Cosmological Structure Formation

Alexander Knebe (Universidad Autonoma de Madrid)
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Cosmological Structure Formation

what?

Proton Photon
Neutron :
Electron Helium
atom
e 3

we know that there are matter perturbations..
...but how do they grow?
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Cosmological Structure Formation what?

Atoms
4.6%

Dark
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Dark
Matter
24%

throughout the whole lecture we only consider

matter perturbations well inside the Hubble radius!
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" srowth of matter perturbations

" statistics of perturbations

" non-linear structure formation
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Cosmological Structure Formation governing equations

the Universe is filled with a perfect fluid

% 2 %
T, =-pg" +(pc” +pu'u




Cosmological Structure Formation governing equations

the Universe is filled with a perfect fluid...
_ uv 2 U, v
Tuv__pg +(IUC +p)l/t U

...which we treat non-relativisticly




Cosmological Structure Formation governing equations

* Poisson’s equation

AW = 473G (p + 3—2’)
C
* continuity equation

&—p+V-((p+%);)=O
ot C

e conservation of momentum

-

av - -
(0+ 6—1’2)(5 +(v-V)y

=~(p+ VW~ Vp

* equation of state
p=p(p,S)




Cosmological Structure Formation governing equations

two distinct approaches to following structure formation

* Eulerian viewpoint:

d—p+V-((p+£2);)=O g@’
C

(we measure the flow...)

* Lagrange viewpoint:
(1) =G+D(nS(G)

TN

(we follow mass elements...)




Cosmological Structure Formation governing equations

two distinct approaches to following structure formation

* Eulerian viewpoint: — preferred approach for the time being...

d—p+V-((p+£2);)=O g@’
C

(we measure the flow...)

* Lagrange viewpoint:
(1) =G+D(nS(G)

TN

(we follow mass elements...)




Cosmological Structure Formation governing equations

* Poisson’s equation

AW = 473G (p + 3—2’)
C
* continuity equation

&—p+V-((p+%);)=O
ot C

e conservation of momentum

-

av - -
(0+ 6—1’2)(5 +(v-V)y

=~(p+ VW~ Vp

* equation of state
p=p(p,S)




Cosmological Structure Formation

governing equations

* Poisson’s equation

AW = 4aG(p+ L
C
* continuity equation

&—p+V-((p+%);)=O
ot C

e conservation of momentum

-

a - -
(p+ %)(—" + (V)| =~(p+ L)VW-Vp
c”\ ot C

* equation of state
p=p(p,S)

cosmology!?




Cosmological Structure Formation governing equations

Poisson’s equation

AW = 47G(p + 3—f
C

continuity equation

&—p+V-((p+%);)=O
ot C

conservation of momentum

v~ -
(p+ L) S+ 0 Vv [==(p+ L)W -Vp
c”\ ot C

equation of state
p=p(p,S)

we want to solve these equations for a non-relativistic fluid in...
...an expanding Universe, and characterized by

...small perturbations about a homogeneous and isotropic background




Cosmological Structure Formation

governing equations

Poisson’s equation

continuity equation

ot

AW = 47G(p + 22

P

oy

(,0"'?

equation of state

ot

&—p+V-((p+@;)=O

conservation of momentum

)~ + (Vv |==(p+

p=p(p,S)

@V‘P -Vp
c

we want to solve these equations for a non-=relativistic fluid in...

...an expanding Universe, and characterized by

...small perturbations about a homogeneous and isotropic background

— p << pc?




Cosmological Structure Formation

governing equations

Poisson’s equation

continuity equation

»,

ot

AW = 47G(p + 22

V- (p+@§ =0

P

oy

(,0"'?

equation of state

ot

conservation of momentum

N — + (v-V)v =-(p+@>vm-
C

Note:

Vp

* Vp can nevertheless be large

_ ( S) * baryonic matter fulfills p<<pc?, too
pP=p IO’ * we further assume adiabatic perturbations: Vp = ¢’Vp

we want to solve these equations for a non-=relativistic fluid in...

...an expanding Universe, and characterized by

...small perturbations about a homogeneous and isotropic background

— p << pc?




Cosmological Structure Formation

governing equations

Poisson’s equation

continuity equation

»,

ot

AW = 47G(p + 22

V- (p+@§ =0

P

oy

(,0"'?

equation of state

ot

conservation of momentum

N — + (v-V)v =-(p+@>vm-
C

Note:

Vp

* Vp can nevertheless be large

_ ( S) * baryonic matter fulfills p<<pc?, too
pP=p IO’ * we further assume adiabatic perturbations: Vp = ¢’Vp

we want to solve these equations for a non-=relativistic fluid in...

...an expanding Universe, and characterized by

...small perturbations about a homogeneous and isotropic background

— p << pc*—




Cosmological Structure Formation governing equations

. ’ .
Poisson’s equat|0n v" non-relativistic fluid

AY =47Gp

continuity equation

%+V'(p;)=0

conservation of momentum

W oy |= v - VP

ot P

adiabatic perturbations

Vp=cVp

we want to solve these equations in...
...an expanding Universe, and characterized by

...small perturbations about a homogeneous and isotropic background




Cosmological Structure Formation governing equations

. ’ .
Poisson’s equat|0n v" non-relativistic fluid

AY =47Gp

continuity equation

%+V'(,0\7)=O

conservation of momentum

W oy |= v - VP

ot P

adiabatic perturbations

Vp=cVp

we want to solve these equations in...
...an expanding Universe, and characterized by comoving coordinates!

...small perturbations about a homogeneous and isotropic background




Cosmological Structure Formation

governing equations

" comoving coordinates

comoving coordinate




Cosmological Structure Formation governing equations

" comoving coordinates

r=ax
X comoving coordinate
- - a- a3 . .
V=U+—r with u=ax u peculiar velocity field
a




Cosmological Structure Formation governing equations

" comoving coordinates

r=ax
X comoving coordinate
- - a- LT . .
V=U+—r with u=ax u peculiar velocity field
a
d peculiar potential*
|
W=0p- Eaax

*we will see below that @ is sourced by matter perturbations




Cosmological Structure Formation

governing equations

" comoving coordinates

r=ax

- - a-

V=U+—r
a

‘P=¢—la

V=1Vx

a
Jd| _Jd| a
ot Jdtl; a

— —

with wu=ax U

comoving coordinate
peculiar velocity field

peculiar potential

(x-V_) convective time derivative




Cosmological Structure Formation

governing equations

" comoving coordinates

r=ax
.. g- . L
V=uUu+—r with wu=ax
a
1 .,
Y ==®P-—adx
f=f@E0
1 N\ g=g@En
V==V, df = dg
a
0 0 a -
—| =—| ——(x-V))
otl: Jdt|; a )

[ T I AGD)] W2 AGD) I

ar ar |
@ . . P ;,t
g’:=aa+;da =Vf(’”,f)‘(adx+xda)+%<dt
da = adt =[an(;,t)]-Zl}+ d}.(vf(;’t))_l_afo(?r,t) s
t|

ST P C0) W L G200

< ox ot .

=ng(5c,t>-a+ag;x’” di
t
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Cosmological Structure Formation governing equations

. ’ .
Poisson’s equat|0n v" non-relativistic fluid

AY =47Gp

continuity equation

%+V'(p;)=0

conservation of momentum

W oy |= v - VP

ot P

adiabatic perturbations

Vp=cVp

we want to solve these equations in...
...an expanding Universe, and characterized by transformation to comoving coordinates —

...small perturbations about a homogeneous and isotropic background




Cosmological Structure Formation

governing equations

* transformation to comoving coordinates in detail...

» comoving Poisson equation

AW = 47Gp




Cosmological Structure Formation governing equations

* transformation to comoving coordinates in detail... veirlT with ek
. . . — Y= ® - —qix’
« comoving Poisson equation A ® =41Ga’(p-p)
V=1V

proof:

1 QK_X 1 )
‘I’=<I>—5aax AD=A (¥+ Ea&'zlxl )

=AX‘P+%aEzAx | x P
Y
A=A A IFP=6 =a24nGp+5aZl6

a

4 _ Y
ZG pa = 4JrGa2p + 3a(—$f)a)

2" Friedmann equation: g = —

= 4aGa*(p - p)

N

this is not the comoving density but rather the physical!

e.d.




Cosmological Structure Formation

governing equations

* transformation to comoving coordinates in detail...

« comoving Poisson equation A ® =41Ga’(p-p)

Notes:
* Friedmann equations are for the “background” p

* the comoving potential @ is responsible for the growth of perturbations

* there is no solution to Poisson’s equation in infinite space unless the source function averages to zero

e inclusion of A-term will not change result (it would be compensated by the appearance in the 2" Friedmann equation)




Cosmological Structure Formation

governing equations

* transformation to comoving coordinates in detail...

* comoving continuity equation

P,
o"t

(,ov)=0




Cosmological Structure Formation

governing equations

* transformation to comoving coordinates in detail... veirlT with ek
. . . . a 1 - Cl =® - —aqdix’
* comoving continuity equation —p+—Vx-(pu)+3—p=() o
o a a olo
proof: Jp R
LV -(pv)=0
ot
Y A
A B dp(r.t)| _ dp(x.0)| 431V oGab) )
o | o | a O
B
V- (pv)=p[V-v]+v[Vp] .
o L S o"plv_*3a_0
v=u+Zr with u=ai = oV 1+ EF+ ) [Vl — H Vel +3-p=
a \/ a a

=p[ﬁ3+V-ﬁ]+ﬁ;-Vp+;t-Vp
a a

=g3p+lpVx-;t+g}pr+l;erp
a a a a

_2(Bo+3V,0)+ 1V, (o)
a a

J

g.e.d.




Cosmological Structure Formation

governing equations

* transformation to comoving coordinates in detail...

op

* comoving continuity equation —+—V - (p;t) + 3gp =0

ot a

a

Notes:

* it contains an additional drag term due to the cosmic expansion




Cosmological Structure Formation governing equations

* transformation to comoving coordinates in detail...

. | v - - \Y
* comoving conservation of momentum —+ W V) |==-VW - P

ot 4]




Cosmological Structure Formation

governing equations

* transformation to comoving coordinates in detail...

—

. . du 1 - - a- 1 1V
* comoving conservation of momentum —+—(u'V Ju+—u=-—V ®-— L
Jt a a a a p
roof: v - _.- \Y
PLooL 07—+(V'V)V=—V‘P——p
t
—~ ——
A B C D
A 3 B
& G- @- o a~ _ - P . )
E=; —?r+5 ——(x-Vx)u (v-V)v=[(;r+u)'V](;r+u)
.2 - . _E*. P 2» Py
=a}_a_;+@ —ﬁ(;-Vx)u _(ar Vi V)(ar+u)
a o N PN B
' =—r V) (—r+u)+ W -V)(—r+u)
c | oo o a’ a o e >A+B=-C-D
VW ==V (@~ aix) (r-Vyr=r L LG Vyus L VR + (ue Vi = g.e.d.
a a a
1 1 -2 m .2 . .
=—V b-—aV x . L a - a, - a- - -
il D R (- V)r =1 =?r+;(r'V)u+;u+(u-V)u
_ L _.._’ .2_» - . . . .
—anCD @ D =a—x+ﬁ(x°Vx)u+ﬁu+(u-V)u
1 a a a /
Vp=; P




Cosmological Structure Formation governing equations

* transformation to comoving coordinates in detail...

—

: , du 1 - - a- 1 1V
* comoving conservation of momentum —u+—(u-Vx)u+ﬁu =——V O-—— L
Jt a a a a p

Notes:

*it also contains an additional drag term due to the cosmic expansion




Cosmological Structure Formation governing equations

. ’ .
Poisson’s equat|0n v" non-relativistic fluid

A ® =4aGa*(p - D)

v' comoving coordinates

continuity equation

i’;ﬂlv (pu)+3 0=0

conservation of momentum

LI i LVp
Jt a a a a p

adiabatic perturbations
V.p=cV.p

we want to solve these equations for...

...small perturbations about a homogeneous and isotropic background




Cosmological Structure Formation governing equations

. ’ .
Poisson’s equat|0n v" non-relativistic fluid

A D= 4nGa[(p _ p)]

perturbations are the source

v' comoving coordinates

continuity equation

Z)+1V (pu)+3 0=0

conservation of momentum

LI i LVp
Jt a a a a p

adiabatic perturbations
V.p=cV.p

we want to solve these equations for...

...small perturbations about a homogeneous and isotropic background




Cosmological Structure Formation governing equations

Poi , . density contrast: § = ———
oIssons equatlon p v’ non-relativistic fluid

A D= 4nGa{(p _ p)]

perturbations are the source

v' comoving coordinates

continuity equation

Z)+1V (pu)+3 0=0

conservation of momentum

LI i LVp
Jt a a a a p

adiabatic perturbations
V.p=¢V.p

we want to solve these equations for...

...small perturbations about a homogeneous and isotropic background




Cosmological Structure Formation governing equations

p—p
. ’ ) density contrast: § = ———
P°|550n > equatlon p v" non-relativistic fluid

A ® =4aGa*(p - D)

v' comoving coordinates

continuity equation

Z)+1V (pu)+3 0=0

conservation of momentum

Ju - a- 1 1V.p
—+— (u Vu+—u=
Jt a a a a p
* adiabatic perturbations .
Vip=cV.p
we want to solve these equations for... 0-p

p=p+s), =L
0

...small perturbations about a homogeneous and isotropic background  (and dropping subscript x)




Cosmological Structure Formation

governing equations

" introducing density contrast in detail...

* Poisson’s equation

A ® =4aGa*(p - D)




Cosmological Structure Formation

governing equations

" introducing density contrast in detail...

* Poisson’s equation

AD = 47Ga’pd

proot A & _ 4nGa*(p- D)
p-p= pp= 4JtGa2,55




Cosmological Structure Formation

governing equations

" introducing density contrast in detail...

* Poisson’s equation AD = 47Ga’pd

we also drop the subscript x from now on...

proot A & _ 4nGa*(p- D)
p-p= pp= 4JtGa2,55




Cosmological Structure Formation

governing equations

" introducing density contrast in detail...

* continuity equation

PLLy om+3%p=0
ot a a




Cosmological Structure Formation

governing equations

" introducing density contrast in detail...

do 1

e continuity equation —+—V - [(1+0)u]=0
ot a
dp 1 - a
- —+—=V - (pu)+3—p=0
proof: PR (pu) Pl

A B C
A B C
ap _9@(1+9) lV-(,oﬁ)=l,5v-[(1+e3)ﬁ] 39-39531+9)
ot ot a a a a

= p(1+6)+ pd

_ Y gl .

pa’ = const. =-3-p(1+d)+pd
we are interested in matter! a

(cf. FRW lecture)




Cosmological Structure Formation governing equations

" introducing density contrast in detail...

Ju - a- 1 1V
 conservation of momentum —+ — (u Vou+—u= 34
ot a a a p




Cosmological Structure Formation governing equations

" introducing density contrast in detail...

: o - a- 1 c> V6
e conservation of momentum —+— (u Viu+—u=—-—Vb-—_-—
ot a a al+d
Ju 1 IV p
. —+—(W-V )u+— u—
m ot ( ) a a a p
%_J
A
A
Vo _cVp_cV(p(+08) [1+)VP+pV(+d)] cIpv(+8) _cIpVs _ciVo
Py P P P P P 1+6

adiabatic perturbations

Vp=c’Vp




Cosmological Structure Formation

governing equations

Poisson’s equation

AD = 47Ga’pd

continuity equation

0_6+ IV [(1+(5)u] 0
ot

conservation of momentum

%+ (u V)u+ u——lVCI)—C—V—(S

ot a a a al+0

adiabatic perturbations
Vp=c:Vp

we want to solve these equations for...

...small perturbations about a homogeneous and isotropic background

v non-relativistic fluid
v' comoving coordinates
v’ perturbations




Cosmological Structure Formation

governing equations

Poisson’s equation

continuity equation

do 1

—+ — V [(1+(5)u] 0
ot

&u

AD = 47Ga’pd

conservation of momentum

1

CV(S

—+— (u V)u+ u———VCD———

Jt  a

adiabatic perturbations

a

Vp=c:Vp

we want to solve these equations for...

a

al+o

linearization §<<1,

v non-relativistic fluid
v' comoving coordinates
v’ perturbations

(

u:

\%

a

N—

<<H=—

...small perturbations about a homogeneous and isotropic background

—>




Cosmological Structure Formation governing equations

. ’ .
Poisson’s equat|0n v" non-relativistic fluid

v' comoving coordinates

AD = 4.7TGCl21[_)5 v’ perturbations

continuity equation
d0

= 1V [+ ¥u]=0

conservation of momentum

%Q}i‘z%:_lm_c_v_é

gt a a a al+%
* adiabatic perturbations
Vp=c:Vp
we want to solve these equations for... linearization §<<1 (ﬁ ' V) -
’ a iy

...small perturbations about a homogeneous and isotropic background




Cosmological Structure Formation

governing equations

Poisson’s equation

AD = 47Ga’pd
* continuity equation
90 + lV u=0
ot a

conservation of momentum

. ,
gu - tye_Sys
ot a a a

adiabatic perturbations
Vp=c:Vp

v non-relativistic fluid
v' comoving coordinates
v" small perturbations




Cosmological Structure Formation governing equations

Poisson’s equation — careful (multiple components) v non-relativistic fluid

N ?) v' comoving coordinates
AD = 47TGa2p_t0t (_L5 + _p_Xé‘X + io_yé‘y + ... ) v’ small perturbations

Ptot Ptot Ptot

continuity equation

a—6+1V-;t=0
ot a

conservation of momentum

. ,
U dnetye_Svs
ot a a a

adiabatic perturbations
Vp=c:Vp




Cosmological Structure Formation

governing equations

Poisson’s equation — careful (multiple components)

ACD —_ 4”Ga2p_t0t (

continuity equation

P

Pt

conservation of momentum

adiabatic perturbations

ou a-

—t+—U=——

ot a

Vp=c:Vp

Px

Ptot

1

a

Py

Sx + ——68y + -

Ptot

2
ch-c—svcs>
a

v non-relativistic fluid

v' comoving coordinates
) v" small perturbations

these equations remain
individually
for the
decoupled component
of interest!




Cosmological Structure Formation

governing equations

the coupling between different component
is primarily via gravity

* Poisson’s equgtiom— careful (multiple components)

AD = 411G a P Px Pr

Ptot Ptot

* continuity equation

e conservation of momentum

u a- 1 2 NP
o o lyp_Svs
Jdt  a a a
* adiabatic perturbations
Vp=c:Vp

v non-relativistic fluid
v' comoving coordinates
v" small perturbations

)

these equations remain
individually
for the
decoupled component
of interest!




Cosmological Structure Formation governing equations

* Poisson’s equation — careful (multiple components) v non-relativistic fluid
2) 2 2) v' comoving coordinates
— 2 = L p_X ’O_Y v" small perturbations
AP =41tGa Ptot \ = 5"‘ — 6x+ — 6y+
Pt Ptot Ptot
* continuity equation
0 1 - )
v -V-u
o  a
 conservation of momentum
- . o) these equations remain
Ju a- 1 C, 5 > for the
—+t—U=—— V(I) - T V decoupled component
ot a a a of interest!
* adiabatic perturbations
Vp=c:Vp
J

the only quantity common to all possible components is the grav. potential!




Cosmological Structure Formation

governing equations

decoupled matter well inside the horizon

KPoisson’s equation

AD = 47Ga’pd
* continuity equation
90 + lV u=0
ot a

e conservation of momentum

. ,
gu - tye_Sys
ot a a a

* adiabatic perturbations

\\ Vp=c:Vp

/

v non-relativistic fluid
v' comoving coordinates
v" small perturbations




Cosmological Structure Formation governing equations

decoupled matter well inside the horizon

. ) .
KPOISSOI’] S equat|on \ v" non-relativistic fluid

v' comoving coordinates

AD = 4.7TGClzpé v" small perturbations
* continuity equation
o 1_ -
—+—-V-u=0
ot a

e conservation of momentum

. ,
gu - tye_Sys
ot a a a

* adiabatic perturbations
\\ Vp=c:Vp /

combine and eliminate u, Vp, and @




Cosmological Structure Formation governing equations

= combination in detail...

o 1 -
continuity equation: O = — + _V 7
ot a
Ju a- 1 °

momentum equation: O = —F—U+ — V(I) + C—S Vé
Jt  a a a




Cosmological Structure Formation

governing equations

= combination in detail...

A=0= a—5+lvﬁ
ot a
1

B=0-2% 7, L yp,ys

Jt a a

2

a

0=

JdA

~ __V-B

ot

1
a




Cosmological Structure Formation

governing equations

= combination in detail...

aH 1_ -
A=0= 0')_+ —V-u
[ a ﬁA 1
ou a- 1 c? r o a
B=0=—+—u+— VCI)+—V6
ot a a a
_ 2
9A _ _(07_5+1V u) lypoly [, a0 190, Svs
o o\t a a a Jt  a a a
2 N 2
_d_a_ﬁv u+l£V'u =l iV-u+ﬁV°u+lA<I>+C—SA5
o> a’ a ot ) < al\ ot a a a
continuity equation
36 add 1d_ - 2
=—+——+—V-u L iVu a&—(S lA(I)+C—SA<S
ot aodt aot al ot Jt a a




Cosmological Structure Formation

governing equations

= combination in detail...

aH 1_ -
A=0= 0')_+ —V-u
[ a 0A 1
O é)___VB ' >
ou a- 1 c? r o a
B=0="2 440+ Vo+5V5
ot a a a
_ 2
9A _ _(07_5+1V u) lypoly [, a0 190, Svs
o o\t a a a Jt  a a a
2 e 2
_d_a_ﬁv u.l_liv.;, =l iV-u+ﬁV°u+lA<I>+C—SA5
o> a’ a ot ) < al\ ot a a a
continuity equation
36 add 1d_ - 2
=— 49, 2%V u L iVu a&—(S lA(I)+C—SA<S
ot aodt aot al\ dt Jt a a




Cosmological Structure Formation governing equations

= evolution of density contrast o(x, ?)

v non-relativistic fluid

2 v' comoving coordinates
07 5 2 ﬁ 0’)_5 _ 4]'L'Gp5 _— A(S O v" small density contrast

&t a ot a’

* valid for arbitrary cosmologies
* valid for collisionless (c,= 0) and collisional matter (c, != 0)

» cosmological expansion acts as damping term




Cosmological Structure Formation governing equations

= evolution of density contrast o(x, ?)

v non-relativistic fluid

2 v' comoving coordinates
07 5 2 ﬁ 0’)_5 _ 4]'L'Gp5 _— A(S O v" small density contrast

&t a ot a’

* valid for arbitrary cosmologies
* valid for collisionless (c,= 0) and collisional matter (c, != 0)

» cosmological expansion acts as damping term

— describes matter perturbations well inside the Hubble radius!




Cosmological Structure Formation governing equations

= evolution of density contrast o(x, ?)

v non-relativistic fluid

2 v' comoving coordinates
07 5 2 ﬁ 0’)_5 _ 4]'L'Gp5 _— A(S O v" small density contrast

&t a ot a’

* valid for arbitrary cosmologies
* valid for collisionless (c,= 0) and collisional matter (c, != 0)

» cosmological expansion acts as damping term

— describes matter perturbations well inside the Hubble radius!

—> additional components enter only into 4tG-term!*

*this equation describes the evolution of the perturbations of a single, specific component
which nevertheless could be coupled gravitationally to other components...




Cosmological Structure Formation

" governing equations

= growth of matter perturbations

" statistics of perturbations

" non-linear structure formation




Cosmological Structure Formation matter perturbations

= evolution of density contrast o(x, ?)

2 . 2
fig+2ﬁ§§-4nGpé-5%A5=o
ot a ot a

* valid for arbitrary cosmologies
* valid for collisionless (c,= 0) and collisional matter (c, != 0)

» cosmological expansion acts as damping term

» Ansatz for solution J(x, t): decomposition™ into waves
8(X,1)= ) 8,(1) "
k

*we are dealing with a linear equation...




Cosmological Structure Formation matter perturbations

= evolution of density contrast o(x, ?)

2 . 2
a—?+2ﬁ&—5—4nGﬁ5—c—§A6=O
ot a ot a

* valid for arbitrary cosmologies
* valid for collisionless (c,= 0) and collisional matter (c, != 0)

» cosmological expansion acts as damping term

* Ansatz for solution O(x, ?): single wave

S(%,1)=8,(t) &*"




Cosmological Structure Formation matter perturbations

= evolution of density contrast o(x, ?)
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* valid for arbitrary cosmologies
* valid for collisionless (c,= 0) and collisional matter (c, != 0)

» cosmological expansion acts as damping term

" Ansatz for solution O(x, ?): single wave

S(%,1)=8,(t) &*"

AS = —k*S




Cosmological Structure Formation matter perturbations

S(%,t) = 8,(r) €™

= evolution of density contrast 0,(¢)

5 : 2
J 5k +2ﬁé)_(51‘+(c_sk2 —4.7TG,5)5k =0
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* valid for arbitrary cosmologies
* valid for collisionless (c,= 0) and collisional matter (c, != 0)

» cosmological expansion acts as damping term




Cosmological Structure Formation matter perturbations

S(%,t) = 8,(r) €™

= evolution of density contrast 0,(¢)

525 a do, c’ o, _
+2— k4| 2k -4aGp |5, =0
ot* a ot (a2 ,0) ‘

* valid for arbitrary cosmologies
* valid for collisionless (c,= 0) and collisional matter (c, != 0)

» cosmological expansion acts as damping term

- d 2)c(t) dx(t)

. + kX( ) 0 damped harmonic oscillator
dt dt




Cosmological Structure Formation matter perturbations

S(%,t) = 8,(r) €™

= evolution of density contrast 0,(¢)

3°8, .add, |(c , _
+2——k 4| 2 k" -47Gp |6, =0
ot a ot a’ P )%

* valid for arbitrary cosmolagies
* valid for collisionless (c,= () and collisional matter (c, != 0)

» cosmological expansion acts\as damping term

we need to solve this
for every wave (as characterized by its individual k) separately...




Cosmological Structure Formation matter perturbations

S(%,t) = 8,(r) €™

= evolution of density contrast 0,(¢)

3°8, .add, |(c , _
+2——k 4| 2 k" -47Gp |6, =0
ot a ot a’ P )%

* valid for arbitrary cosmologies
* valid for collisionless (c,= 0) and collisional matter (c, != 0)
» cosmological expansion acts as damping term

*‘()‘ reflects balance between pressure support™ and gravity

*note, we allowed for baryonic matter/pressure gradients...




Cosmological Structure Formation matter perturbations

S(%,t) = 8,(r) €™

= evolution of density contrast 0,(¢)

3°8, .add, |(c , _
+2——k 4| 2 k" -47Gp |6, =0
ot a ot a’ P ]

* valid for arbitrary cosmologies
* valid for collisionless (c,= 0) and collisional matter (c, != 0)
» cosmological expansion acts as damping term

* ‘()" reflects balance between pressure support and gravity

k> 4xGp o o

— <—F => )’ <0 => gravitational collapse

a c.

K 4nGp N - . | .

— > => %) >0 => oscillations (w/ decreasing amplitude due to damping term)

a c

N




Cosmological Structure Formation matter perturbations

S(%,t) = 8,(r) €™

= evolution of density contrast 0,(¢)

3°8, .add, |(c , _
+2——k 4| 2 k" -47Gp |6, =0
ot a ot a’ P ]

* valid for arbitrary cosmologies
* valid for collisionless (c,= 0) and collisional matter (c, != 0)
» cosmological expansion acts as damping term

* ‘()" reflects balance between pressure support and gravity

k> 4xGp
— < —2p => )’ <0 => gravitational collapse
a c.
k* _4aGp gy e . . .
? > c—2 => %) >0 => oscillations (w/ decreasing amplitude due to damping term)
3
. T A (A, —
" Jeans limits: A =c, |— M, =—|=L|p _27a
J K Gp J.w 3 2 w k = T




Cosmological Structure Formation matter perturbations

S(%,t) = 8,(r) €™

= evolution of density contrast 0,(¢)

3°8, .add, |(c , _
+2——k 4| 2 k" -47Gp |6, =0
ot a ot a’ P )%

* valid for arbitrary cosmologies
* valid for collisionless (c,= 0) and collisional matter (c, != 0)
» cosmological expansion acts as damping term

* ‘()" reflects balance between pressure support and gravity

k> 4nGp
? < JZ—ZGP => %) <0 => gravitational collapse
k> _4nGp N N _ | |
? > 6—2 => ) >0 => oscillations (w/ decreasing amplitude due to damping term)
3
- 7T A (A =
" Jeans limits: A =c, |— M, =—|-|p, L
Gp "3\ 2 / e

Jeans length depends on all gravitating components Jeans mass defined for certain component




Cosmological Structure Formation matter perturbations

—

6(X,1)=0,(1) e""

= evolution of density contrast 0,(¢)

5 : 2
J (Sk +220’)_6k+(c_sk2 —4.7'[7Gﬁ)5k =0

ot* a ot a’

~0) |

)

* valid for arbitrary cosmologies

o valid fou ——u- : nent IS dark matter (L\e; Cy
- on-relativistic COMPO
\\dommaﬂt n —=~arexpansion acts as damping term

* ‘() reflects balance betwq  Atoms Dark
4.6%
K> AnGp ' Energy
< o <o 71.4%
a C ’
o Dark
k_2 > 4”?'0 => >0 [ Matter
a Cs 24%
" Jeans limits: A =c, l_ M,
Gp




Cosmological Structure Formation

matter perturbations

= evolution of density contrast o(¢) for dark matter
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Cosmological Structure Formation

matter perturbations

= evolution of density contrast o(¢) for dark matter

98

a do

2028 % 4nGps=0

ot*

a ot

¢

-’ 2 no oscillations!




Cosmological Structure Formation

matter perturbations

= evolution of density contrast o(¢) for dark matter

98

a do

2028 %  4nGps=0

ot*

other formulations possible

a ot




Cosmological Structure Formation matter perturbations

= evolution of density contrast o(¢) for dark matter

2 .
&—f+2ﬁ‘9_‘3-4n(},55 =0
ot a ot
l 4aGp =47GRQ p. . =47GQ ;’:; = %QmHz
2
‘9_25+2H5'_5-§QmH25=0
ot Jr 2

other formulations possible




Cosmological Structure Formation

matter perturbations

= evolution of density contrast o(¢) for dark matter

2
990,299 _472Gp5=0

o”t a ot

\l/ 4'77:Gﬁ = 4ﬂGQmpcrit =

2
g0 2Ha—5—§£2 H*6=0

ot Jt 2
l t =t(a)
0 ) 26

3
a? Y 2+a(2—q)——§Q 6=0

other formulations possible

3H*
8a1G

3

2

m

2




Cosmological Structure Formation

matter perturbations

= evolution of density contrast o(¢) for dark matter

2
990,299 _472Gp5=0

o”t a ot

\l/ 4'77:Gﬁ = 4ﬂGQmpcrit =

2
g0 2Ha—5—§£2 H*6=0

ot Jt 2
l t =t(a)
0 ) 26

3
a? Y 2+a(2—q)——§Q 6=0

other formulations possible:

the choice is yours....

3H*
8a1G

3

2

m

2




Cosmological Structure Formation

matter perturbations

= evolution of density contrast o(¢) for dark matter

2 .
&—?+2ﬁ&—5—4nGﬁ5=0
ot a ot

solutions:

d(a) SQ H fa 1 d

a) = — — a
2 m,OHO . ( £)3
aH0

S(a) = 57619'” (a)[Qf;” (a)-Q,(a)+ (1 +

Q,(a)

m

2

I+

exact solution

-1

approx. solution

QA(a))
70




Cosmological Structure Formation matter perturbations

= evolution of density contrast o(¢) for dark matter

2 .
&—f+2ﬁ‘9_‘3-4n(},55 =0
ot a ot
solutions:
6(a) > O " f Tl d luti
_ - - t solut
a ) m,0 Ho . i 3 d exact solution
(a HO)
-1
o(a) = %Qm (a)[Qf;” (a)-Q,(a)+ (1 + sz(a))(l + Q;éa)) approx. solution

" there are various ways to characterize/quantify the growth of perturbations, e.g.

» growth factor g=0/a

* logarithmic growth rate f=dInd/dlna




Cosmological Structure Formation matter perturbations

= evolution of density contrast o(¢) for dark matter

2 .
&—f+2ﬁ‘y_5-4n(;,55=0
ot a ot

Q =109, =0.0
. . O m,0 " 77A0
SO|UtlonS' 0.9H Qm’0=1.0, QA’0=0.O (exact)
o Qm10=0.3, QA’0=0.7
0.8H Qm‘0=0.3, QA,0=O'7 (exact)
Qm‘0=0.3, QA’0=0.0
0.7 Qm’0=0.3, QA’0=0.0 (exact)
0.6
“«© 05r
0.4
0.3r-
0.2
0.1
2}
0(7} l l l l l l l l l J
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1




Cosmological Structure Formation matter perturbations

= evolution of density contrast o(¢) for dark matter

2 .
&—f+2ﬁ‘y_5-4n(;,55=0
ot a ot

Q =1.0,Q, =0.0
. . O m,0 " 77A0
SO|UtlonS' 0.9k Qm’0=1.0, QA’0=0.O (exact)
o Qm10=0.3, QA’0=0.7
0.8H Q. 0=0.3, Q 0=O.7 (exact)
Qm,0=0.3, QA’0=0.0
0.7 Qm’0=0.3, QA’0=O.O (exact)
0.6
QO 05r-
0.4
0.3r-
0.2

early evolution independent 0.1
of cosmological model

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1




Cosmological Structure Formation matter perturbations

= evolution of density contrast o(¢) for dark matter

2 .
&—f+2ﬁ‘y_5-4n(;,55=0
ot a ot

Q =1.0,Q, =0.0
. . O m,0 " 77A0
SO|UtlonS' 0.9k Qm’0=1.0, QA’0=0.O (exact)
o Qm10=0.3, QA’0=0.7
0.8H Q. 0=0.3, Q 0=O.7 (exact)
Qm,0=0.3, QA’0=0.0
0.7 Qm’0=0.3, QA’0=O.O (exact)
0.6
“«© 05r
0.4

03fF. . .
matter-radiation equality

0.2H

early evolution independent 0.1
of cosmological model

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1




Cosmological Structure Formation

matter perturbations

= evolution of density contrast o(¢) for dark matter

2 .
&—f+2ﬁ‘y_5-4n(;,55=0
ot a ot

Q =1.0,Q, =0.0
. . O m,0 * A0
SO|UtlonS' 0.9k Qm’0=1.0, QA’0=0.O (exact)
o Qm10=0.3, QA’0=0.7
0.8H Q. 0=0.3, Q 0=O.7 (exact)
Qm,0=0.3, QA’0=0.0
0.7 Qm’0=0.3, QA’0=O.O (exact)
0.6
“«© 05r
z=
0.4

0.2f
)
early evolution independent 0.1f;
of cosmological model v
| | | | | | | | | |
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Cosmological Structure Formation

matter perturbations

= evolution of density contrast o(¢) for dark matter during matter domination
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Cosmological Structure Formation matter perturbations

= evolution of density contrast o(¢) for dark matter during matter domination

9°6 lapd ]
—+2A——-4nGp9 =0
ot a ot
matter domination: @
Q,=1 solution for a(¢): @
4nGﬁ=%

——




Cosmological Structure Formation matter perturbations

= evolution of density contrast o(¢) for dark matter during matter domination

2 .
&—?+2ﬁ&—5—4nGﬁ5=0
ot a ot

matter domination:
2

3t

Q|

Q,=1 solution for a(¢):
2

3¢?

4nGp =

v

0’0 495 2

+ -—0=0
ot* 3t ot 3t




Cosmological Structure Formation matter perturbations

= evolution of density contrast o(¢) for dark matter during matter domination

2 :
&_?+2ga—5—4er,55 =0
ot a ot

matter domination:
“a_2
Q,=1 solution for a(?): a 3t
4nGﬁ=%
3’6 4 96 9)

O=0 Ansatzz. 6 =Ct"
5=nCt""
6 =n(n-1)Ct"?

+ —
o> 3t dt 3t




Cosmological Structure Formation matter perturbations

= evolution of density contrast o(¢) for dark matter during matter domination

2 :
&_?+2ga—5—4er,55 =0
ot a ot

matter domination:
“a_2
Q,=1 solution for a(?): a 3t
4nGﬁ=%
3’6 4 96 9)

+ -—0=0
ot* 3t ot 3t

d=Ct"
§=nCt"!
S=n(n-nC"?

2/3 -1
(S = Clt + C2t (growing mode + decaying mode)




Cosmological Structure Formation matter perturbations

= evolution of density contrast o(¢) for dark matter during matter domination

2 :
&_?+2ga—5—4er,55 =0
ot a ot

matter domination:
“a_2
Q,=1 solution for a(?): a 3t
4nGﬁ=%
3’6 4 96 9)

+ -—0=0
ot* 3t ot 3t

d=Ct"
§=nCt"!
S=n(n-nC"?

2/3 -1
5 = Clt + C2t (growing mode + decaying mode)

' - consider growing mode only...
6 & a" - remember a ~ 23 (for =1, cf. FRW lecture)




Cosmological Structure Formation matter perturbations

= evolution of density contrast o(¢) for dark matter during matter domination

o) .
&—?+2ﬁ&—5—4nGﬁ5=0
ot a ot

o Qm10=1.0, QM:O.O
Qm,0=1 .0, QA,0:0'0 (exact)

o meozo.s, QA,0:0'7
meozo.s, QA,0:0'7 (exact)

Qm10=0.3, QA,():O'O
QmYO:O.S, QA,0:0'0 (exact)

0.9

0.8

0.7

0.6

0.4

a of matter domination

Perturbations grow
he scale factor

0.3

in the (early) er

dark matter
rtional to t

0.2

' - consider growing mode only...
6 & a" - remember a ~ 23 (for =1, cf. FRW lecture)
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" dark matter perturbations — during all epochs
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matter perturbations

" dark matter perturbations — during all epochs

radiation domination matter domination A domination
DM y
tdec teq tdec t/\

(time axis not to scale!)




Cosmological Structure Formation

matter perturbations

" dark matter perturbations — during all epochs

radiation domination

matter domination A domination

— DM perturbations grow

DM
tdec

— baryonic perturbgtions free to grow —

teq tgec t/\

(time axis not to scale!)




Cosmological Structure Formation matter perturbations

" dark matter perturbations — during all epochs

radiation domination matter domination A domination
Thermal History lecture: FRWV lecture: "
Q Q 3 1-Q
1+, =£m0 _24000 @, =2 220 (14 Vo g, = |20
pr,O g2A S‘-2A,0 m,0
Zeq ~ 3500 7z, =03
. . . >
— DM perturbations grow — baryonic perturbgtions free to grow —
DM y
tdec teq tdec t/\

(time axis not to scale!)




Cosmological Structure Formation

matter perturbations

" dark matter perturbations — during all epochs

radiation domination

matter domination

0, (a)xa

A domination

— DM perturbations grow

DM
tdec

14
teq tdec
z,, ~ 3500

— baryonic perturbgtions free to grow —

(time axis not to scale!)




Cosmological Structure Formation

matter perturbations

" dark matter perturbations — during all epochs

radiation domination

gt a ot D

2
70 1294 %0 4z Gp(p_m 5, +226,

0

-

matter domination

0, (a)xa

A domination

— DM perturbations grow

DM
tdec

tdec

z,, ~ 3500

— baryonic perturbgtions free to grow —

(time axis not to scale!)




Cosmological Structure Formation matter perturbations

" dark matter perturbations — during all epochs

radiation domination matter domination A domination
78, . add _(p D 0 (a)xa
0 2850 _anGp(Peg, i Bes )0 | N
4 a ot
N P Y
we are interested in (dark!) matter perturbations...
...but potential perturbations
are sourced by all components!
5=Lus +Ls
Y 1Y
. , , >
— DM perturbations grow — baryonic perturbgtions free to grow —
DM y
tdec teq tdec t/\

Zeq ~ 3500 Iy = 0.3 (time axis not to scale!)




Cosmological Structure Formation

matter perturbations

" dark matter perturbations — during all epochs

radiation domination

3’8, . add

ot? t

we are interested in (dark!) matter perturbations...

remember:

ACD = 477:Ga2p_tot (

...but potential perturbations
are sourced by all components!

p

Ptot

+2——2-47Gp
a

N

0

(p__mam+%5r

0

)jo

5=Lus (P s

6+

0
Px

Ptot

Ox +

0
Py

Ptot

i)

matter domination

0, (a)xa

A domination

DM
tdec

— DM perturbations grow

— baryonic perturbgtions free to grow —

teq tgec t/\

z,, ~ 3500

(time axis not to scale!)




Cosmological Structure Formation matter perturbations

" dark matter perturbations — during all epochs

radiation domination matter domination A domination
2 O (a)xa
70 4294 %0 _47Gp(Pug, +Prs |- n(4)
ot a ot o o

0,~0 (they oscillate¥)

. . . >
— DM perturbations grow — baryonic perturbgtions free to grow —
DM
tdec t tdec t/\

*proof requires GR calculations Zeq = 3500 7, =03 (time axis not to scale!)




Cosmological Structure Formation matter perturbations

" dark matter perturbations — during all epochs

radiation domination matter domination A domination
2 0, (a)xa
70 4294 %0 _47Gp(Pug, +Prs |- n(4)
ot a ot o o
5,~0 (they oscillate) why don’t we have 6, =4/3 9,?
, , : >
— DM perturbations grow — baryonic perturbgtions free to grow —
DM
tdec t tdec t/\

Zeq = 3500 Iy = 0.3 (time axis not to scale!)




Cosmological Structure Formation matter perturbations

" dark matter perturbations — during all epochs

radiation domination matter domination A domination
625m adod,y, _
5.2 + ZEW — 4G Py 6y = 0 6m (a) X a

0.~ 0 (they oscillate)

, , , >
— DM perturbations grow — baryonic perturbgtions free to grow —
DM 4
tdec teq tdec t/\

Zeq ~ 3500 Iy = 0.3 (time axis not to scale!)
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matter perturbations

" dark matter perturbations — during all epochs

radiation domination

926,
dat2

(06, i
+ ZEW — 4GP0, = 0

0.~ 0 (they oscillate)

3 /a\?
4”Gf’r=§(a>

8nGp,
r = 3H2 =

matter domination

0, (a)xa

A domination

— DM perturbations grow
DM

— baryonic perturbgtions free to grow —

Y
tdec teq tdec t/\

z,, ~ 3500

(time axis not to scale!)
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matter perturbations

" dark matter perturbations — during all epochs

radiation domination

0268, add,
2—— —4nGpypby, =0
gz " “aar | TPmom
0.~ 0 (they oscillate)

_ 3@\
4G Py K 4G, = > (5)

matter domination

0, (a)xa

A domination

— DM perturbations grow
DM

— baryonic perturbgtions free to grow —

Y
tdec teq tdec t/\

z,, ~ 3500

(time axis not to scale!)




Cosmological Structure Formation matter perturbations

" dark matter perturbations — during all epochs

radiation domination matter domination A domination
625m adod,y, _
5.2 + ZEW — 4G Py 6y = 0 6m (a) X a

0.~ 0 (they oscillate)

- _ 3l/aNf
4nQp,, KPrGp, = E[(E)

, , , >
— DM perturbations grow — baryonic perturbgtions free to grow —
DM 4
tdec teq tdec t/\

Zeq ~ 3500 Iy = 0.3 (time axis not to scale!)
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matter perturbations

" dark matter perturbations — during all epochs

radiation domination

925, lg(sm )
dominates

5.%0

can be ignored
(they oscillate)

- _ 3l/aNf
APy KPnGp, = Ek&)

matter domination

0, (a)xa

A domination

— DM perturbations grow
DM

— baryonic perturbgtions free to grow —

Y
tdec teq tdec t/\

z,, ~ 3500

(time axis not to scale!)
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matter perturbations

" dark matter perturbations — during all epochs

radiation domination

028, _add,
dat2

at

_ _ 3y/a
4G Py K 4G, = > (—
2
1
J 52’" L1390, o
ot t ot

+ 2= — 4GP by,

=0

0.~ 0 (they oscillate)

A

2

matter domination

0, (a)xa

A domination

— DM perturbations grow

DM
tdec

14
teq tdec
z,, ~ 3500

— baryonic perturbgtions free to grow —

(time axis not to scale!)
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matter perturbations

" dark matter perturbations — during all epochs

radiation domination

matter domination

A domination

0268, addy, _
5.2 +ZEW—4T[Gpm5m =0 5m(a)06a
0.~ 0 (they oscillate)
_ _ 3/a\
4G Py K 4G, = > (5)
3%, 135,
- ~ ()
ot t ot
W0, y=9%
\L a1 T Ty
0, (a) xIn(z)
, , : >
— DM perturbations grow — baryonic perturbgtions free to grow —
DM y
tdec teq tdec t/\
Zeq ~ 3500 Iy = 0.3 (time axis not to scale!)
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matter perturbations

" dark matter perturbations — during all epochs

radiation domination

928,  addy

7t 2= = ATG fp Sy = 0

ot
0.~ 0 (they oscillate)

_ 3@\
4G Py K 4G, = > (5)

3%, 135,
2y T
ot t ot

07_y+1y— y—%
gt t ’ ot

0, (a) «In(t) o In(a)

~0

a < t12 (cf. FRW lecture)

matter domination

0, (a)xa

A domination

— DM perturbations grow

DM
tdec

14
teq tdec t/\
z,, ~ 3500 2y =03

>
— baryonic perturbgtions free to grow —

(time axis not to scale!)
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" dark matter perturbations — during all epochs

radiation domination matter domination A domination
0, (a) o In(a) 0, (a)xa
, , : >
— DM perturbations grow — baryonic perturbgtions free to grow —
DM y
tdec teq tdec t/\

Zeq ~ 3500 Iy = 0.3 (time axis not to scale!)




Cosmological Structure Formation matter perturbations

" dark matter perturbations — during all epochs

radiation domination matter domination A domination
0, (a) o In(a) 0, (a)xa
Aenter Xq
I aa Meszaros effect:

—0,, outside horizon grows like a2

—0y, inside horizon grows like In(a)

aa?
log(a)
, , , >
— DM perturbations grow — baryonic perturbgtions free to grow —
DM 4
tdec teq tdec t/\

Zeq ~ 3500 Iy = 0.3 (time axis not to scale!)




Cosmological Structure Formation matter perturbations

" dark matter perturbations — during all epochs

radiation domination matter domination A domination
0, (a) o In(a) 0, (a)xa
, , : >
— DM perturbations grow — baryonic perturbgtions free to grow —
DM y
tdec teq tdec t/\

Zeq ~ 3500 Iy = 0.3 (time axis not to scale!)
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" dark matter perturbations — during all epochs

radiation domination matter domination A domination
926 aado
o oC m m _ .
6m (a) ln(a) 6m (Cl) a 9c2 + Za—at — 47'[Gpm6m =0

op =0 (afaswk)

, , , >
— DM perturbations grow — baryonic perturbgtions free to grow —
DM 4
tdec teq tdec t/\

Zeq ~ 3500 Iy = 0.3 (time axis not to scale!)
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" dark matter perturbations — during all epochs

radiation domination

0, (a) o In(a)

matter domination A domination

326 )
d,(a)xa at;”+2—47mzo
dominates  can be ignored

op =0 (afask)

3 ra\?
ATG Py K ATTG P = > (a)

— DM perturbations grow

DM
tdec

— baryonic perturbgtions free to grow —

teq tgec tl\
Zeq = 3500 Iy = 0.3 (time axis not to scale!)
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" dark matter perturbations — during all epochs

radiation domination

0, (a) o In(a)

matter domination

0, (a)xa

A domination

326, adon,
oz Tfaar Y
op =0 (afask)
_ 3@\
ATG Py K ATTG P = > (E)
a o et (cf. FRW lecture)
2

4 52’" +2H, 9o ~0
ot ot

— DM perturbations grow

DM
tdec

14
teq tdec
z,, ~ 3500

— baryonic perturbgtions free to grow —

(time axis not to scale!)
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" dark matter perturbations — during all epochs

radiation domination matter domination A domination
2 .
8,,(a) = In(a) 8,(a)xa 9 0m | 54%%m _
at? a Ot
op =0 (afask)
_ 3@\
ATG Py K ATTG P = > (E)
a o et (cf. FRW lecture)
2
4 52’" +2H, 90 _ 0
ot ot
ay lo)
Dy oHy=0, y=2%
PP F? l
S (a)xa”
, , : >
— DM perturbations grow — baryonic perturbgtions free to grow —
DM y
tdec teq tdec t/\

Zeq ~ 3500 Iy = 0.3 (time axis not to scale!)
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" dark matter perturbations — during all epochs

radiation domination matter domination A domination
-2
0, (a) o In(a) 0, (a)xa 0, (a)xa
, , : >
— DM perturbations grow — baryonic perturbgtions free to grow —
DM y
tdec teq tdec t/\

Zeq ~ 3500 Iy = 0.3 (time axis not to scale!)




Cosmological Structure Formation

matter perturbations

" dark matter perturbations — during all epochs

radiation domination

0, (a) o In(a)

matter domination

0, (a)xa

A domination

S (a)xa”

wthat about baryens?

>
— DM perturbations grow — baryonic perturbgtions free to grow —
DM y
tdec teq tdec tl\
Zeq = 3500 Iy = 0.3 (time axis not to scale!)




Cosmological Structure Formation

matter perturbations

" dark matter perturbations — during all epochs

radiation domination

0, (a) o In(a)

adiabatic perturbations

0

5bz

O

matter domination

0, (a)xa

A domination

S (a)xa”

— DM perturbations grow

DM
tdec

— baryonic perturbgtions free to grow —

14
eq tdec
z,, ~ 3500

(time axis not to scale!)




Cosmological Structure Formation matter perturbations

" dark matter perturbations — during all epochs

radiation domination matter domination A domination
-2
0, (a) o In(a) 0, (a)xa 0, (a)xa
adiabatic perturbations coupling to J,, via gravity
3l a
~ — __ dec
, . , >
— DM perturbations grow — baryonic perturbgtions free to grow —
DM 4
tdec teq tdec t/\

Zeq ~ 3500 Iy = 0.3 (time axis not to scale!)
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matter perturbations

radiation domination

0, (a) o In(a)

" dark matter perturbations — during all epochs

~

— DM perturbations grow

DM
tdec

matter domination A domination
-2
0, (a)xa 0,(a)xa
adec a>>a
5,(a)=08 [1-%ad|  _ema 5
a
— baryonic perturbgtions free to grow — catching up with o,

14
teq tdec

N J

Z,, ~ 3500

Ip = 0.3 (time axis not to scale!)




Cosmological Structure Formation

matter perturbations

" matter perturbations:

9’6, ,ads, (c ., _
at2k+ - &tk+ azk -471Gp |6, =0

density perturbations

103

102

10

10*
103
102

10

101

1072

~

7, ~3500  z,. ~1200
[T ||||||| T ||||||| T ||||||| TTT |||| T T ||||||| T TTTTTIT T TTTTIT]
.k =0.01Mpc™* d
s baryons E
1 - |
- — photons |
%I ||||||| T ||||||| T ||||||| T TTYTIT T T ||||||| T ||||||| T TTT ;
E k=1.0Mpc™? a
- E
C CD ]
3 3
é— baryons —é.
3 E
- E
- photons 3
Elllllll 1 1 IIIIII| 1 1 IIIIII| 11 III| 1 1 IIIIIII Lol 111111

10°° 10° 10* 107 107* 10!
(1+2)7" -




Cosmological Structure Formation

matter perturbations

" Jeans Mass analysis — epochs & components:

3
7T 4x (A, (a)\ —
A (@)= c,(a), |— M,,W<a>=—(f—) p,(a)
Gp(a) 3 2
radiation domination matter domination
p=~p, xa” p=p,xa”
MSPY = const. MSPY o g™
c,~0,%xa’ c,~0,xa’
M) xad’ M" = const. M) =~a?"?
-1/2
Cc, = L(1+%) 4 12 12
c, = L / \/g (Spr e Cc L P, e a—1/2 c, x —SkT o' a_l
\/§ \/g 3pb 2mp
o6p, 3dp, -2
-2t (7=a”) R
— DM perturbations grow — baryonic perturbations free to grow

DM
tdec

Z—V

dec

(time axis not to scale!)




Cosmological Structure Formation

" governing equations

" srowth of matter perturbations

= statistics of perturbations

" non-linear structure formation




Cosmological Structure Formation statistics of perturbations

= evolution of density contrast 0,(¢)

3’0 _a I _
— 42— A4aGpd=0 = o(x,t)=0,(t)e""
ot a ot P (%.1)=0,0)




Cosmological Structure Formation statistics of perturbations

* decomposition of (x,f) into waves

3’8 ., add _
422" -4aGpS=0 = S5(x,t)= ) 5.(1) ™
o’ a it P (%) 2 ()

long wavelength

short wavelength,
large amplitude

short wavelength, \/\/\/\/
small amplitude




Cosmological Structure Formation statistics of perturbations

* decomposition of (x,f) into waves

9*°6 . add _ . .
— +2———4aGpo=0 = o(x,t)= > 0.(t) e"”
ot° a ot P (%) 2 ()




Cosmological Structure Formation statistics of perturbations

* decomposition of (x,f) into waves

0 . add _ . .
42— 4aGpd=0 = o(x,t)= > 0.(t) e"”
o> a ot P ( ) 2 ()




Cosmological Structure Formation statistics of perturbations

* decomposition of (x,f) into waves

0 . add _ . .
42— 4aGpd=0 = o(x,t)= > 0.(t) e"”
o> a ot P ( ) 2 ()




Cosmological Structure Formation

statistics of perturbations

* decomposition of J(x,?) into waves:

* perturbation equation is linear

* first moment

(3(2.)) =0

5(%.1)= ) 8:(1) "
k

=>  §.(r) grow independently




Cosmological Structure Formation

statistics of perturbations

* decomposition of J(x,?) into waves:

* perturbation equation is linear

* first moment
(3(2.0) 0

* higher order moments:

5(%.1)= ) 8:(1) "
k

=>

5];(t) grow independently




Cosmological Structure Formation statistics of perturbations

* decomposition of J(x,?) into waves: 5(55,t) _ 2512 (t) e,-;;.x
k

* perturbation equation is linear => () grow independently
* first moment

(8(%.1))=0 =>  (6,(1))=0. &,(1)=6,(7)
* higher order moments:

52 - <5(5él’t) (iz’t)> homogeneity & isotropy

E, = (0(%,.1)8(%,.1)0(%,.1)) =>

>

Jre
Il
S
(@)
—~
Rat.
-
N—
(o)
—~
=1

[\)
\.N
~—
o)
—~
=

(0%)
\.N
S~
o)
—~
=1
N
\.N
~~—
~—




Cosmological Structure Formation statistics of perturbations

* decomposition of J(x,?) into waves: 5(55,t) _ qu (t) ei/z.x
k

* perturbation equation is linear => () grow independently
* first moment

(8(%.1))=0 =>  (6,(1))=0. &,(1)=6,(7)
* two-point correlation function (2™ moment)

(X +dX)

= npair _
)= )

nrandom




Cosmological Structure Formation statistics of perturbations

5(%.1)= ) 8:(1) "
k

* decomposition of J(x,?) into waves:

* perturbation equation is linear => () grow independently

* first moment

(o(%.1))=0 = (&(1))

* two-point correlation function (2 moment)

o\ M (X +dX) _
& (%)= (% +d¥%)

nrandom

frequency

separation




Cosmological Structure Formation statistics of perturbations

= decomposition of &x,?) into waves: 6(55,1) _ 2512 (1) e

* perturbation equation is linear => () grow independently
* first moment

(8(%.1))=0 =>  (6,(1))=0. &,(1)=6,(7)
* two-point correlation function

(X +dx)

52()6) - (x+dx)

random

* power spectrum

sm(k x) K dk




Cosmological Structure Formation

statistics of perturbations

* decomposition of J(x,?) into waves:

* perturbation equation is linear
* first moment

(8(%.1))=0
* two-point correlation function

(X +dx)

§2(x) - (x+dx)

random

* power spectrum

§2(i)=

Pl = >1€=k

S(%,1)= t) e
;

=>  §.(r) grow independently

what is the initial shape?

sm(k x) sin(k - X) >




Cosmological Structure Formation statistics of perturbations

" power spectrum P(k) of perturbations

P(k) (IMpc/h]3)

\\ a

S N

Cluster D ' =

abundance g

' g

100 1 1 1 I | | 1 1 1 I | | 1 1 @/
103 102 10-1 100




Cosmological Structure Formation

statistics of perturbations

" power spectrum P(k) of perturbations

—
o
\}
|

ACD

"COBE
9CDM .

: / SCOM %x

\

02 -
= CDIVI
< e N\ -
S y this shape “ 1
a g
Cluster D 13
abundance i i
100 ! Lo ! o i | | |\\|II|
1079 102 1071 100

k (h/Mpc)




Cosmological Structure Formation

statistics of perturbations

* power spectrum P(k) of perturbations — general shape

P(k)

horizon grows =
with time

amplitude grows
with time

Pi(k) a k

suppression during
radiation domination

(inflation: P(k)xk®, n=1)

(Meszaros effect)




Cosmological Structure Formation

statistics of perturbations

* power spectrum P(k) of perturbations — general shape

P(k) horizon grows = P,(k) o k
with time

amplitude grows

with time suppression during

radiation domination

what is this characteristic scale?

(inflation: P(k)xk®, n=1)

(Meszaros effect)
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" power spectrum P(k) of perturbations — growth during matter domination

5(76,61) = 25]; (a) e
k




Cosmological Structure Formation statistics of perturbations

" power spectrum P(k) of perturbations — growth during matter domination

5(76,61) = 25]; (a) e
k

D 2 '
(a) 0.(a,) ; 0= J 12)+2ﬁ@—4J'L’G,5D
D(ao) ot a ot

0.(a) =




Cosmological Structure Formation statistics of perturbations

" power spectrum P(k) of perturbations — growth during matter domination

5(76,61) = 25]; (a) e
k

) .
D(a) (5];(610) : O=07 D+2£@—4JTG,5D
D(a,)

O-(a) =
(@) ot* a ot

2

D(a) P (k)

D(a,)

P(k)=<‘5]_€.‘2> ~ P(k)=(

k-




Cosmological Structure Formation statistics of perturbations

" power spectrum P(k) of perturbations — growth during matter domination

5(55,61) = 26]; (a) e
k

) .
D(a) (5];(610) : 0= J D+2ﬁ@—4ﬂGﬁD
D(a,)

O-(a) =
(@) ot* a ot

r ; A

Plo=(jo) = P<k>=( g((;’o)) P (k)
\




Cosmological Structure Formation statistics of perturbations

" power spectrum P(k) of perturbations

i - LRG

"L-" ¢ Main

108

Power spectrum P(k) [(h~'Mpc)?]

103k =0.01Mpc™* d
10% = -
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= e photons |
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g 0k ] oscillations leave i 0.04 T
2 [ CDM 3 isti ; ]
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Cosmological Structure Formation

" governing equations

" srowth of matter perturbations

" statistics of perturbations

= hon-=linear structure formation




Cosmological Structure Formation

non-linear structure formation

Proton

Neutron
Electron

Photon

Helium
atom

Helium
nucleus

CMB radiation

Hydrogen
atom |

SDSS galaxies
(DR7, Northern Sky)

First stars Early

Modern

galaxies galaxies
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" territory of computational cosmology...

ykl A
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" territory of computational cosmology...

= ...but powerful, analytical (quasi-linear) approaches exist, too:

e Zel'dovich approximation (It order Lagrangian perturbation theory)
* Spherical Top-Hat Collapse

* Press-Schechter halo mass function




Cosmological Structure Formation non-linear structure formation

" territory of computational cosmology...

= ...but powerful, analytical (quasi-linear) approaches exist, too:

* Zel’dovich approximation (It order Lagrangian perturbation theory)
* Spherical Top-Hat Collapse

* Press-Schechter halo mass function




Cosmological Structure Formation

non-linear structure formation

= Zel'dovich approximation

2
70 2ﬁ‘9_‘5—4nGp5——A5 0
Cl

dt2 a ot

* Eulerian viewpoint: = ﬁ =

(we measure the flow...)




Cosmological Structure Formation non-linear structure formation

» Zel'dovich approximation™

X(t)=G+D®)S(G)

* Lagrangian viewpoint: (we follow mass elements...)

;

*]st order Lagrangian perturbation theory (as opposed to Eulerian treatment from previous slides...)




Cosmological Structure Formation non-linear structure formation

= Zel'dovich approximation




Cosmological Structure Formation

non-linear structure formation

= Zel'dovich approximation

X(t)=G+D®)S(G)

initial (unperturbed!) position

++++++++++ A A+ A+
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T T T Tk T T T T T T T S S S S A S SR
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Cosmological Structure Formation

non-linear structure formation

= Zel'dovich approximation

X(t)=G+D®)S(G)

/T

initial (unperturbed!) position
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Cosmological Structure Formation

non-linear structure formation

= Zel'dovich approximation

%(1)= G4 DS @)

5%, ) = D(£)8,(R)

2 .
7D 129 _4aGpD
ot a ot

0=

Oo (D_C)) (initial perturbations)




Cosmological Structure Formation

non-linear structure formation

= Zel'dovich approximation

xX(t)=q+ D(t

S(§)?

(displacement field)




Cosmological Structure Formation

non-linear structure formation

= Zel'dovich approximation

X(t)=G+D®)S(G)

derivative of ZA

definition of peculiar velocity field

=l =l
Il Il
Q| = g

|

=

Y]

~




Cosmological Structure Formation non-linear structure formation

= Zel'dovich approximation

X(t)=G+D®)S(G)

ii = Da S(g)

=l =l
Il Il
Q| = g

|

=

Y]

~




Cosmological Structure Formation

non-linear structure formation

= Zel'dovich approximation

X(t)=G+D®)S(G)

x=DS(G) ii = Da S(g)

= 1 = ” . e —

X=—i N _ aDS(G)+aDS (@)
a ot




Cosmological Structure Formation non-linear structure formation

= Zel'dovich approximation

X(t)=G+D®)S(G)

X=DS(G) ii =Da S(4)
PR 9 . = (2aaD +a*D)S(§) = -V
r=—u —=aDS(q)+aDS(q) | - .
a ot @.,.ﬁ*:_lvq)
Jt a a

conservation of momentum
according to Eulerian perturbation theory (see above)




Cosmological Structure Formation

non-linear structure formation

= Zel'dovich approximation

X(t)=G+D®)S(G)

(2aaD +a*D)S(§) = -V =>

0=D+22D-42GpD
a

A® = 47Ga’pd

® = 4nGa?pV¥Y

S@@) = -V
AY = §,(%)




Cosmological Structure Formation

non-linear structure formation

= Zel'dovich approximation

X(t)=G+D®)S(G)

(2aaD +a*D)S(§) = -V =>

0=D+22D-42GpD
a

A® = 47Ga’pd

® = 4nGa?pV¥Y

S@@) = -V
AY = §,(%)

Y =“peculiar potential”,
sourced by initial perturbations




Cosmological Structure Formation non-linear structure formation

= Zel'dovich approximation

X(a)=q-D(a)VW

5 y 1
D(a)==Q H da
2 " {@%Nﬁ+a-gw-gmyﬂ+gMJ

AW = §,(%)




Cosmological Structure Formation

non-linear structure formation

= Zel'dovich approximation

¥(a) =G - D(a)VW¥

1

5 a
D(a) = EQm,OH i

_)
AW = §,(%)
statistical representation of P(k)

8y ()= [R()R; ™

<

P(k) (IMpc/h]3)

0 (R0 +(1-Q,,-Q,)a” +Q, )

102 -

Cluster D '
abundance‘\




Cosmological Structure Formation

non-linear structure formation

= Zel'dovich approximation

X(a)=q-D(a)VW

(Neyrinck , arXiv:1204.1326)




Cosmological Structure Formation non-linear structure formation

» 2" order Lagrangian perturbation theory

X¥(a)=qg-D(a)V¥ + DPVP®?

- i

FuI_I N-b_o_dryj

B3

i
widk g

(Avila et al. 2015)




Cosmological Structure Formation non-linear structure formation

" territory of computational cosmology...

= ...but powerful, analytical (quasi-linear) approaches exist, too:

e Zel'dovich approximation (It order Lagrangian perturbation theory)
* Spherical Top-Hat Collapse

* Press-Schechter halo mass function




Cosmological Structure Formation

non-linear structure formation

» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R,

=R, (t),M,, =const.

=

Opy !

|
U Lia

turn-around
(i.e. time of maximal expansion,
“decoupling of perturbation”)

()
_/

collapse of overdensity

background expansion

&

ir




Cosmological Structure Formation

non-linear structure formation

» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R,

=R, (t),M,, =const.

=

Opy !

treat perturbation as ‘closed universe-in-universe’ with =1

/AN

turn-around
(i.e. time of maximal expansion,
“decoupling of perturbation”)

()
_/

collapse of overdensity

background expansion

&

ir




Cosmological Structure Formation

non-linear structure formation

» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R, =R, (t), M, = const.
* Friedmann equation

Rﬁ _ 831G 0. R —ke® = dtG M, R, ke’ = 2GM .,

3 4 ;3 R
R TH
3 TH
RTH m
|

=

—kc?

Opy !

turn-around

(i.e. time of maximal expansion,

“decoupling of perturbation”)

()
_/

collapse of overdensity

background expansion

&

ir




Cosmological Structure Formation

non-linear structure formation

» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R,

* Friedmann equation
lRﬁH - GMTH
2 R,

= —‘k‘cz <0

=R, (t),M,, =const.

= Oy

(4=1 for top-hat overdensity! => closed Universe)

/AN

turn-around
(i.e. time of maximal expansion,
“decoupling of perturbation”)

()
_/

&

ir

collapse of overdensity

background expansion




Cosmological Structure Formation non-linear structure formation

» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R, =R,,(t), M, =const. = 0,7

* Friedmann equation

parametric solution

d (cf. FRW lecture)
lRiH_GMTH =_‘k‘c2<0 => Rﬂ=l(1—COST]) Rm=%
2 Ry R, 2 - n 10271
tta 7T “ 2¢
oL &, .
tvir

turn-around
(i-e. time of maximal expansion, background expansion

“decoupling of perturbation”)

collapse of overdensity




Cosmological Structure Formation

non-linear structure formation

» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R,

* parametric solution

R, 1 2GM
=—(1-cos R, =—3>1"
R, 2 ( ) ‘ o
L—l(n—sinn) L
t, “ 2c
RTH m
|

=RTH(I)’ MTH

= const.

turn-around

(i.e. time of maximal expansion,

“decoupling of perturbation”)

()
_/

&

ir

collapse of overdensity

background expansion




Cosmological Structure Formation

non-linear structure formation

» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R,

* parametric solution

Ry _ 1o o 2GM,,
R 2( cosn) W=
t 1 . TR,
a—;(17—s1n17) t = »

=R, (t),M,, =const. =

turn-around

(i.e. time of maximal expansion,
“decoupling of perturbation”)

()
_/

&

ir

collapse of overdensity

background expansion




Cosmological Structure Formation

non-linear structure formation

» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R,

* parametric solution

Ry _ 1o o 2GM,,
R 2( cosn) W=
t 1 . TR,
a—;(17—s1n17) t = »

=R, (t),M,, =const.

je]

Pry —

— 5TH =

i)

(definition)
3M
Pru 3 (background = flat model with Q,, = 1)
47 R;,
5= 1
61Gt*

turn-around

(i.e. time of maximal expansion,

“decoupling of perturbation”)

ir

collapse of overdensity

background expansion




Cosmological Structure Formation

non-linear structure formation

» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R,

* parametric solution

= %(1 —cosn) R, = 2Gi\24”’
=l(n—sin17) t, = R,
t, “ 2

ta

P
I3

=R, (t),M,, =const.

3IM

)

o)

turn-around

(i.e. time of maximal expansion,

“decoupling of perturbation”)

background expansion

_/

collapse of overdensity

&

ir




Cosmological Structure Formation

non-linear structure formation

» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R,

* parametric solution

Ry _ 1o o 2GM,,
R 2( cosn) W=
t 1 . TR,

a—;(17—s1n17) t = »

=R, (t),M,, =const.

3M
Pry = =
N 4R,
P
61Gt*

turn-around
(i.e. time of maximal expansion,

“decoupling of perturbation”)

collapse of overdensity

background expansion

&

ir
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non-linear structure formation

» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R,

* parametric solution

R, 1 2GM
—==—(l-cos R, =—3>1"
R, 2 ( ) ‘ c?
L—l(n—sinn) L
t, “ 2c
RTH m
|

=R, (t),M,, =const.

Qi
N 4R,
6aGt> ~  6aGt:

RO
= ?TZH“ — oS 17)_3

T

ta

2

(1-sin 17)_2

/AN

turn-around
(i.e. time of maximal expansion,
“decoupling of perturbation”)

()
_/

collapse of overdensity

background expansion

&

ir
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» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R, =R,,(t), M, =const. = O = P —P

* parametric solution

Ry 1 o _26My,
= 146, =Pm_ - :
t 1 . 7R, P 2 (1-cosn)
—=—(17—s1n77) tm =
t, T 2c

roof:

Py _ 6M,, 620Gt (n=sinn)” 12 36GM,,, (n-sinn)’ _ a°R 36GM,,, (n-sinn)’
p AR, 7 (l-cosn) R, 7 (l-cosy) 4R, a1 (1-cosn)

36GM,,, (17—sin77)2 ¢ 9GM,, (ﬂ-sinn)2

|
R, 4c (l—cosn)3 2GMy, ¢ (1—00577)3
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non-linear structure formation

» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R,

* solution for collapsed overdensity

1+5TH(77) =

=R, (t),M,, =const.

9 (n-sin 17)2
2 (1

- cosn)3

turn-around
(i.e. time of maximal expansion)

&

ir

()
_/

collapse of overdensity

background expansion
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non-linear structure formation

» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R,

* solution for collapsed overdensity

1+5TH(77) =

=R, (t),M,, =const.

9 (n-sin 17)2

3

2 (1-cosn)

6TH (tvir) =7

turn-around
(i.e. time of maximal expansion)

()
_/

collapse of overdensity

background expansion

»
t

vir
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» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R,

* solution for collapsed overdensity

=R, (t),M,, =const.

turn-around

(i.e. time of maximal expansion)

collapse of overdensity

background expansion

O00 X Gnuplot O0O0 N Gnuplot
R 1 R (77 ) 0,5%(1-cos{x)) —— t(n ) /.g-}»ﬁﬂw:—i
TH _ (1 —COS 77) 0.3 TH
Rta 2 " th 1.5 tta
0.7 )
t 1 . 0.6
— =—(n-sinn) |
. / \ 1
tta n 0.5 \.\\
- / \\
. ,-/ \-.\ 0.5
0.2 / \.\_.
0.1
0 S 0
_5@550 0,0417548 ' / ‘ ’ ’ ’ 3 203090 0,505437 ' ’ ) ’ ’
U U [vir
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non-linear structure formation

» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R,

* solution for collapsed overdensity

=R, (t),M,, =const.

N\ Gnuplot

CesinéxTI7p1 -
- ~

000 X' Gnuplot . -
2
! R ( ) - 0.5%(1-cos(x)) —— '
0.9 TH 77 ’ ]
0.8 / A
\v 1.5
0.7 \‘
0.6 \
\
/ A\
0.5 / \ 1
0.4 / 5\ ]
/ \
0.3 \ 1
/-/ 0.5
/ \
0.2 \ 1
0.1
o e \

turn-around
(i.e. time of maximal expansion)

collapse of overdensity

background expansion




Cosmological Structure Formation

non-linear structure formation

» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R,

* solution for collapsed overdensity

1+5TH(77)=
9x*
146, (t )= ~5.5
TH(ta) 16
Rta=RTHEnta

=R, (t),M,, =const.

9 (n-sin 17)2
2 (1-cos 17)3
7

1+0,,(t

turn-around
(i.e. time of maximal expansion)

()
_/

collapse of overdensity

background expansion

vir

)=00 (hmmmm..)
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» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R, =R, (t), M, = const.

* solution for collapsed overdensity

9(n- sinn)2
1+0.,(n)=—

2 (1-cos 17)3

~55 \}ﬂ.@”@%ﬁ‘gg" (hmmmm...)

SN (N &

collapse of overdensity

turn-around
(i-e. time of maximal expansion) background expansion
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non-linear structure formation

» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R,

* solution for virialized overdensity

Eta = Uta
Evzr = TLir + Uvzr

=R, (t),M,, =const.

turn-around
(i.e. time of maximal expansion)

()
_/

collapse of overdensity

background expansion

virialisation




Cosmological Structure Formation

non-linear structure formation

» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R,

* solution for virialized overdensity

2

Eta =Um Uta =_E%
5 Rta
2

Evir = TLir + Uvir Uvir = —é%
5 Rvir

=R, (t),M,, =const.

turn-around
(i.e. time of maximal expansion)

()
_/

collapse of overdensity

background expansion

virialisation
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non-linear structure formation

» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R,

* solution for virialized overdensity

2

Eta =Um Uta =_E%
5 Rta
2

Evir = TLir + Uvir Uvir = —é%
5 Rvir

virial theorem: () =2T

vir

+ Uvir

=R, (t),M,, =const.

turn-around
(i.e. time of maximal expansion)

()
_/

collapse of overdensity

background expansion

virialisation
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non-linear structure formation

» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R, =R, (t), M, = const.

* solution for virialized overdensity

2
Eta =Um Uta =_E%
5 Rta
2
Evir = TLir + Uvir Uvir = —é%
5 Rvir
virial theorem: () = 2Tvir + Uvir = 2Evir = 2Tlr vir T Uw.r = Uvir =

()
_/

collapse of overdensity

turn-around
(i.e. time of maximal expansion)

background expansion

virialisation
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» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R, =R, (t), M, = const.

* solution for virialized overdensity

- 2\
Eta = Uta Uta = _g%
Rta R Rta
2 vir =
Evir = TLir + Uvir Uvir = _g% / 2
\ vir /

virial theorem: () =27

vir

+ Uvir g 2E ir = 2Tlr vir + Uvir {U\/ir = 2Uta1= 2E

SN o

collapse of overdensity

turn-around virialisation

(i-e. time of maximal expansion) background expansion
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non-linear structure formation

» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R, =R, (t), M, = const.

* solution for virialized overdensity

vir

o R
2

=> pTH (tw'r) = 8pTH ([ta)

turn-around
(i.e. time of maximal expansion)

()
_/

collapse of overdensity

background expansion

virialisation
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non-linear structure formation

» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R,

* solution for virialized overdensity

vir

[ =

vir

2t

ta

R, =&
2

ta

=R, (t),M,, =const.

=> pTH (tw'r) = 8pTH ([ta)

_ I _
=> lo(tvir)=?lo(tta)

turn-around
(i.e. time of maximal expansion)

()
_/

collapse of overdensity

background expansion

virialisation
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non-linear structure formation

» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R,

* solution for virialized overdensity

vir

[ =

vir

2t

ta

R, =&
2

ta

=R, (t),M,, =const.

=> pm (tw'r) = 8pTH ([ta)

_ I _
=2 (tvir) = ?Io(tta)

?

turn-around
(i.e. time of maximal expansion)

()
_/

collapse of overdensity

background expansion

virialisation
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non-linear structure formation

» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R,

* solution for virialized overdensity

1468, (1. )=—Pl) _ 32(1+6(1,)) =32

=R, (t),M,, =const.

2

Or _1

8n’ ~178

ot )/ 4

turn-around
(i.e. time of maximal expansion)

()
_/

collapse of overdensity

virialisation

background expansion
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non-linear structure formation

» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R, =R, (t), M, = const.

* solution for virialized overdensity

14+6,,(t,)=187" =178

AN
O

collapse of overdensity

turn-around
(i.e. time of maximal expansion)

background expansion

virialisation
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non-linear structure formation

» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R, =R, (t), M, = const.

* solution for virialized overdensity

14+6,,(t,)=187" =178

vir

* non-singular solution for linearized overdensity

R
TH 1 cosn () = R,
Rta Taylor-expanding cos() and sin() TH 4
t and combining to Ryy(f)
—=— smn
l, .777

=M. =

()
_/

collapse of overdensity

ﬁ
N

turn-around
(i.e. time of maximal expansion)

background expansion

virialisation
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non-linear structure formation

» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R, =R, (t), M, = const.

* solution for virialized overdensity

14+6,,(t,)=187" =178

vir

* non-singular solution for linearized overdensity

6 2/3 6 2/3 3 6 2/3
O o2 ] => 6()~—|2
t 20 20\

ta

Rta
RTH (1) = 4

O

collapse of overdensity

turn-around
(i.e. time of maximal expansion)

background expansion

virialisation
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non-linear structure formation

» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R,

* solution for virialized overdensity

14+6,,(t,)=187" =178

vir
* non-singular solution for linearized overdensity

6 2/3 6 2/3
ot s + => 0t
t, 20

vir

Rta
RTH (1) = 4

R, (t),M,, = const.

3

=2t Y=—(127)" =1.686
t.) 20( .7'[)

O

turn-around
(i.e. time of maximal expansion)

collapse of overdensity

background expansion

virialisation
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non-linear structure formation

» Spherical Top-Hat Collapse

* spherical (top-hat) overdensity R, =R, (t), M, = const.

* solution for virialized overdensity

14+6,,(t,)=187" =178

* non-singular solution for linearized overdensity

5~ (127)" ~1.686
20

AN
O

collapse of overdensity

turn-around
(i.e. time of maximal expansion)

background expansion

virialisation
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non-linear structure formation

» Spherical Top-Hat Collapse

* solution for virialized overdensity

14+6,,(t,)=187" =178

vir

* non-singular solution for linearized overdensity

5, ~ (127" ~1.686
20




Cosmological Structure Formation non-linear structure formation

" territory of computational cosmology...

= ...but powerful, analytical (quasi-linear) approaches exist, too:

e Zel'dovich approximation (It order Lagrangian perturbation theory)
* Spherical Top-Hat Collapse

* Press-Schechter halo mass function
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= powerful “Press-Schechter” theory
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FORMATION OF GALAXIES AND CLUSTERS OF GALAXIES BY
SELF-SIMILAR GRAVITATIONAL CONDENSATION*

WILLIAM H. PRESS AND PAUL SCHECHTER
California Institute of Technology
Received 1973 August 1

ABSTRACT

We an di cosmology containing a *“gas™ of sclf-gravitating masses.
The masses condense into aggregates which (when sufficiently bound) we identify as single particles
of a larger mass. We propose that after this process has proceeded through several scales, the mass
spectrum of cc ions b *“self-similar” and independ of the spectrum initially
assumed. Some details of the self-similar distribution, and its evolution in time, can be calculated
with the linear perturbation theory. Unlike other authors, we make no ad hoc assumptions about
the spectrum of long-wavelength initial perturbations: the nonlinear N-body interactions of the
mass points randomize their positions and generate a perturbation to all larger scales; this should
fix the self-similar distribution almost uniquely. The results of numerical experiments on 1000
bodies are presented; these appear to show new li effects: d ions can **bootstrap™
their way up in size faster than the linear theory predicts. Our model predi lati
between the masses and radii of galaxies and clusters of galaxies, as well as their mass spectra. We
compare the predictions with available data, and find some rather striking agreements, If the
model is to explain galaxies, then isothermal *“seed™ masses of ~3 x 107 My must have existed
at recombination. To explain clusters of galaxies, the only necessary seeds are the galaxies them-
selves. The size of clusters determines, in principle, the deceleration parameter go; presently available
data give only very broad limits, unfortunately.

Subject headings: cosmology — galaxies — galaxies, clusters of

12 4

B
Fr

1f-simil

I. INTRODUCTION
The observed matter content of the Universe is very

to cosmological—problem: stars form at various
epochs, and the process can be observed and studied

clumpy over a range of mass exceeding 15 orders of
magnitude, from stars (~1 M) through clusters and
galaxies, to clusters of galaxies of 10'* M. However,
on progressively larger scales the evidence for clumpi-
ness is less striking. Considerable effort has been
required to demonstrate the existence of superclusters
(see Bogart and Wagoner 1973 for a recent treatment).
On scales larger than ~ 50 Mpc (but smaller than the
present horizon of ~ 10° Mpc) the Universe is prob-
ably isotropic and homogeneous, corresponding to an
expanding Friedmann cosmology. Even if the earliest
epochs were characterized by chaos and large-scale
inhomogeneity (Misner 1968; Rees 1972; Pecebles
1972), the isotropy of the cosmic microwave back-
ground argues for a Friedmann model at recombination
and subsequently. After recombination (and the
roughly coincident transition to matter dominance)
the Universe probably evolves according to the pres-
sureless dynamical equations (see, e.g., Peebles 1971
or Weinberg 1972).

In this context, how are the various scales of
clumpiness to be explained? Star formation from a
diffuse medium of sufficient density (and suitable other
parameters) may be a purely astrophysical—as opposed
1 Sci ion

* Supported in part by the N Found

[GP-36687X, GP-28027].

425

in the present. In contrast, the condensation of sub-
stantially larger scales, especially galaxies and clusters
of galaxies, seems to be a unique cosmological event.
The accepted view, convincingly stated by Peebles
(1965), Silk (1968) and others, puts the formation of
these large-scale objects at some epoch between recom-
bination and the present, because only in this period
have the large condensing masses been substantially
smaller than the cosmological horizon but bigger than
their Jeans lengths.

A linear theory of inhomogeneous perturbations
has been extensively developed for both isothermal
and adiabatic disturbances (Lifshitz 1946; Zel'dovich
1967; for a review see Field 1974), and much recent
work has been directed toward propagating an initially
postulated spectrum of matter perturbations through
the complicated era of recombination, into the era
where the perturbations condense into (hopefully)
observed objects. This program has yielded consider-
able cosmological understanding in many respects, but
it has not thus far been completely successful in ex-
plaining the basic observational data: the mass distri-
bution of galaxies and their linear sizes, the masses and
sizes of clusters of galaxies, the fact that there is no
strong clustering on larger scales.

In the usual framework of the linear perturbation
analysis, physical processes at or before recombination
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= powerful “Press-Schechter” theory
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Cosmological Structure Formation

non-linear structure formation

» Press-Schechter formula

growing density contrast

x4
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non-linear structure formation

» Press-Schechter formula

growing density contrast

x4




Cosmological Structure Formation non-linear structure formation

» Press-Schechter formula

* a halo has formed when its linear density contrast &x, a) has reached o,

x4

; /\ A
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non-linear structure formation

» Press-Schechter formula

* a halo has formed when its linear density contrast &(x, a) has reached 5,=1.69

x4

5=1.69

/\ [\
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» Press-Schechter formula

* a halo has formed when its linear density contrast &(x, a) has reached 5,=1.69

x4

5=1.69 \//T\ /7\

figure (filter!) out the mass inside each peak...
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» Press-Schechter formula

* a halo has formed when its linear density contrast &x, a) has reached 5,=1.69

x4

one halo of size R,

5=1.69

we consider perturbations on a certain scale R*

O (%,a) = [ (X, @)W, (% - ¥)d’x

4
*which can be related to halo mass via M = Qm,Om,?RS
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» Press-Schechter formula

* a halo has formed when its linear density contrast &x, a) has reached 5,=1.69

three haloes of size R,

5=1.69

we consider perturbations on a certain scale R

O (%,a) = [ (X, @)W, (% - ¥)d’x
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» Press-Schechter formula

* a halo of size R has formed when its linear density contrast Jz(x, a) has reached 5,=1.69

8 (%,a) = [O(X, @)W, (% - X)d’x

— we need to count the number of haloes of size R
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» Press-Schechter formula

* a halo of size R has formed when its linear density contrast Jz(x, a) has reached 5,=1.69

8 (%,a) = [O(X, @)W, (% - X)d’x
* the density contrast Oi(x) is a Gaussian random field with variance oy
16 )
Ll

p(8y)=———e
2oy,

— we need to count the number of haloes of size R
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» Press-Schechter formula

* a halo of size R has formed when its linear density contrast Jz(x, a) has reached 5,=1.69

8, (%,a) = f (X, a)W, (% = X)d’x’
* the density contrast Oi(x) is a Gaussian random field with variance oy

1 1(5) 1
P(8g) =———e *\" o=
20’ "o

TP(k)W (kR)k* dk

— we need to count the number of haloes of size R
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" Press-Schechter formula
* a halo of size R has formed when its linear density contrast Jz(x, a) has reached 5,=1.69

8 (%,a) = [O(X, @)W, (% - X)d’x

* the density contrast Oi(x) is a Gaussian random field with variance oy

1 e-i(ﬁ’;)z o

2
270, 2

p(6;) = TP(k)W (kR)k> dk

power spectrum of density fluctuations:
(all waves inside R-window affect Gy)

D(a)
D(a,)

P(k) = ) Fy (k)

— we need to count the number of haloes of size R
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» Press-Schechter formula

* a halo of size R has formed when its linear density contrast Jz(x, a) has reached 5,=1.69

8, (%,a) = f (X, a)W, (% = X)d’x’
* the density contrast Oi(x) is a Gaussian random field with variance oy

1 1(5) 1
P(8g) =———e *\" o=
20’ "o

f P()W2(kR)K? dk
0
* probability to have &; > o,

F, (R) = [ p(8;)d6,

— we need to count the number of haloes of size R
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» Press-Schechter formula

*a halo of size R has formed when its linear density contrast dz(x, a) has reached 5,=1.69

8, (%,a) = f (X, a)W, (% = X)d’x’
* the density contrast Sx(x) is a Gaussian random field with variance oy

1 1(5) 1
P(8g) =———e *\" o=
20’ "o

f P()W2(kR)K? dk
0
* probability to have &; > o,
F, (R) = [ p(8;)d6,
60

* number of peaks in range [R, R+dR]

dN * F., (R)-F,, (R+dR)

— we need to count the number of haloes of size R
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" Press-Schechter formula
* a halo of size R has formed when its linear density contrast Jz(x, a) has reached 5,=1.69
8 (%,a) = [O(X, @)W, (% - X)d’x

* the density contrast Oi(x) is a Gaussian random field with variance oy

1Y e
_1 ., 2(C’R) ok = 12 f P(k)W?(kR)K® dk
0

p(0g) =
20’ 2

* probability to have &; > o,
F, (R) = [ p(8;)d6,
6C
* number of peaks in range [R, R+dR]

dN « F,, (R)~F., (R+dR)

* relate scale R to mass M

M = £2m[)crit %RS
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» Press-Schechter formula

— 2
dn g [2P 8 |dino,| (-6 )dM
dM 7 Mo, |dnM 20, | M
» 1 e &0 2 _ [ D(a) 2
T =75 { P(k)W? (kR)Kk* dk P(k)—( D) f®
W(x) = %(sin(x) — xcos(x))
X

o :mean density of Universe
0. :density contrast of collapsed structure according to linear perturbation theory
o), :variance of mass on scale corresponding to M = (471t/3)Q,,0citR>
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» Press-Schechter formula

— 2
ﬂdM= 2 p o |dlnoy, exp —562 dM
dM 7 Mo, |dnM 20, | M
» 1 +OO ©2 2 _ [ D(a) 2
T =75 { P(k)W? (kR)Kk* dk P(k)—( D) f®
W(x)=%(sin(x)—xcos(x)) sidenoter
X E,(R)= 12 [ PUOW? (kR)K* dk
277,
W(x)=sin(x)

X

: mean density of Universe
: density contrast of collapsed structure according to linear perturbation theory
: variance of mass on scale corresponding to M = (471/3)Q,, 0itR>

9 &
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» Press-Schechter formula

* very good agreement with cosmological simulations
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non-linear structure formation

» Press-Schechter formula

* very good agreement with cosmological simulations,
though improvements match simulations even better...

(VWatson et al. 2013)

10 E||l|||l|||lllllllll||l||l|||l||llllll’l||||lr||l|§
C i .
1 E —— %L !
M W
01 —|||||||||I|||||||||I|||||||||I|||||| I|||||||||—
. ' I I L L
—~ - i
) = 3
< -8 E 3
= = =
— c -
_10 E — 6h_1Gpcz:0,1 3
F —— 32h 1Gpcz=0,1,3 3
19 E —— 1h " 1Gpcz=0,1,3,6,8 3
o E —— 425h~ 'Mpc z = 3,6,8,10 3
= 114h~ 1Mpec z = 6,8,10,15 =
—14 E 20~ 1Mpc z = 8,10,15,20,26 3
E —— 11.4h~ 'Mpc z = 8,10,15,20,26 =
_16 B b by b b 3

In(oc™1)

1.5

dn p dlno;,

de f(OM)M dM M

flo,)=A (ﬁ) +1|exp(=y/o3,)
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non-linear structure formation

= mass function calculator — https://thehalomod. app/

@ TheHaloMod

Cosmology
HMF

Transfer Function
Mass Definition
Filter

Growth Factor

Halo Model

HOD

Bias

Halo Concentration
Tracer Concentration
Halo Profile

Tracer Profile

Halo Exclusion

Create

Model Name

Cosmology

Redshi
0

0.9667
0.8159

Planck15

HMF

Mass Range (log10)

Tinker (2008)

L J E O REPORT ISSUE ~ ACKNOWLEDGE ABOUT ‘

67.74
0.0486

0.3075

Tinker (2008) Parameters A

0.1858659

0.1995973

CANCEL CREATE (ENTER)
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Cosmological Structure Formation

non-linear structure formation

" Press-Schechter formula — scale-free cosmology
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Cosmological Structure Formation non-linear structure formation

= territory of computational cosmology...
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mass map of galaxy cluster Cl0024+1654

simulated galaxy cluster




Cosmological Structure Formation non-linear structure formation

" territory of computational cosmology...

colour-coded dark matter density field

Simulation of actual Local Universe using observationally constrained P(k)




Cosmological Structure Formation non-linear structure formation

" territory of computational cosmology...
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Simulation of actual Local Group using observationally constrained P(k)




Cosmological Structure Formation non-linear structure formation

" influence of nature of matter via P(k)

d (h! Mpc)
5 1000 100 10 1
10°F l l l I
= Microwave Background Superclusters Clusters Galaxies 3
_10F ¢ CDM E
“o E co® n=1 :
S 1000 TCDM %
= —3
™ - .0
< 100
< 10k '
o = HDM
1 _ n=
O.1EIII 1 || IIIIII 1 L aninl 1 1
0.001 0.01 0.1 1 10

k (h Mpc!)




Cosmological Structure Formation non-linear structure formation

" influence of nature of matter via P(k)

HDM WDM

http://www.nbody.net
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non-linear structure formation

" influence of nature of matter via P(k)

HDM

‘ Top-Down Structure Fonnation‘

in a top—down scenario, large pancakes of matter form first, than fragment
into galaxy-sized lumps

CDM

Bottom—Up Structure Formation

in a bottom—up scenario, small, dwarf galaxy—sized lumps form
first, then merger to make galaxies and clusters of galaxies
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® simulations vs. observations
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® simulations vs. observations
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® simulations vs. observations

» galaxy redshift surveys cover Gpc3 volumes

* simulations cannot follow full set of physics in such large volumes
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® simulations vs. observations

» galaxy redshift surveys cover Gpc3 volumes

* simulations cannot follow full set of physics in such large volumes

* (biased) galaxy formation models required:

- SAM: Semi-Analytical Galaxy Formation Modelling
- HOD: Halo Occupation Distribution

- CLF: Conditional Luminosity Function

- (S)HAM: (Subhalo) Halo Abundance Matching

— biasing model: P.(k) = b*(k) Ppm(k)
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® simulations vs. observations
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® simulations vs. observations

» galaxy redshift surveys cover Gpc3 volumes

* simulations cannot follow full set of physics in such large volumes
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® simulations vs. observations

» galaxy redshift surveys cover Gpc3 volumes

* simulations cannot follow full set of physics in such large volumes

* (biased) galaxy formation models required:

- SAM:
- HOD:

- CLF:

- (S)HAM:

— biasing model:

Semi-Analytical Galaxy Formation Modelling
Halo Occupation Distribution

Conditional Luminosity Function
(Subhalo) Halo Abundance Matching
P gal(k) = b*(k) Ppm(k)
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® simulations vs. observations

2 coordinate in billion light years

z coordinate in billion light years

250 255 260 265 270
y coordinate in billion light years

Visualisation of the model galaxies in the Virtual Universe. The left
panel shows a slice of thickness 4.7 million lightyears through the
whole simulation that itself has a sidelength of 4.8 billion lightyears.
Each galaxy is represented by a yellow dot; the background indicates
the underlying matter density. The right panel zooms into a smaller
region. Here the dark matter haloes hosting the galaxies are visible as
circles, colour-coded according to the projected density and sizes
proportional to their masses (images courtesy K. Riebe, AIP).
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y coordinate in billion light years

“MultiDark Galaxies” (nebeetal. 2018
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® simulations vs. observations

» galaxy redshift surveys cover Gpc3 volumes

* simulations cannot follow full set of physics in such large volumes

* but simulations are nevertheless quite spectacular...

galaxy formation simulations (incl. baryonic physics):

ustris: https://www.youtube.com/watch?v=NjSFR40SY58
Eagle: https://www.youtube.com/watch?v=5F6bDRcy-mA
CLUES: https://www.cosmosim.org/cms/images-and-movies

LSS simulations (DM only):
Horizon: http://www.horizon-simulation.org/movies/horizonAGN-all.avi
DEUS: https://www.youtube.com/watch?v=k] | r5SNG5YGs

MultiDark: https://www.cosmosim.org/cms/images-and-movies/



https://www.youtube.com/watch?v=NjSFR40SY58
https://www.youtube.com/watch?v=5F6bDRcy-mA
https://www.cosmosim.org/cms/images-and-movies
http://www.horizon-simulation.org/movies/horizonAGN-all.avi
https://www.youtube.com/watch?v=kJ1r5NG5YGs
https://www.cosmosim.org/cms/images-and-movies/
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® simulations database

000 WWW.Cosmosim.org

CosmoSim

CosmoSim

The CosmoSim database provides results from cosmological simulations performed within different
projects: MultiDark and Bolshoi, CLUES, and Galaxies.

MultiDark ° CLUES,
Bolshoi Constrained Local Uj 'sfrrum;xi =

The Spanish MultiDark Consolider
project supports efforts to identify
and detect matter, including dark

Available now for the MDPL2 The CLUES project produces
simulation - galaxy catalogs constrained simulations of the
contain galaxy properties from
different semi-analytical codes.

local universe, partially with gas
matter  simulations  of  the and star formation.

universe.

MDPL2 Galacticus
MDPL2 SAG
MDPL2 SAGE

MDR1 BigMDPL
SMDPL Bolshoi
MDPL BolshoiP
MDPL2

Clues3_LGDM
Clues3_LGGas

Please visit the linked sites for more information about the projects and about the appreciated form of
acknowledgment, if the data is used in a scientific publication or proposal.

Check out the Documentation and the Simulations section for more information or the CosmoSim blog for
latest news, additional materials, tutorials and much more.

Database access

The database can be queried by entering SQL statements directly into the Query Form or via Scripted
access. If you haven't done so, please register first via the Registration Form to get your own private
database where the results of your queries will be stored for you. You can also submit queries as a guest,
but the result data can then be accessed and removed by any other guest as well.

More information on the simulations and their projects is available in the Simulations section. Details about
the database, its design and the possibilities to access the data are described in the Documentation.

L
AIP
CosmoSim.org is hosted and

maintained by the Leibniz-Institute
for Astrophysics Potsdam (AIP).

GEnman ASTROMYSICAL

GAVO

VimTuAL Ossemurony

Itis a contribution to the German
Astrophysical Virtual Observatory.

The MultiDark and Bolshoi
simulations were run on the NASA's
Pleiades supercomputer at the NASA
Ames Research Center.
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The MultiDark-Planck (MDPL) and
the BigMD simulation suite have
been performed in the Supermuc
supercomputer at LRZ using time
granted by PRACE.




