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§ astronomy is...

...collecting and counting photons

supernova 1994D

obviously depends 
on the wavelength,

the observed object,
and

the distance of the object!

N(l)

introduction

≙ what we want to know*

*redshift z only tells us how much space has expanded since photon emission: the redshift is not the distance per se!
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§ cosmology uses...

big bang

today

object #2

object #1

introduction

d = f (a ) !?
d = f (N ) !?

d = f (R) !

...standard “candles” and “rulers” to eliminate the dependence on the object
and to infer the cosmological parameters!

d1 = f (R(t))

d2 = f (R(t))

…but we need to have a gauge for the 
relation between “photon counts” and distance:

Cosmic Distance Ladder

connection to observables...

connection to cosmology...
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we only ever observe
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and never
absolute magnitudes L!

→ standard candles to the rescue...
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L

§ cosmological distance ladder?

• example:

• we have a class of stars with identical luminosities

• we determine the distance to one such star locally (e.g. via parallax)
• observing such star(s) in another type of distant object (globular cluster, galaxy, etc.)

  we can calculate the distance to that object via d2=L/4pF 

• that object itself (if “standard” in some sense) can then be used as the next rung…

L

d

d2 = 4p F/L

L = 4pd2 F

L

d2 = 4p F/L

 = 4pd2 F

idea

F = L/4pd2 

≙ absolute magnitude (photons emitted)

F  ≙ apparent magnitude (photons received)

we still require a gauge!
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§ direct parallax:

one of the few possibility to

directly get the distance
without knowing anything about the object

< 1 kpc
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§ direct parallax:

€ 

sin p =
Re

D

earth’s motion around the sun

Re

D

distant stars

p

nearby star

€ 

D =
" " 1 
" " p 

[pc]

  

€ 

sin p ≈ p [radians] (for small p)

§ parsec (definition!):

!!p =
Re
D
×
360
2π

×
1

3600
[arcsec]

apparent position of star
on sky changes

1pc = 3.0857 ⋅1016m

< 1 kpc
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§ RR Lyrae stars:            pulsating horizontal branch stars

• similar (mean) absolute luminosity:

• unfortunately not very bright though...€ 

L ≈ const. (=energy/time)standard candle:

< 1 Mpc
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§ Cepheid stars:      pulsating stars off the main sequence
  

• much brighter than RR Lyrae stars

• relation between pulsation period and absolute luminosity:

br
ig

ht
ne

ss

phase

€ 

logL∝ logP

< 20Mpc
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€ 

logL∝ logP

• much brighter than RR Lyrae stars

• relation between pulsation period and absolute luminosity:

< 20Mpc

§ Cepheid stars:      pulsating stars off the main sequence
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§ HII regions

• large clouds of ionized hydrogen surrounding very hot stars    < 30 Mpc

€ 

D ≈ const.

€ 

L ≈ const.

€ 

L ≈ const.

NGC604

standard ruler:

< 100Mpc
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§ HII regions

• large clouds of ionized hydrogen surrounding very hot stars    < 30 Mpc

€ 

D ≈ const.

§ planetary nebulae     < 30 Mpc

• reprocessed light from central star

€ 

L ≈ const.

Spirograph Nebula

standard ruler:

standard candle:

< 100Mpc
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standard ruler:

standard candle:

§ HII regions

• large clouds of ionized hydrogen surrounding very hot stars    < 30 Mpc

€ 

D ≈ const.

§ globular clusters     < 50-100 Mpc

• clusters of around 105 to 107 stars

€ 

L ≈ const.

§ planetary nebulae     < 30 Mpc

• reprocessed light from central star

€ 

L ≈ const.

M80

standard candle:

< 100Mpc
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€ 

L∝σ los
α withα ≈ 3− 4

M87
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• empirically determined

• explanation:

> 100Mpc

€ 

U ∝
M 2

R
T ∝Mσ los

2

€ 

σ los
2 ∝

M
R

€ 

2T +U = 0

€ 

σ los
2 ∝

L
R

eliminate M in favour of L
assuming M/L = const.

virial theorem

€ 

σ los
2 ∝

L
L 4πΣ

eliminate R in favour of S
assuming S = L/4pR2 = const.

€ 

σ los
4 ∝L

§ elliptical galaxies - Faber-Jackson relation

  

€ 

L∝σ los
α withα ≈ 3− 4

M87
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• empirically determined

> 100Mpc

Dn = diameter within which 
         the mean surface brightness exceeds some threshold

  

€ 

Dn ∝σ los
α withα ≈1.2

§ elliptical galaxies

M87

Dn



Cosmic Distance Ladder

• surface brightness profile

> 100Mpc

§ elliptical galaxies - fundamental plane

• line-of-sight velocity dispersion

€ 

→σ los€ 

→Σ0
→ Reff

• fundamental plane:

€ 

log10 Reff = A log10σ los + B log10 Σ0 + C

€ 

Σ(R) = Σ0e
− R Reff( )4 M87

Σ(R)

R
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• surface brightness profile

> 100Mpc

§ elliptical galaxies - fundamental plane

€ 

→σ los€ 

→Σ0
→ Reff

• line-of-sight velocity dispersion

• fundamental plane:

€ 

log10 Reff = A log10σ los + B log10 Σ0 + C
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§ spiral galaxies - Tully-Fisher relation

• empirically determined

> 100Mpc

  

€ 

L∝vrot
β with β ≈ 4 M101
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• empirically determined

• explanation:

® same logic as with Faber-Jackson relation...

> 100Mpc

§ spiral galaxies - Tully-Fisher relation

  

€ 

L∝vrot
β with β ≈ 4 M101
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> 1000Mpc
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§ supernovae type Ia (SN Ia)         standard candle

> 1000Mpc

SN1994D in NGC4526
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Supernovae 
Lightcurves  

SN-Ia as 
Standard 
Candels 

§ supernovae type Ia (SN Ia)         standard candle

> 1000Mpc

• characteristic light curve
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• characteristic light curve (corrected for redshift…)

> 1000Mpc

Supernovae 
Lightcurves  

SN-Ia as 
Standard 
Candels 

§ supernovae type Ia (SN Ia)         standard candle
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• characteristic light curve

• observable out to great distances

> 1000Mpc

§ supernovae type Ia (SN Ia)         standard candle
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§ baryonic acoustic oscillations           standard ruler

> 1000Mpc

BAO scale!

SDSS CfA2 BOSS
(Baryon Oscillations Spectroscopic Survey)

• regular, periodic fluctuations in baryonic matter

• originating from acoustic oscillations in pre-recombination plasma

• only to be seen in very large surveys:
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§ cosmic distance ladder

§ cosmological distances:
• proper/comoving distance

• luminosity distance

• angular diameter distance

• travel-time distance

• summary

§ cosmological horizons & volumes

§ supernova cosmology

itinerary
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§ cosmological distances:

we are after a relation d = f (R) = f (z)
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§ cosmological distances:

tE tE

0 xE

xE is the comoving coordinate, it is not per se the distance to the object! 
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t0 t0

0 xE

§ cosmological distances: xE: comoving coordinate 

distances

proper distance?
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§ proper distance:

• FRW metric: ds2 = (cdt)2 − R2 (t) dx2

1− kx2
+ x2 dϑ 2 + sin2(ϑ )dϕ 2( )

"

#
$

%

&
'

0 xE
t0 t0

distances
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(impossible to measure as it is defined only at one particular moment in time)
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§ proper distance:

proper distance separates two events
happening at constant cosmic time.

(impossible to measure as it is defined only at one particular moment in time)

• FRW metric (dt = 0): ds2 = R2 (t) dx2

1− kx2
+ x2 dϑ 2 + sin2(ϑ )dϕ 2( )

"

#
$

%

&
'

0 xE
t0 t0

distances

integrate ddp = ds along the photon flight path...
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§ proper distance:

ddp

proper distance separates two events
happening at constant cosmic time.

(impossible to measure as it is defined only at one particular moment in time)

• FRW metric (dt = 0): ds2 = R2 (t) dx2

1− kx2
+ x2 dϑ 2 + sin2(ϑ )dϕ 2( )

"

#
$

%

&
'

0 xE
t0 t0
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§ proper distance:

ddp = ds = R(t)
dx
1− kx2

€ 

dϑ = 0; dϕ = 0

ddp

(impossible to measure as it is defined only at one particular moment in time)

• FRW metric (dt = 0): ds2 = R2 (t) dx2

1− kx2
+ x2 dϑ 2 + sin2(ϑ )dϕ 2( )

"

#
$

%

&
'

0 xE
t0 t0

distances

=>

proper distance separates two events
happening at constant cosmic time.
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§ proper distance:

ddp = ds = R(t)
dx
1− kx2

=>
€ 

dϑ = 0; dϕ = 0

ddp

(impossible to measure as it is defined only at one particular moment in time)

• FRW metric (dt = 0): ds2 = R2 (t) dx2

1− kx2
+ x2 dϑ 2 + sin2(ϑ )dϕ 2( )

"

#
$

%

&
'

0 xE
t0 t0

distances

dp = R(t)
dx
1− kx20

xE

∫ = R(t) f (xE )=>

proper distance separates two events
happening at constant cosmic time.
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§ proper distance:

(impossible to measure as it is defined only at one particular moment in time)

dp = R(t) f (xE )

f (xE ) =

xE k=0
1
k
arcsin( k xE ) k=1

1
k
arcsinh( k xE ) k=-1

!

"

#
#
#
#

$

#
#
#
#

with

0 xE
t0 t0

distances

proper distance separates two events
happening at constant cosmic time.



Cosmic Distance Ladder

§ proper distance (transverse):

€ 

ϑ

€ 

dp
ϑ

0 xE
t0 t0

distances

what is the distance between two galaxies at xE?
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§ proper distance (transverse):

=>

=>
€ 

dx = 0; dϕ = 0

€ 

ϑ

€ 

dp
ϑ

€ 

dp
ϑ = R(t)xE dϑ

0

ϑE

∫

• FRW metric (dt = 0): ds2 = R2 (t) dx2

1− kx2
+ x2 dϑ 2 + sin2(ϑ )dϕ 2( )

"

#
$

%

&
'

€ 

ddp
ϑ = R(t)xEdϑ

0 xE
t0 t0

xE =

dp / R ;k = 0

1
k
sin k dp / R( ) ;k =1

1
k
sinh k dp / R( ) ;k = −1

"

#

$
$
$
$

%

$
$
$
$

with*

*simple inversion of f(xE) from previous slide…

distances
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§ comoving distance:

(common practice is to use today’s time as reference)

0 xE

proper distance at some pre-defined reference time

t0 t0

distances
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§ comoving distance:

(common practice is to use today’s time as reference)

proper distance at some pre-defined reference time

0 xE
t0 t0

distances

dC = R(t0 ) f (xE )



Cosmic Distance Ladder

§ comoving distance:

(common practice is to use today’s time as reference)

proper distance at some pre-defined reference time

0 xE
t0 t0

distances

dC = R(t0 ) f (xE )

if setting R(t0)=1, then f(xE) is in fact the comoving distance...
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§ comoving/proper distance:

(common practice is to use today’s time as reference)

proper distance at some pre-defined reference time

0 xE
t0 t0

distances

dp = R(t) f (xE )
dc = R0 f (xE )

⇒ f (xE ) =
dp
R(t)

=
dc
R0

⇒ dp =
R(t)
R0

dc

dp = R(t) f (xE )

dC = R(t0 ) f (xE )
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§ comoving/proper distance:

dp =
R(t)
R0

dC
0 xE

dc = R0 f (xE )

distances

f (xE ) =

xE k=0
1
k
arcsin( k xE ) k=1

1
k
arcsinh( k xE ) k=-1

!

"

#
#
#
#

$

#
#
#
#

: comoving coordinate 
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f (xE ) =

xE k=0
1
k
arcsin( k xE ) k=1

1
k
arcsinh( k xE ) k=-1

!

"

#
#
#
#

$

#
#
#
#

§ comoving/proper distance:

dp =
R(t)
R0

dC
0 xE

dc = R0 f (xE )

distances

…but how to calculate f(xE) for object at given redshift zE?

: comoving coordinate 
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f (xE ) =

xE k=0
1
k
arcsin( k xE ) k=1

1
k
arcsinh( k xE ) k=-1

!

"

#
#
#
#

$

#
#
#
#

§ comoving/proper distance:

dp =
R(t)
R0

dC
0 xE

dc = R0 f (xE )

?

distances

…but how to calculate f(xE) for object at given redshift zE?

: comoving coordinate 
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§ comoving/proper distance:

• null geodesic for photons*:

0 xE

dc = R0 f (xE )

dp =
R(t)
R0

dC

distances

ds2 = 0 = (cdt)2 − R2 (t) dx2

1− kx2
"

#
$

%

&
'

*remember: we are counting photons...
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§ comoving/proper distance:

• null geodesic for photons:

0 xE

dc = R0 f (xE )

dp =
R(t)
R0

dC

distances

ds2 = 0 = (cdt)2 − R2 (t) dx2

1− kx2
"

#
$

%

&
'

f (xE ) =
dx
1− kx2

=
cdt
R(t)tE

t0

∫
0

xE

∫
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§ comoving/proper distance:

• null geodesic for photons:

0 xE

dc = R0 f (xE )

dp =
R(t)
R0

dC

distances

ds2 = 0 = (cdt)2 − R2 (t) dx2

1− kx2
"

#
$

%

&
'

f (xE ) =
dx
1− kx2

=
cdt
R(t)tE

t0

∫
0

xE

∫
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§ comoving/proper distance:

• null geodesic for photons:

0 xE

dc = R0 f (xE )

dp =
R(t)
R0

dC

distances

ds2 = 0 = (cdt)2 − R2 (t) dx2

1− kx2
"

#
$

%

&
'

0 = df (xE )
dtE

=
cdt
R(t) tE

t0

=
cdt0
R0

−
cdtE
R(tE )

= const.    ⇒      f (xE ) =
dx
1− kx2

=
cdt
R(t)tE

t0

∫
0

xE

∫

⇒      
dt0
R0

=
dtE
R(tE )

time intervals are changed in proportion to the expansion

(this agrees with an energy change, to be used below...)

side note for later...
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§ comoving/proper distance:

• null geodesic for photons:

0 xE

dc = R0 f (xE )

dp =
R(t)
R0

dC

distances

ds2 = 0 = (cdt)2 − R2 (t) dx2

1− kx2
"

#
$

%

&
'

f (xE ) =
dx
1− kx2

=
cdt
R(t)tE

t0

∫
0

xE

∫
replace with Friedmann equation…



Cosmic Distance Ladder

§ comoving/proper distance:

• null geodesic for photons:

0 xE

dc = R0 f (xE )

dp =
R(t)
R0

dC

; E 2 (z) = Ωi,0 1+ z( )3(1+wi )
i
∑

distances

ds2 = 0 = (cdt)2 − R2 (t) dx2

1− kx2
"

#
$

%

&
'

R
R0

=
1
1+ z

= c dR
!RRRE

R0

∫ = c dR
R2H0E(z)RE

R0

∫

=
c
H0

(1+ z)2

R0E(z)zE

0

∫ −
1

(1+ z)2
#

$
%

&

'
(dz =

c
H0

R0
R2E(z)

R2

R0
2 dz

0

zE

∫ =
c

H0R0
1

E(z)
dz

0

zE

∫

f (xE ) =
dx
1− kx2

=
cdt
R(t)tE

t0

∫
0

xE

∫ 𝐻! = 𝐻"!𝐸!(𝑧)
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§ comoving/proper distance:

• null geodesic for photons:

0 xE

dc = R0 f (xE )

dp =
R(t)
R0

dC

; E 2 (z) = Ωi,0 1+ z( )3(1+wi )
i
∑

distances

ds2 = 0 = (cdt)2 − R2 (t) dx2

1− kx2
"

#
$

%

&
'

R
R0

=
1
1+ z

= c dR
!RRRE

R0

∫ = c dR
R2H0E(z)RE

R0

∫

=
c
H0

(1+ z)2

R0E(z)zE

0

∫ −
1

(1+ z)2
#

$
%

&

'
(dz =

c
H0

R0
R2E(z)

R2

R0
2 dz

0

zE

∫ =
c

H0R0
1

E(z)
dz

0

zE

∫

f (xE ) =
dx
1− kx2

=
cdt
R(t)tE

t0

∫
0

xE

∫ 𝐻! = 𝐻"!𝐸!(𝑧)

we eventually replaced xE with zE
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§ comoving/proper distance:

  

€ 

wi =

0 dust        

1 3 radiation 

−1 3 curvature

−1 Λ             

$ 

% 
& & 

' 
& 
& 

€ 

E 2(z) = Ωi,0 1+ z( )3(1+wi )

i
∑with

• null geodesic for photons:

dc = R0 f (xE )

f (xE ) =
c

H0R0

1
E(z)

dz
0

zE

∫

0 xEdp =
R(t)
R0

dC

distances
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§ comoving/proper distance:
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E 2(z) = Ωi,0 1+ z( )3(1+wi )

i
∑with

• null geodesic for photons:

dc = R0 f (xE )

f (xE ) =
c

H0R0

1
E(z)

dz
0

zE

∫

0 xEdp =
R(t)
R0

dC

distances

we were after the relation d = f (z) ...and found it!
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§ comoving/proper distance:
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−1 3 curvature

−1 Λ             
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E 2(z) = Ωi,0 1+ z( )3(1+wi )

i
∑with

• null geodesic for photons:

dc = R0 f (xE )

f (xE ) =
c

H0R0

1
E(z)

dz
0

zE

∫

0 xEdp =
R(t)
R0

dC

distances

...and it sensitively depends on the cosmological parameters...

we were after the relation d = f (z) ...and found it!
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§ comoving/proper distance:

  

€ 

wi =

0 dust        

1 3 radiation 

−1 3 curvature

−1 Λ             

$ 

% 
& & 

' 
& 
& 

€ 

E 2(z) = Ωi,0 1+ z( )3(1+wi )

i
∑with

• null geodesic for photons:

dc = R0 f (xE )

f (xE ) =
c

H0R0

1
E(z)

dz
0

zE

∫

0 xEdp =
R(t)
R0

dC

distances

...and it sensitively depends on the cosmological parameters.

we were after the relation d = f (z) ...and found it!

how to connect it to observabales (other than z)?
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§ cosmic distance ladder

§ cosmological distances:
• proper/comoving distance

• luminosity distance

• angular diameter distance

• travel-time distance

• summary

§ cosmological horizons & volumes

§ supernova cosmology

itinerary
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€ 

LE

§ luminosity distance:

(=energy/time)

distances



Cosmic Distance Ladder

€ 

LE

§ luminosity distance:

€ 

Fobs =
LE
4πdL

2

!

(=energy/time)

distances

dL



Cosmic Distance Ladder

€ 

LE

§ luminosity distance:

(=energy/time)

distances

dL

4𝜋𝐹!"#
𝐿$

= 𝑑%
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€ 

LE

§ luminosity distance:

(=energy/time)

distances

dL

*we are not using f(xE) here as it might be confused with the comoving distance...

4𝜋𝐹!"#
𝐿$

= 𝑑% = ℎ 𝑥$ ?
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€ 

LE

§ luminosity distance:

1. photons: (=energy/time)

€ 

L0 =
LE

(1+ z)2

distances
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€ 

L0 =
LE

(1+ z)2

€ 

LE

€ 

1+ z( )−1 :

€ 

1+ z( )−1 :

1. change of wavelength

2. change of distance between photons
€ 

λ0
R0

=
λE
RE

€ 

dt0
R0

=
dtE
RE

1. photons:

§ luminosity distance:

(=energy/time)

distances
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€ 

LE

€ 

b

€ 

ε

1. photons:

2. geometry:

§ luminosity distance:

(=energy/time)

with

€ 

Lobs = L0 × f

€ 

L0 =
LE

(1+ z)2

distances

Lobs

f = πε
2

4π
(ratio of solid angles)

4π
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€ 

LE

€ 

b

€ 

ε

b = R(t0 )xE dϑ
0

ε

∫ = R(t0 )xEε

1. photons:

2. geometry:

§ luminosity distance:

(=energy/time)

(R(t0) because of “telescope size today”,
 cf. “proper transverse distance” in formula for b)

with

€ 

Lobs = L0 × f

€ 

L0 =
LE

(1+ z)2

distances

Lobs

f = πε
2

4π
=
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€ 

LE

€ 

b

€ 

ε

b = R(t0 )xE dϑ
0

ε

∫ = R(t0 )xEε

1. photons:

2. geometry:

§ luminosity distance:

(=energy/time)

(R(t0) because of “telescope size today”,
 cf. “proper transverse distance” in formula for b)

with

€ 

Lobs = L0 × f

€ 

L0 =
LE

(1+ z)2

f = πε
2

4π
=

πb2

4πR2 (t0 )xE
2

distances

Lobs
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€ 

LE

€ 

b

€ 

ε

1. photons:

3. measurement:

2. geometry: with

§ luminosity distance:

(energy/time/area)

(=energy/time)

€ 

Lobs = L0 × f

€ 

L0 =
LE

(1+ z)2

f = πε
2

4π
=

πb2

4πR2 (t0 )xE
2

distances

Fobs =
Lobs
πb2

Lobs
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€ 

LE

€ 

b

€ 

ε

1. photons:

Fobs =
Lobs
πb2

=
1
πb2

LE
(1+ z)2

πb2

4πR2 (t0 )xE
2 =

R2 (tE )
R4 (t0 )xE

2
LE
4π

3. measurement:

2. geometry: with

§ luminosity distance:

(energy/time/area)

(=energy/time)

€ 

Lobs = L0 × f

€ 

L0 =
LE

(1+ z)2

f = πε
2

4π
=

πb2

4πR2 (t0 )xE
2

distances

Lobs
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€ 

LE

€ 

b

€ 

ε

1. photons:

Fobs =
Lobs
πb2

=
1
πb2

LE
(1+ z)2

πb2

4πR2 (t0 )xE
2 =

R2 (tE )
R4 (t0 )xE

2
LE
4π

3. measurement:

2. geometry: with

=>

§ luminosity distance:

!

(energy/time/area)

(=energy/time)

€ 

Lobs = L0 × f

€ 

L0 =
LE

(1+ z)2

f = πε
2

4π
=

πb2

4πR2 (t0 )xE
2

distances

Lobs

4𝜋𝐹!"#
𝐿$

= 𝑑%
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€ 

LE

€ 

b

€ 

ε

1. photons:

Fobs =
Lobs
πb2

=
1
πb2

LE
(1+ z)2

πb2

4πR2 (t0 )xE
2 =

R2 (tE )
R4 (t0 )xE

2
LE
4π

3. measurement:

2. geometry: with

=>

§ luminosity distance:

!

(energy/time/area)

(=energy/time)

€ 

Lobs = L0 × f

€ 

L0 =
LE

(1+ z)2

dL =
LE 4π
Fobs

=
R2 (t0 )
R(tE )

xE

f = πε
2

4π
=

πb2

4πR2 (t0 )xE
2

distances

Lobs

4𝜋𝐹!"#
𝐿$

= 𝑑%
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€ 

LE

€ 

b

€ 

ε

1. photons:

Fobs =
Lobs
πb2

=
1
πb2

LE
(1+ z)2

πb2

4πR2 (t0 )xE
2 =

R2 (tE )
R4 (t0 )xE

2
LE
4π

3. measurement:

2. geometry: with

=>

§ luminosity distance:

(energy/time/area)

(=energy/time)

€ 

Lobs = L0 × f

€ 

L0 =
LE

(1+ z)2

dL =
LE 4π
Fobs

=
R2 (t0 )
R(tE )

xE

f = πε
2

4π
=

πb2

4πR2 (t0 )xE
2

distances

Lobs

𝑑% = ℎ(𝑥$)!
!4𝜋𝐹!"#

𝐿$
= 𝑑%
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dL =
LE 4π
Fobs

=
R2 (t0 )
R(tE )

xE

€ 

LE (=energy/time)

€ 

b

€ 

ε

1. photons:

3. measurement:

2. geometry:

we require standard candles!

§ luminosity distance:

(energy/time/area)
Fobs =

Lobs
πb2

=
1
πb2

LE
(1+ z)2

πb2

4πR2 (t0 )xE
2 =

R2 (tE )
R4 (t0 )xE

2
LE
4π

with

€ 

Lobs = L0 × f

€ 

L0 =
LE

(1+ z)2

f = πε
2

4π
=

πb2

4πR2 (t0 )xE
2

distances

Lobs

𝑑% = ℎ(𝑥$)!
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§ cosmic distance ladder

§ cosmological distances:
• proper/comoving distance

• luminosity distance

• angular diameter distance

• travel-time distance

• summary

§ cosmological horizons & volumes

§ supernova cosmology

itinerary
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§ angular diameter distance:

€ 

ϑ obs

€ 

D

€ 

ϑ obs =
D
dA

!

distances



Cosmic Distance Ladder

§ angular diameter distance:

€ 

ϑ obs

€ 

D

€ 

ϑ obs =
D
dA

!

distances

𝑑& = ℎ(𝑥$)?
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§ angular diameter distance:

€ 

D

€ 

ϑ obs ≡ϑ E

=>

€ 

ϑ obs =
D
dA

!

€ 

ϑ obs

(R(tE) because of “galaxy size at time of emission”)

dA =
D
ϑobs

= R(tE )xE

€ 

D = R(tE )xE dϑ
0

ϑE

∫ = R(tE )xEϑE

distances
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§ angular diameter distance:

€ 

D

€ 

ϑ obs ≡ϑ E

=>

€ 

ϑ obs =
D
dA

!

€ 

ϑ obs

(R(tE) because of “galaxy size at time of emission”)

dA =
D
ϑobs

= R(tE )xE

€ 

D = R(tE )xE dϑ
0

ϑE

∫ = R(tE )xEϑE

distances

𝑑& = ℎ(𝑥$)!
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dA =
D
ϑobs

= R(tE )xE

§ angular diameter distance:

€ 

D

we require standard rulers!

€ 

ϑ obs

€ 

ϑ obs ≡ϑ E

€ 

D = R(tE )xE dϑ
0

ϑE

∫ = R(tE )xEϑE

distances

𝑑& = ℎ(𝑥$)!
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§ cosmic distance ladder

§ cosmological distances:
• proper/comoving distance

• luminosity distance

• angular diameter distance

• travel-time distance

• summary

§ cosmological horizons & volumes

§ supernova cosmology

itinerary
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§ travel-time distance:

distances

dT = cdt
tE

t0

∫ = ... = c
H0

1
(1+ z)E(z)

dz
0

zE

∫

0 xE
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§ cosmic distance ladder

§ cosmological distances:
• proper/comoving distance

• luminosity distance

• angular diameter distance

• travel-time distance

• summary

§ cosmological horizons & volumes

§ supernova cosmology

itinerary



Cosmic Distance Ladder

§ inter-relation:

dA =
D
ϑobs

• comoving distance:

• proper distance:

• luminosity distance:

• angular diameter distance:

€ 

dL =
LE

4πFobs

dp =
R(t)
R0

dC

dc

€ 

=
R0
R(t)

R0xE

€ 

=
R(t)
R0

R0xE

E 2 (z) = Ωi,0 1+ z( )3(1+wi )
i
∑

distances

=
c
H0

1
E(z)

dz
0

zE

∫
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§ inter-relation:

dA =
D
ϑobs

• comoving distance:

• proper distance:

• luminosity distance:

• angular diameter distance:

€ 

dL =
LE

4πFobs

dp

dA =
R(t)
R0

!

"
#

$

%
&

2

dL

distances

dc =
c
H0

1
E(z)

dz
0

zE

∫

=
R(t)
R0

dC

€ 

=
R0
R(t)

R0xE

€ 

=
R(t)
R0

R0xE

E 2 (z) = Ωi,0 1+ z( )3(1+wi )
i
∑
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§ inter-relation:

dA =
D
ϑobs

• comoving distance:

• proper distance:

• luminosity distance:

• angular diameter distance:

€ 

dL =
LE

4πFobs

dp

?

distances

=
R(t)
R0

dC

€ 

=
R0
R(t)

R0xE

€ 

=
R(t)
R0

R0xE

E 2 (z) = Ωi,0 1+ z( )3(1+wi )
i
∑

dc =
c
H0

1
E(z)

dz
0

zE

∫
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§ inter-relation:

dA =
D
ϑobs

• comoving distance:

• proper distance:

• luminosity distance:

• angular diameter distance:

€ 

dL =
LE

4πFobs

dp

distances

=
R(t)
R0

dC

€ 

=
R0
R(t)

R0xE

€ 

=
R(t)
R0

R0xE

E 2 (z) = Ωi,0 1+ z( )3(1+wi )
i
∑

dc =
c
H0

1
E(z)

dz
0

zE

∫

f (xE ) =
c

H0R0

1
E(z)

dz
0

zE

∫ =

xE k=0
1
k
arcsin( k xE ) k=1

1
k
arcsinh( k xE ) k=-1

"

#

$
$
$
$

%

$
$
$
$

xE via inversion of 
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§ inter-relation:

dA =
D
ϑobs

• comoving distance:

• proper distance:

• luminosity distance:

• angular diameter distance:

€ 

dL =
LE

4πFobs

dp

xE =

1
R0

dc ;k = 0

1
R0

c
H0 Ωk,0

sin
Ωk,0 H0

c
dc

"

#

$
$

%

&

'
'

;k =1

1
R0

c
H0 Ωk,0

sinh
Ωk,0 H0

c
dc

"

#

$
$

%

&

'
'

;k = −1

)

*

+
+
+
+
+

,

+
+
+
+
+

Ωk,0 = −
c2k
R0
2H0

2
(                      , cf. FRW lecture)

distances

=
R(t)
R0

dC

€ 

=
R0
R(t)

R0xE

€ 

=
R(t)
R0

R0xE

E 2 (z) = Ωi,0 1+ z( )3(1+wi )
i
∑

dc =
c
H0

1
E(z)

dz
0

zE

∫
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§ inter-relation:

dA =
D
ϑobs

• comoving distance:

• proper distance:

• luminosity distance:

• angular diameter distance:

€ 

dL =
LE

4πFobs

dp

xE =

1
R0

dc ;k = 0

1
R0

c
H0 Ωk,0

sin
Ωk,0 H0

c
dc

"

#

$
$

%

&

'
'

;k =1

1
R0

c
H0 Ωk,0

sinh
Ωk,0 H0

c
dc

"

#

$
$

%

&

'
'

;k = −1

)

*

+
+
+
+
+

,

+
+
+
+
+

Ωk,0 = −
c2k
R0
2H0

2
(                      , cf. FRW lecture)

distances

=
R(t)
R0

dC

€ 

=
R0
R(t)

R0xE

€ 

=
R(t)
R0

R0xE

E 2 (z) = Ωi,0 1+ z( )3(1+wi )
i
∑

dc =
c
H0

1
E(z)

dz
0

zE

∫
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§ examples for xE:

€ 

xE =
c

H0R0

dz
[Ωm,0(1+ z)3 +ΩΛ,0]

1 2
0

zE

∫

• k = 0, Wr << Wm, WL = 1- Wm  (LCDM model)

• WL= 0, Wr = 0, Wm= 2q0

€ 

xE =
zEq0 + (q0 −1)(−1+ 2q0zE +1)

H0R0q0
2(1+ zE )

• WL=1, Wm= 0, k = 0

€ 

xE =
czE
H0R0

distances



Cosmic Distance Ladder

§ examples for xE:

€ 

xE =
c

H0R0

dz
[Ωm,0(1+ z)3 +ΩΛ,0]

1 2
0

zE

∫

• k = 0, Wr << Wm, WL = 1- Wm  (LCDM model)

distances

dC (z) =
c
H0

dz '
E(z ')0

z

∫

dL (z) = dC (1+ z)

dA (z) =
dC
(1+ z)

simple relation of dL and dA to dC
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§ inter-relation:

dA =
D
ϑobs

• comoving distance:

• proper distance:

• luminosity distance:

• angular diameter distance:

€ 

dL =
LE

4πFobs

dp

xE =

1
R0

dc ;k = 0

1
R0

c
H0 Ωk,0

sin
Ωk,0 H0

c
dc

"

#

$
$

%

&

'
'

;k =1

1
R0

c
H0 Ωk,0

sinh
Ωk,0 H0

c
dc

"

#

$
$

%

&

'
'

;k = −1

)

*

+
+
+
+
+

,

+
+
+
+
+

Ωk,0 = −
c2k
R0
2H0

2
(                      , cf. FRW lecture)

distances

=
R(t)
R0

dC

€ 

=
R0
R(t)

R0xE

€ 

=
R(t)
R0

R0xE

E 2 (z) = Ωi,0 1+ z( )3(1+wi )
i
∑

dc =
c
H0

1
E(z)

dz
0

zE

∫

can be measured
observationally!

(for standard ruler/candle)
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§ inter-relation:

dA =
D
ϑobs

• comoving distance:

• proper distance:

• luminosity distance:

• angular diameter distance:
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dL =
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1
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1
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c
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c
dc
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c
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c
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+
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+
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R0
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2
(                      , cf. FRW lecture)

distances

=
R(t)
R0

dC
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=
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R(t)

R0xE

€ 

=
R(t)
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R0xE

E 2 (z) = Ωi,0 1+ z( )3(1+wi )
i
∑

dc =
c
H0

1
E(z)

dz
0

zE

∫

provides the link to
“quantify cosmology”!
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§ inter-relation:

dA =
D
ϑobs

• comoving distance:

• proper distance:

• luminosity distance:

• angular diameter distance:

€ 

dL =
LE

4πFobs

dp

xE =

1
R0

dc ;k = 0

1
R0

c
H0 Ωk,0

sin
Ωk,0 H0

c
dc
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1
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c
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c
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+
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+
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Ωk,0 = −
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R0
2H0

2
(                      , cf. FRW lecture)

distances

=
R(t)
R0

dC

€ 

=
R0
R(t)

R0xE

€ 

=
R(t)
R0

R0xE

E 2 (z) = Ωi,0 1+ z( )3(1+wi )
i
∑

dc =
c
H0

1
E(z)

dz
0

zE

∫

can we find a simple/approximate

relation between redshift z and distance?



Cosmic Distance Ladder

€ 

z =
R(t0)
R(tE )

−1

§ distance and redshift:   Hubble’s Law - revisited
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• Taylor expanding z: z = R(t0 )
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• Taylor expanding z:

• Taylor expanding dc:
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f (xE ) =
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R(t)tE

t0

∫ ≈ c
t0 − tE
R(t0)

• proper distance: dp = R(t0 ) f (xE ) ≈ R(t0 )c
t0 − tE
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• Taylor expanding z:

• Taylor expanding dc:
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• Taylor expanding z:

• Taylor expanding dc:

• proper distance:

€ 

cz ≈ H0dp=>

€ 

z =
R(t0)
R(tE )

−1

distances

§ distance and redshift:   Hubble’s Law - revisited

(only valid for nearby sources)

(“Hubble-law distance”)
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∫ ≈ c
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§ horizons (see FRW lecture)

•  particle horizon: max. distance particle can have travelled since decoupling

•  “particle horizon”: max. distance photon can have travelled since big bang (there are events we have not yet seen…)

•  event horizon: max. distance particle can travel from now onwards (there may be events we will never see…)

•  (comoving) Hubble radius: distance at which recessional velocity equals speed of light

Rp(t) = R(t)
cd !t
R( !t )tdec

t
∫

Rp(t) = R(t)
cd !t
R( !t )0

t
∫

Re(t) = R(t)
cd !t
R( !t )t

∞

∫

RcH (t) =
R0
R

c
H

RH (t) =
c
H
;

horizons
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§ horizons (see FRW lecture)

•  particle horizon: max. distance particle can have travelled since decoupling

•  “particle horizon”: max. distance photon can have travelled since big bang (there are events we have not yet seen…)

•  event horizon: max. distance particle can travel from now onwards (there may be events we will never see…)

•  (comoving) Hubble radius: distance at which recessional velocity equals speed of light

Rp(t) = R(t)
cd !t
R( !t )tdec

t
∫

Rp(t) = R(t)
cd !t
R( !t )0

t
∫

Re(t) = R(t)
cd !t
R( !t )t

∞

∫

RcH (t) =
R0
R

c
H

RH (t) =
c
H
;

horizons

•different bounds define different horizons

•all based upon proper distance
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§ cosmic distance ladder

§ cosmological distances

§ cosmological horizons & volumes
• horizons

• volumes

§ supernova cosmology

itinerary
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§ proper volume at t0

volumes

dVp(t0 ) = det gij( )drdϑdϕ

0 xE
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dVp(t0 ) = det gij( )drdϑdϕ

= R0
3x2 dx

1− kx2
dΩ

§ proper volume at t0
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t = t0

volumes

dΩ = dθ 2 + sin2θdφ 2
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dVp(t0 ) = det gij( )drdϑdϕ

= R0
3x2 dx

1− kx2
dΩ

§ proper volume at t0

€ 

t = t0

volumes

dΩ = dθ 2 + sin2θdφ 2

how to relate to one of our distances?
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dVp(t0 ) = det gij( )drdϑdϕ

= R0
3x2 dx

1− kx2
dΩ

= R0
3x2 −cdz

H0R0E(z)
dΩ
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§ proper volume at t0

volumes

dx
1− kx2

=
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=
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R0
2

RE
x

dΩ = dθ 2 + sin2θdφ 2

𝑑𝑡
𝑑𝑧 = −

𝑅!

𝑅"�̇�
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dVp(t0 ) = det gij( )drdϑdϕ

= R0
3x2 dx

1− kx2
dΩ

= R0
3x2 −cdz

H0R0E(z)
dΩ

= R0
2x2 −cdz

H0E(z)
dΩ

= R0
2x2 R0
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= dL
2 1
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dΩ

§ proper volume at t0

€ 

Vp (t0) =
4π
H0

dL
2 (z)

(1+ z)2E(z)
dz

0

zE

∫ = 4πR0
3 x 2

1− kx 2
dx

0

xE

∫=>

volumes

dL =
R0
2

RE
x

dΩ = dθ 2 + sin2θdφ 2

integrationintegration

dx
1− kx2

=
cdt
R(t)

=
dt
dz

cdz
R(t)
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§ proper volume at t0

€ 

Vp (t0) =

4π
3

dL
1+ z
# 

$ 
% 

& 

' 
( 
3

k = 0

2π
H0
3Ωk,0

H0
dL
1+ z

1+
H0dL
1+ z
* 

+ , 
- 

. / 

3

Ωk,0 −
1
Ωk,0

arcsin H0dL Ωk,0( )
* 

+ 

, 
, 

- 

. 

/ 
/ 

k =1

2π
H0
3Ωk,0

H0
dL
1+ z

1+
H0dL
1+ z
* 

+ , 
- 

. / 

3

Ωk,0 −
1
Ωk,0

arcsinh H0dL Ωk,0( )
* 

+ 

, 
, 

- 

. 

/ 
/ 

k = −1

1 

2 

3 
3 
3 
3 

4 

3 
3 
3 
3 

=>

• Vp (t0) is a function of H0, Wm, WL, and z

• Vp (t0) gets corrected by the solid angle W at z via

€ 

Vp
Ω =Vp

Ω
4π

€ 

Vp (t0) =
4π
H0

dL
2 (z)

(1+ z)2E(z)
dz

0

zE

∫ = 4πR0
3 x 2

1− kx 2
dx

0

xE

∫

volumes



Cosmic Distance Ladder volumes

§ proper volume at t != t0

€ 

dVp (t) = det gij( )drdϑdϕ

= R3(t)x 2 dx
1− kx 2

dΩ

= ...
= (1+ z)3dVp (t0)

difference to previous calculation…
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§ comoving volume

€ 

Vc (z) =
Vp (z)
R3(t(z))

=>

€ 

dVp = R3(t)x 2 dx
1− kx 2

dΩ

€ 

dVc = x 2
dx
1− kx 2

dΩ

volumes



Cosmic Distance Ladder itinerary

http://cosmocalc.icrar.org/

§ cosmic distance ladder

§ cosmological distances

§ cosmological horizons & volumes

§ supernova cosmology

http://cosmocalc.icrar.org/
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§ cosmic distance ladder

§ cosmological distances

§ cosmological horizons & volumes

§ supernova cosmology

itinerary



Cosmic Distance Ladder supernova cosmology

€ 

H0, Ωm,0, Ωk,0, ΩΛ ,0

§ cosmological parameters
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€ 

H0, Ωm,0, Ωk,0, ΩΛ ,0

€ 

1=Ωm,0 +Ωk,0 +ΩΛ ,0

§ cosmological parameters

supernova cosmology

€ 

(Ωr,0 ≈ 0)
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1=Ωm,0 +Ωk,0 +ΩΛ ,0
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H0, Ωm,0, ΩΛ ,0

only three parameters remain...

§ cosmological parameters
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€ 

H0, Ωm,0, Ωk,0, ΩΛ ,0

€ 

1=Ωm,0 +Ωk,0 +ΩΛ ,0

€ 

H0, Ωm,0, ΩΛ ,0

only three parameters remain...

§ cosmological parameters

supernova cosmology

€ 

(Ωr,0 ≈ 0)

how to use supernovae Ia to obtain these parameters?



Cosmic Distance Ladder supernova cosmology

§ m(z)-relation for Union 2.1 SN-Ia data set

m−M = 25− 5log H0( )+ 5log D (z,Ωm,0,ΩΛ,0 )( )

*http://supernova.lbl.gov/union
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§ m(z)-relation for Union 2.1 SN-Ia data set

supernova cosmology

m−M = 25− 5log H0( )+ 5log D (z,Ωm,0,ΩΛ,0 )( )
where does this equation come from?

*http://supernova.lbl.gov/union



Cosmic Distance Ladder

§ m(z)-relation for Union 2.1 SN-Ia data set

supernova cosmology

m−M = 25− 5log H0( )+ 5log D (z,Ωm,0,ΩΛ,0 )( )
where does this equation come from?

*http://supernova.lbl.gov/union

what distance formula should we start with?
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§ luminosity distance

€ 

dL =
LE

4πFobs
=

R0
R(tE )

R0xE = (1+ zE )R0xE

supernova cosmology

€ 

(Ωr,0 ≈ 0)
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€ 

dL =
LE

4πFobs
=

R0
R(tE )

R0xE = (1+ zE )R0xE

§ luminosity distance

xE =

1
R0

dc ;k = 0

c
R0H0

1
1−Ωm,0 −ΩΛ,0

sin 1−Ωm,0 −ΩΛ,0
H0

c
dc

$

%
&

'

(
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R0H0

1
1−Ωm,0 −ΩΛ,0

sinh 1−Ωm,0 −ΩΛ,0
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c
dc

$
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&

'

(
) ;k = −1

*

+

,
,
,
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-

,
,
,
,
,

supernova cosmology

(Ωr,0 ≈ 0, Ωk =1−Ωm −ΩΛ )
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xE =

1
R0

dc ;k = 0

c
R0H0
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1
E(z)
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0

zE

∫
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dL =
LE

4πFobs
=

R0
R(tE )

R0xE = (1+ zE )R0xE

§ luminosity distance

supernova cosmology

(Ωr,0 ≈ 0, Ωk =1−Ωm −ΩΛ )
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xE =
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dL =
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=
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§ luminosity distance

E(z) = Ωm,0 (1+ z)
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supernova cosmology

(Ωr,0 ≈ 0, Ωk =1−Ωm −ΩΛ )
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xE =

1
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dL =
LE
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=

R0
R(tE )

R0xE = (1+ zE )R0xE

§ luminosity distance

E(z) = Ωm,0 (1+ z)
3 + (1−Ωm,0 −ΩΛ,0 )(1+ z)

2 +ΩΛ,0

dc =
c
H0

1
E(z)

dz
0

zE

∫

supernova cosmology

(Ωr,0 ≈ 0, Ωk =1−Ωm −ΩΛ )

right-hand side under control,
but what about dL itself (e.g. how do m and M enter)?
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4πFobs
= (1+ zE )R0xE

§ distance modulus

supernova cosmology



Cosmic Distance Ladder

€ 

dL =
LE

4πFobs
= (1+ zE )R0xE

§ distance modulus

supernova cosmology

☑ formula to relate to cosmology
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€ 

dL =
LE

4πFobs
= (1+ zE )R0xE

§ distance modulus

supernova cosmology

☑ formula to relate to cosmology

☑ theory of SN Ia

?
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€ 

dL =
LE

4πFobs
= (1+ zE )R0xE

§ distance modulus

• apparent magnitudes m:*

€ 

m1 −m2 = −2.5log10
F1
F2

# 

$ 
% 

& 

' 
( 

€ 

F =
L

4πd2
where

supernova cosmology

*we require normalisation point:  “Vega has apparent magnitude 0”
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€ 

dL =
LE

4πFobs
= (1+ zE )R0xE

§ distance modulus

• apparent magnitudes m:

• absolute magnitudes M:
€ 

m1 −m2 = −2.5log10
F1
F2

# 

$ 
% 

& 

' 
( 

m−M = −2.5log10
L

4πd 2
4π (10pc)2

L
"

#
$

%

&
'€ 

F =
L

4πd2
where
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= −2.5log10
(10pc)2

d2
# 

$ 
% 

& 

' 
( = −5log

10pc
d

# 

$ 
% 

& 

' 
( 

supernova cosmology

placing light source L at 10pc
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€ 

dL =
LE

4πFobs
= (1+ zE )R0xE

§ distance modulus

• apparent magnitudes m:

• absolute magnitudes M:
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m1 −m2 = −2.5log10
F1
F2
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m−M = −2.5log10
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#
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where
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supernova cosmology
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€ 

dL =
LE

4πFobs
= (1+ zE )R0xE

§ distance modulus

• apparent magnitudes m:

• absolute magnitudes M:
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m1 −m2 = −2.5log10
F1
F2
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Cosmic Distance Ladder

§ distance modulus

€ 

Fobs =10−2m / 5 × 2.52 ×10−5 erg
cm2 sec
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LE =10−2M / 5 × 3.02 ×1035 erg
sec

• observation m:

• standard candle M:

supernova cosmology
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m−M = 25− 5log H0[km/sec /Mpc]( )+ 5log H0dL( )
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§ distance modulus

€ 

Fobs =10−2m / 5 × 2.52 ×10−5 erg
cm2 sec
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LE =10−2M / 5 × 3.02 ×1035 erg
sec

• observation m:

• standard candle M:

supernova cosmology
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dL =
LE

4πFobs
= (1+ zE )R0xE

m−M = 25− 5log H0[km/sec /Mpc]( )+ 5log H0dL( )

=> invert to get m and M
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§ m(z)-relation

supernova cosmology

m−M = 25− 5log H0( )+ 5log D (z,Ωm,0,ΩΛ,0 )( )
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§ m(z)-relation

supernova cosmology
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§ m(z)-relation

supernova cosmology
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§ m(z)-relation
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§ m(z)-relation
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supernova cosmology

m−M = 25− 5log H0( )+ 5log D (z,Ωm,0,ΩΛ,0 )( )

• m, z : observables
• M : standard candle  

• H0, Wm,0, WL,0 :  cosmology

intercept = H0

q0,1
q0,2® measuring q0

€ 

+

€ 

+

€ 

+

€ 

+

D (z,Ωm,0,ΩΛ,0 ) =
c(1+ z)

k
sinn k 1+ #z( )2 1+Ωm,0 #z( )− #z 2+ #z( )ΩΛ,0

%
&

'
(
−1/2

d #z
0

z

∫
*

+
,

-

.
/



Cosmic Distance Ladder

§ m(z)-relation
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supernova cosmology
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§ m(z)-relation
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Cosmic Distance Ladder

§ m(z)-relation

• SN Ia are feasible standard candles:

- visible out to z » 1

- small dispersion of light curve maximum

- light curve independent on redshift

- Perlmutter et al. (1997, ApJ, 483, 565*)

- Garnavich et al. (1997, AAS presentation✢)

€ 

q0 < 0 ⇒ ΩΛ ,0 ≠ 0

supernova cosmology

* based upon 7 SN
✢based upon 3 SN



Cosmic Distance Ladder

§ m(z)-relation

• SN Ia are feasible standard candles:

- visible out to z » 1

- small dispersion of light curve maximum

- light curve independent on redshift

- Perlmutter et al. (1997, ApJ, 483, 565*)

- Garnavich et al. (1997, AAS presentation✢)

- Riess, Schmidt et al. (1998, AJ, 116, 1009✸)

€ 

q0 < 0 ⇒ ΩΛ ,0 ≠ 0

supernova cosmology

* based upon 7 high-z SN
✢based upon 3 high-z SN
✸based upon 10 high-z SN



Cosmic Distance Ladder

§ m(z)-relation for SN-Ia – the money plots…

supernova cosmology
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FIG. 4.ÈHubble diagrams for the Ðrst seven high-redshift supernovae : (a) uncorrected with low-redshift supernovae of et al. for visualm
B
, Hamuy (1995)

comparison ; (b) after ““ correction ÏÏ for width-luminosity relation. The square points are not used in the analysis because they are corrected based on anm
B,corrextrapolation outside the range of light curve widths of low-redshift supernovae (see text and Insets show the high-redshift supernovae on magniÐedTable 1).

scales. The solid curves in (a) and (b) are theoretical for 0) on top, (1, 0) in middle, and (2, 0) on bottom. The dotted curves, which arem
B

()M, )") \ (0,
practically indistinguishable from the solid curves, are for the Ñat universe case, with 0.5) on top, (1, 0) in middle, and (1.5, [0.5) on bottom.()M, )") \ (0.5,
The inner error bars on the data points show the photometry measurement uncertainty, while the outer error bars add the intrinsic dispersions found for
low-redshift supernovae : for (a) and for (b), for comparison to the theoretical curves. Note that the zero-point magnitude used for (b),p

MB
Hamuy p

MB,corrHamuy M
B,corrK1.1L ,

and hence the e†ective scale, is shifted slightly from the uncorrected used for the curves of (a).m
B

M
B

a di†erent range of corresponds to 68%*s2 4 s2[ smin2
conÐdence for one free parameter, l\ 1 degree of freedom,
as opposed to two free parameters, l\ 2 (see et al.Press

pp. 532È537).1986,
We also analyzed the data for the same Ðve supernovae

““ as measured,ÏÏ that is, without correcting for the width-
luminosity relation, and taking the uncorrected zero point,

of et al. We Ðnd essen-M
B
\ [3.17^ 0.03 Hamuy (1996).

tially the same results : for "\ 0 and)M\ 0.93~0.60`0.69 )" \
for a Ñat universe. The measurement0.03~0.34`0.29 )total \ 1

uncertainty for the analysis using light-curve width correc-
tion is not signiÐcantly better than this one, without correc-
tion, because for this particular data set, the smaller
calibrated dispersion, as opposed to is o†set byp

MB,corr p
MB

,
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FIG. 4.ÈMLCS SNe Ia Hubble diagram. The upper panel shows the
Hubble diagram for the low-redshift and high-redshift SNe Ia samples with
distances measured from the MLCS method (Riess et al. 1995, 1996a ;
Appendix of this paper). Overplotted are three cosmologies : ““ low ÏÏ and
““ high ÏÏ with and the best Ðt for a Ñat cosmology,)

M
)

"

\ 0 )
M

\ 0.24,
The bottom panel shows the di†erence between data and)

"

\ 0.76.
models with The open symbol is SN 1997ck (z\ 0.97),)

M
\ 0.20, )

"

\ 0.
which lacks spectroscopic classiÐcation and a color measurement. The
average di†erence between the data and the prediction)

M
\ 0.20, )

"

\ 0
is 0.25 mag.

The present data set has only a modest range of redshifts, so
we can only constrain speciÐc cosmological models or
regions of parameter space to useful precision.()

M
, )

"

)
The s2 statistic of is well suited for determin-equation (4)

ing the most likely values for the cosmological parameters
and as well as the conÐdence intervals sur-H0, )

M
, )

"rounding them. For constraining regions of parameter
space not bounded by contours of uniform conÐdence (i.e.,
constant s2), we need to deÐne the probability density func-
tion (PDF) for the cosmological parameters. The PDF (p) of
these parameters given our distance moduli is derived from
the PDF of the distance moduli given our data from BayesÏs
theorem,
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where is our set of distance moduli Sincel0 (Lupton 1993).
we have no prior constraints on the cosmological param-
eters (besides the excluded regions) or on the data, we take

and to be constants. Thus, we have forp(H0, )
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SN Ia Hubble diagram. The upper panel shows theFIG. 5.È*m15(B)
Hubble diagram for the low-redshift and high-redshift SNe Ia samples with
distances measured from the template-Ðtting method parameterized by

(Hamuy et al. Overplotted are three cosmologies :*m15(B) 1995, 1996d).
““ low ÏÏ and ““ high ÏÏ with and the best Ðt for a Ñat cosmology,)
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We assume each distance modulus is independent (aside
from systematic errors discussed in and normally dis-° 5)
tributed, so the PDF for the set of distance moduli given the
parameters is a product of Gaussians :
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The product in front is a constant, so combining with
the PDF for the cosmological parametersequation (6)

yields the standard expression (Lupton 1993)
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Cosmic Distance Ladder

§ m(z)-relation for SN-Ia – Union 2* data set

supernova cosmology

*http://supernova.lbl.gov/union
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§ m(z)-relation for SN-Ia – Union 2 data set vs. LCDM
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Figure 3: The Hubble diagram of Type Ia supernovae correlating distance

modulus (µ) vs. redshift. The Union2 compilation [69] represents the currently

largest SN Ia sample. The linear expansion in the local universe can be traced

out to z<0.1. The Hubble constant sets the absolute level of the data, while

it is irrelevant for the determination of ΩΛ, which is a relative measurement

(bottom panel). The distance relative to an empty universe model (µempty;

ΩM = ΩΛ = 0) is shown in the lower panel. The data are binned for clarity

in this diagram. The blue curve shows the expectation from the best fit ΛCDM

model (ΩM = 0.3,ΩΛ = 0.7).
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Cosmic Distance Ladder

dA =
D
ϑobs

• comoving distance:

• proper distance:

• luminosity distance:

• angular diameter distance:
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