient
sI, is well described by the negative binomial distribution:

P (N |r, p) =
Γ(N + r)

Γ(r)Γ(N + 1)
pr(1− p)N , (11)

where p = [1 + s2I ⟨N⟩]−1 and r = s−2
I . We then adopt
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Figure 11. Cumulative subhalo mass, Msub, (top panel) and
Vmax (bottom panel) functions of subhaloes within r < r200b of
the main halo centre in the high resolution simulations at z = 0.
Solid lines correspond to genuine subhaloes and dashed lines to
spurious subhaloes. The black line shows results for CDM-W7
and the colours lines for the WDM models, as in Fig. 1. The
black cross in the lower panel indicates the expected number of
satellites of Vmax > 5.7km s−1as derived in the text.

the number of subhaloes within r200b from each of our
models as the distribution mean and compute the prob-
ability that a given halo will have at least 66 subhaloes.
This probability equals 22 percent for m2.0 and 0.30 per-
cent for m1.6. Therefore, we conclude on this evidence that
mWDM > 1.6 keV1. This is a more conservative limit than
found by Polisensky & Ricotti (2011), although our choice
of central halo is slightly more massive than theirs. A larger
suite of WDM simulations is required to determine more
precisely the variation in WDM subhalo abundance at a
given host halo mass as well as the systematic variation of
abundance with host halo mass.

1 To check whether this limit is sensitive to our choice of scut ,
we repeated the analysis lowering scut by 20 percent. In this case
the probability for the m1.6 model increases to 2.7 percent; thus
this mass is still excluded at 95 percent confidence.
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type satellites. This result also gives us confidence that our
ability to count satellites is not impaired by the numerical
issues (c.f. Polisensky & Ricotti 2011).

The known number of satellites in the Milky Way halo,
22, is a lower limit to the total number within 280 kpc
of the galaxy’s centre, the distance to which the tip of
the red giant branch can be detected in the SDSS. This
is because although all the classical satellites (i.e. satel-
lites brighter than MV = −11) have probably been discov-
ered, SDSS surveyed only 20 percent of the sky [data re-
lease 5(DR5)]. Thus, a conservative lower limit to the WDM
particle mass is obtained by requiring that the simulation
should produce at least 22 satellites within this radius with
Vmax > 5.7 kms−1. Our m1.5 simulation produced only 25
subhaloes with Vmax greater than this value within the larger
radius, r200b = 429 kpc. Furthermore, the mass of the m1.5

halo, M200 = 1.80 × 1012M⊙, is towards the higher end of
acceptable values for the mass of the Milky halo; simula-
tions of haloes with lower mass would produce even fewer
subhaloes. Finally, any residual contamination by spurious
subhaloes would artificially inflate the numbers in our sub-
halo sample. Thus, we can safely set a conservative lower
limit to the mass of the WDM particle of mWDM = 1.5 keV.

We can set a less conservative but still robust lower
limit to mWDM by correcting the observed number of SDSS
satellites to take into account the area surveyed. A simple
extrapolation multiplying the observed number by a factor
of 5 has to be taken with caution because we know that the
classical satellites are not distributed isotropically but are
concentrated towards a plane, called the ‘Great pancake’
by Libeskind et al. (2005). However, from analysis of the
Aquarius simulations, Wang et al. (2012) have argued that
such flat configurations occur only for the most massive ∼
10 subhaloes and the anisotropy of the distribution falls off
rapidly with increasing sample size so that samples of ∼ 50
subhaloes follow quite close the overall shape of the halo.
Based on this, we do not make any corrections for anisotropy
and conclude that the Milky Way contains at least 11 + 5×
11 = 66 satellites with Vmax > 5.7km s−1within 280 kpc.
Using the same argument as before, counting out to a radius
of 419 kpc in the simulations to be conservative, we find that
only the m2.3 and CDM models produces enough satellites
to satisfy the limit.

To make an estimate of the halo-to-halo scatter, we
make use of the result of Boylan-Kolchin et al. (2010) that
the intrinsic scatter in the abundance of CDM subhaloes,
σscatter, can be fit by the sum of the Poisson, σ2

P, and intrin-
sic, σ2

I , variances:

σ2
scatter = σ2

P + σ2
I , (10)

where σ2
P = ⟨N⟩ and σ2

I = sI⟨N⟩2. Here, sI is a constant,
which Boylan-Kolchin et al. (2010) calibrate against their
simulation results and thus obtain sI = 0.18. They also
found that the probability distribution for the number of
subhaloes N , given the mean ⟨N⟩ and intrinsic coefficient
sI, is well described by the negative binomial distribution:

P (N |r, p) =
Γ(N + r)

Γ(r)Γ(N + 1)
pr(1− p)N , (11)

where p = [1 + s2I ⟨N⟩]−1 and r = s−2
I . We then adopt
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Figure 11. Cumulative subhalo mass, Msub, (top panel) and
Vmax (bottom panel) functions of subhaloes within r < r200b of
the main halo centre in the high resolution simulations at z = 0.
Solid lines correspond to genuine subhaloes and dashed lines to
spurious subhaloes. The black line shows results for CDM-W7
and the colours lines for the WDM models, as in Fig. 1. The
black cross in the lower panel indicates the expected number of
satellites of Vmax > 5.7km s−1as derived in the text.

the number of subhaloes within r200b from each of our
models as the distribution mean and compute the prob-
ability that a given halo will have at least 66 subhaloes.
This probability equals 22 percent for m2.0 and 0.30 per-
cent for m1.6. Therefore, we conclude on this evidence that
mWDM > 1.6 keV1. This is a more conservative limit than
found by Polisensky & Ricotti (2011), although our choice
of central halo is slightly more massive than theirs. A larger
suite of WDM simulations is required to determine more
precisely the variation in WDM subhalo abundance at a
given host halo mass as well as the systematic variation of
abundance with host halo mass.

1 To check whether this limit is sensitive to our choice of scut ,
we repeated the analysis lowering scut by 20 percent. In this case
the probability for the m1.6 model increases to 2.7 percent; thus
this mass is still excluded at 95 percent confidence.
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description of the initial power spectra in Section 2, then move on
to the simulations themselves in Section 3. In Section 4 we analyze
the output from our numerical simulations mainly focusing on the
merger history in the newWDMmodels. We finally summarize our
results and conclude in Section 5.

2 WARM DARK MATTER POWER SPECTRA

In agreement with the combined observations of the cosmic
microwave background anisotropies on sub-degree scales by
BOOMERANG (de Bernardis et al. 2000) and MAXIMA (Balbi
et al. 2000), and of high-redshift supernovae (Riess et al. 1998;
Schmidt et al. 1998; Perlmutter et al. 1999), we have chosen
a flat universe model with a cosmological constant. More
specifically, values for the cosmological parameters in all the
simulations presented here are: V0 ¼ 0:33, VL ¼ 0:67,
H0 ¼ 67 km s21 Mpc21, s8 ¼ 0:88. We note that in the case of a
CDMmodel, these values also account correctly for the large-scale
structure properties of the Universe, such as the evolution of cluster
abundances (Eke et al. 1998) and the distribution of galaxies (Benson
et al. 2001).
The only difference in the power spectra of the three simulations

presented here comes from the damping of small-scale density
fluctuations owing to relativistic free-streaming in the WDM
models. More specifically, we have chosen the free-streaming
scales, Rf, to be 0.2 and 0.1 h 21Mpc for our WDM simulations,
corresponding to smoothing scales – defined as the comoving half-
wavelength of the mode for which the amplitude of the linear
density fluctuation is divided by two – of 0.72 and 0.33 h 21Mpc
respectively and therefore to masses of 0.5 and 1.0 keV for the
respective warmons (cf. equation 1 of Bode, Ostriker & Turok
2001). The values are summarized in Table 1.
Following Bardeen et al. (1986), the WDM power spectra,

PWDM, are then obtained by multiplying the CDM power spectrum,
PCDM, by the filter function T2

WDM, where

TWDMðkÞ ¼ exp 2
kRf
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Fig. 1 shows the initial power spectra which are used as an input for
generating the initial conditions of our three different dark matter
simulations analysed in Section 4.
Note that these choices for the masses of the warmons are

compatible with observed properties of the Lyman-a forest in high-
redshift quasar spectra and with the fact that a minimal fraction
of baryons has to have already collapsed by z < 6 if the universe
is to be re-ionized at high-redshift. As a matter of fact, this
latter constraint leads to a lower limit for the warmon mass
mWDM < 1:2 keV, which can go down to mWDM < 750 eV in the
somewhat extreme case where the ionizing-photon production
efficiency is 10 times greater at high redshifts (Barkana, Haiman
& Ostriker 2001). On the other hand, such a low value for the
lower limit of the warmon mass has also been derived from
analysis of artificial Lyman-a spectra extracted from numerical
hydrodynamics simulations (Narayanan et al. 2000).
We have not explicitly assigned non-zero initial thermal

velocities for particles in the simulations, because as shown by
Dalcanton & Hogan (2001) from phase-space density arguments,
even if present, they would be too small to be relevant on dwarf
galaxy halo scales for the masses of the warmons under
investigation here. We note that this conclusion is also supported

by the recent simulations of Avila-Reese et al. (2001) and Bode
et al. (2001) who have included such velocities in their WDM
N-body simulations.

3 THE N - BODY SIMULATIONS

All three simulations were carried out using the multiple-mass
ADAPTIVE REFINEMENT TREE code (ART, Kravtsov, Klypin &
Khokhlov 1997).
The ART code achieves high force resolution by decreasing the

size of grid cells in all high-density regions, using an automated
refinement algorithm. These refinements are recursive, which
means that refined regions can also be refined, each subsequent
refinement having cells that are half the size of the cells in the
previous level. This creates a hierarchy of refinement meshes of
different resolution focusing on regions of high density where high
spatial force resolution is needed. The present version of the code
uses multiple time steps on different refinement levels, as opposed
to the constant time stepping in the original version of the code. The
multiple time stepping scheme is described in detail in Kravtsov
et al. (1997).
In addition to these features, the latest version of the ART code

also allows the usage of multiple masses. We started by placing
5123 particles into the simulation volume according to the input
power spectra as given by Fig. 1 and then using the Zeldovich
approximation. All these particles were then collapsed in packets
of eight until only 1283 particles were left. Therefore, in order to
re-simulate a region of interest with higher mass resolution we

Table 1. Parameter of the WDM
models.

LWDM 1 LWDM 2

Rf 0.1 h 21Mpc 0.2 h 21Mpc

mWDM 1.0 keV 0.5 keV

Figure 1. Input power spectra.
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description of the initial power spectra in Section 2, then move on
to the simulations themselves in Section 3. In Section 4 we analyze
the output from our numerical simulations mainly focusing on the
merger history in the newWDMmodels. We finally summarize our
results and conclude in Section 5.

2 WARM DARK MATTER POWER SPECTRA

In agreement with the combined observations of the cosmic
microwave background anisotropies on sub-degree scales by
BOOMERANG (de Bernardis et al. 2000) and MAXIMA (Balbi
et al. 2000), and of high-redshift supernovae (Riess et al. 1998;
Schmidt et al. 1998; Perlmutter et al. 1999), we have chosen
a flat universe model with a cosmological constant. More
specifically, values for the cosmological parameters in all the
simulations presented here are: V0 ¼ 0:33, VL ¼ 0:67,
H0 ¼ 67 km s21 Mpc21, s8 ¼ 0:88. We note that in the case of a
CDMmodel, these values also account correctly for the large-scale
structure properties of the Universe, such as the evolution of cluster
abundances (Eke et al. 1998) and the distribution of galaxies (Benson
et al. 2001).
The only difference in the power spectra of the three simulations

presented here comes from the damping of small-scale density
fluctuations owing to relativistic free-streaming in the WDM
models. More specifically, we have chosen the free-streaming
scales, Rf, to be 0.2 and 0.1 h 21Mpc for our WDM simulations,
corresponding to smoothing scales – defined as the comoving half-
wavelength of the mode for which the amplitude of the linear
density fluctuation is divided by two – of 0.72 and 0.33 h 21Mpc
respectively and therefore to masses of 0.5 and 1.0 keV for the
respective warmons (cf. equation 1 of Bode, Ostriker & Turok
2001). The values are summarized in Table 1.
Following Bardeen et al. (1986), the WDM power spectra,

PWDM, are then obtained by multiplying the CDM power spectrum,
PCDM, by the filter function T2

WDM, where

TWDMðkÞ ¼ exp 2
kRf

2
2

ðkRf Þ2
2

! "
: ð1Þ

Fig. 1 shows the initial power spectra which are used as an input for
generating the initial conditions of our three different dark matter
simulations analysed in Section 4.
Note that these choices for the masses of the warmons are

compatible with observed properties of the Lyman-a forest in high-
redshift quasar spectra and with the fact that a minimal fraction
of baryons has to have already collapsed by z < 6 if the universe
is to be re-ionized at high-redshift. As a matter of fact, this
latter constraint leads to a lower limit for the warmon mass
mWDM < 1:2 keV, which can go down to mWDM < 750 eV in the
somewhat extreme case where the ionizing-photon production
efficiency is 10 times greater at high redshifts (Barkana, Haiman
& Ostriker 2001). On the other hand, such a low value for the
lower limit of the warmon mass has also been derived from
analysis of artificial Lyman-a spectra extracted from numerical
hydrodynamics simulations (Narayanan et al. 2000).
We have not explicitly assigned non-zero initial thermal

velocities for particles in the simulations, because as shown by
Dalcanton & Hogan (2001) from phase-space density arguments,
even if present, they would be too small to be relevant on dwarf
galaxy halo scales for the masses of the warmons under
investigation here. We note that this conclusion is also supported

by the recent simulations of Avila-Reese et al. (2001) and Bode
et al. (2001) who have included such velocities in their WDM
N-body simulations.

3 THE N - BODY SIMULATIONS

All three simulations were carried out using the multiple-mass
ADAPTIVE REFINEMENT TREE code (ART, Kravtsov, Klypin &
Khokhlov 1997).
The ART code achieves high force resolution by decreasing the

size of grid cells in all high-density regions, using an automated
refinement algorithm. These refinements are recursive, which
means that refined regions can also be refined, each subsequent
refinement having cells that are half the size of the cells in the
previous level. This creates a hierarchy of refinement meshes of
different resolution focusing on regions of high density where high
spatial force resolution is needed. The present version of the code
uses multiple time steps on different refinement levels, as opposed
to the constant time stepping in the original version of the code. The
multiple time stepping scheme is described in detail in Kravtsov
et al. (1997).
In addition to these features, the latest version of the ART code

also allows the usage of multiple masses. We started by placing
5123 particles into the simulation volume according to the input
power spectra as given by Fig. 1 and then using the Zeldovich
approximation. All these particles were then collapsed in packets
of eight until only 1283 particles were left. Therefore, in order to
re-simulate a region of interest with higher mass resolution we

Table 1. Parameter of the WDM
models.

LWDM 1 LWDM 2

Rf 0.1 h 21Mpc 0.2 h 21Mpc

mWDM 1.0 keV 0.5 keV

Figure 1. Input power spectra.
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generating the initial conditions of our three different dark matter
simulations analysed in Section 4.
Note that these choices for the masses of the warmons are

compatible with observed properties of the Lyman-a forest in high-
redshift quasar spectra and with the fact that a minimal fraction
of baryons has to have already collapsed by z < 6 if the universe
is to be re-ionized at high-redshift. As a matter of fact, this
latter constraint leads to a lower limit for the warmon mass
mWDM < 1:2 keV, which can go down to mWDM < 750 eV in the
somewhat extreme case where the ionizing-photon production
efficiency is 10 times greater at high redshifts (Barkana, Haiman
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lower limit of the warmon mass has also been derived from
analysis of artificial Lyman-a spectra extracted from numerical
hydrodynamics simulations (Narayanan et al. 2000).
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velocities for particles in the simulations, because as shown by
Dalcanton & Hogan (2001) from phase-space density arguments,
even if present, they would be too small to be relevant on dwarf
galaxy halo scales for the masses of the warmons under
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N-body simulations.
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All three simulations were carried out using the multiple-mass
ADAPTIVE REFINEMENT TREE code (ART, Kravtsov, Klypin &
Khokhlov 1997).
The ART code achieves high force resolution by decreasing the

size of grid cells in all high-density regions, using an automated
refinement algorithm. These refinements are recursive, which
means that refined regions can also be refined, each subsequent
refinement having cells that are half the size of the cells in the
previous level. This creates a hierarchy of refinement meshes of
different resolution focusing on regions of high density where high
spatial force resolution is needed. The present version of the code
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to the constant time stepping in the original version of the code. The
multiple time stepping scheme is described in detail in Kravtsov
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5123 particles into the simulation volume according to the input
power spectra as given by Fig. 1 and then using the Zeldovich
approximation. All these particles were then collapsed in packets
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§ warm dark matter simulations are not as easy as they appear…
690 A. Schneider et al.

Figure 4. Measured mass function of the WDM simulations with mp = 0.25 keV and three different resolutions. The measurements lie below the Sheth–
Tormen prediction, a well-known result that is discussed in Section 4. The upturn of the mass function due to artificial haloes is visible in the simulations of
high and medium resolution.

Fig. 4 also shows the prediction of the halo mass function for
CDM and for this WDM model from the Sheth–Tormen (ST) mass
function. The figure clearly shows that the suppression of the ST
model is not sufficiently strong to describe the data. In addition to
this the ST mass function is diverging towards small masses, while

we expect a realistic mass function to drop to zero at latest below
the free-streaming scale.

Fig. 5 compares the measurements of the WDM mass functions
from a selection of our highest resolution simulations with the CDM
case. We note that, whilst for the case of CDM the ST model is in

Figure 5. Comparison between the Sheth–Tormen mass functions (black solid line for CDM and coloured dashed lines for WDM) and the measurements
from the simulations (black circles for CDM, and coloured squares, triangles and crosses for WDM). The grey solid lines correspond to the mass function fit
of equation (27).

C⃝ 2012 The Authors, MNRAS 424, 684–698
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while WDM was used to solve
the missing satellite problem,

those spurious strings-on-a-bead
give rise to fake low-mass haloes!
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Open Problems in Cosmology

§ warm dark matter simulations are not as easy as they appear…
…and actually requires novel simulation techniques
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Open Problems in Cosmology

§Alternative Cosmologies

• Warm Dark Matter

• MOdified Newtonian Dynamics

• Lemaitre-Tolman-Bondi void models

• Quintessence models

• Modified gravity f(R) models

• …

beyond concordance cosmology



Open Problems in Cosmology

“Dark Matter” needed to explain Vera Rubin’s galactic rotation curves* in 1975/80:

*actually, Fritz Zwicky already needed DM to explain stability of galaxy clusters in 1933
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§Milgrom (1983, 1984):

• Newtonian accelerations

with gN =
GM (< r)
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§Milgrom (1983, 1984):

• modified accelerations

a = vcirc
2 / r

Tully-Fisher relation! (…and flat rotation curves)vcirc
4 =GMa0a << a0
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∇⋅ g µ( g / a0 )( ) = −4πGρ
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Open Problems in Cosmology

§MOND as modified gravity

∇⋅ g µ( g / a0 )( ) = −4πGρ

• non-linear: ρ = ρ1 + ρ2 ⇒ g ≠ g1 + g2

very complicated to develop numerical solvers:

- Brada & Milgrom (1999)
- Nipoti, Londrillo & Ciotti (2007)
- Tiret & Combes (2007)
- Llinares, Knebe & Zhao (2008) (cosmological setting!)
- Angus et al. (2012)
- Candlish, Smith & Fellhauer (2015)
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§MOND as modified gravity

∇⋅ g µ( g / a0 )( ) = −4πGρ

• non-linear:

• non-intuitive:

ρ = ρ1 + ρ2 ⇒ g ≠ g1 + g2
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∇⋅ g µ( g / a0 )( ) = −4πGρ

• non-linear:
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ρ = ρ1 + ρ2 ⇒ g ≠ g1 + g2

g→ g+∇×h ⇒ gµ( g / a0 ) = gN +∇×h
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1788 C. Llinares, A. Knebe and H. Zhao

Figure 17. Slice of thickness 125 h−1 kpc of the OCBMond2 simulation
at redshift z = 0. The slice is chosen to contain a strong density peak (i.e.
it is centred about the position of the most massive object found in the
simulation). The upper panel shows the density as obtained on a regular
2563 grid. The same grid is used to calculate the modulus of the curl-field
normalized by the modulus of the Newtonian force, i.e. |∇ ×h|/|gN|, which
is presented in the lower panel.

In Fig. 18 we now present a quantitative comparison of the curl-
field, curl = ∇ × h, and the Newtonian forces gN by plotting the
probability distribution of the angle between the two vectors (upper
panel) as well as the relative difference of the modulus (lower
panel). First, we note that there is practically no evolution with
redshift. Secondly, the curl-field is well aligned with the Newtonian
force though it may also point in the opposite direction! In order to
emphasize the skewness of the distribution about cos (curl, gn) =
0 we show the modulus of it. The upper curves thereby correspond
to cos (curl, gn) < 0, i.e. it is more likely that the curl points in the
opposite direction. However, the lower panel of Fig. 18 indicates
that the actual change to the ‘source’ term for the implicitly defined
gM2 (cf. equation 6) induced by the curl is rather small. Here we
show the fractional difference between the moduli of the curl and the
Newtonian force vector. This distribution peaks at approximately
−0.9 and hence a ≈10 per cent correction to gN in equation (6);
this modification is again independent of redshift. So, the net effect
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Figure 18. Probability distribution of the angle between the curl-field ∇×h
and the Newtonian force gN (upper panel) and the fractional difference
between these two values (lower panel) at various redshifts.

of the curl-field is to reduce the ‘source’ on the right-hand side of
equation (6). We expect this to translate into a reduction of gM2 with
respect to gM, too.

However, because of the implicit definition and the vector nature
of the quantities involved in the calculation of gM2 it is difficult to
make predictions for the change in gM2 induced by the modifica-
tions to the ‘source’ in equation (6). We therefore plot in Fig. 19
the analogous quantities as in Fig. 18 this time for the comparison
of gM and gM2; this should reveal the effects of the curl-field di-
rectly. As the angle distribution is no longer symmetric we expand
it over the whole range from cos (gM, gM2) ∈ [−1,+1]. The up-
per panel (showing the angle distribution) clearly indicates that both
MONDian forces are well aligned (note the logarithmic scale on the
y-axis). The lower panel (showing the fractional difference between
gM and gM2) proofs what we already expected: the distribution is
centred about 0 but shows a skewness towards values of stronger
gM and lower gM2, respectively. This skewness is a manifestation

C⃝ 2008 The Authors. Journal compilation C⃝ 2008 RAS, MNRAS 391, 1778–1790
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§Cosmology with MOND

• growth of density perturbations:
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theory of MOND (nonrelativistic) in which one field is to be identified with the
usual Newtonian field and the second field describes an additional MOND force
that dominates in the limit of lowaccelerations. The theory embodies two important
properties: MOND plays no role in the absence of fluctuations (the MOND field
couples only to density inhomogeneities). This means the basic Hubble flow is left
intact. Second, although the Hubble flow is not influenced by MOND, it enters
as an external field that influences the internal dynamics of a finite-size region.
Basically, if the Hubble deceleration (or acceleration) over some scale exceeds ao,
the evolution of fluctuations on that scale is Newtonian.
Figure 12 shows the growth of fluctuations of different comoving scales com-

pared with the usual Newtonian growth. It is evident that MOND provides a con-
siderable boost, particularly at the epoch during which the cosmological constant
begins to dominate. This is due to the fact that the external acceleration field
vanishes at this point and therefore plays no role in suppressing the modified
dynamics. This adds a new aspect to an anthropic argument originally given by

Figure 12 The growth of spherically symmetric over-densities in a low-density baryonic
universe as a function of scale factor in the context of a two-field Lagrangian theory of
MOND. The solid curves correspond to regions with comoving radii of 20, 40, and 80 Mpc.
The dotted line is the corresponding Newtonian growth. With MOND, smaller regions enter
the low-acceleration regime sooner and grow to larger final amplitude. The vertical dashed
line indicates the epoch at which the cosmological constant begins to dominate the Hubble
expansion.
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extremely fast growth of perturbations at late times
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§Cosmology with MOND

• number density evolution of objects:
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confirmed by MONDian N-body simulations
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§Alternative Cosmologies

• Warm Dark Matter

• MOdified Newtonian Dynamics

• Lemaitre-Tolman-Bondi void models

• Quintessence models

• Modified gravity f(R) models

• …

beyond concordance cosmology


