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Main points of the lecture

* The Hot Big Bang & why we need inflation
* Inflationary observables

* Scalar field models and other curiosities

e C constraints

* Conclusions and literature



The Standard Cosmological model

St T

Einstein equations G = =~
in pure GR: / \

TV = Pg! + (p+ P)U*U,

Einstein tensor

2
Friedmann-Lemaitre- ds® = Fdt* — oft)? ( 1 iﬁ 5+ r?(d6* + sin(ﬁ)gdﬁ-ﬁg))
Robertson-Walker (FLRW) \ /
metric: K_"& By = w

\ \<— a(t2)*X /
xpwnq \_<_ a(t1)*X />

ww.@i\

Scale factor af(t):

X



The Standard Cosmological model

E=+1

The curvature:

2 _
Friedmann equations (1924):  H?*(a) = (—) =g 0(0) — =5

Continuity equations: V., T" =0 =—=p p+3H(p+P)=0

(via Bianchi identities)



The Standard Cosmological model

HU.bble (1 92 9) The UanCI‘SG IS CXp andlng Redshift of distant galaxies

Riess et al. (1998): ...and 1t's also accelerating! Type la supernovae

2 Friedmann equation: & = =45 (p(a) + 3P(a)) =) P < —3

10 — () Non-relativistic matter P <<p
Equation of state P=wp
w — 1 Relativistic matter p—1
~ 3 (photons etc) = 3P
e 1 The known forms of matter
P < e} :> w < 3 cannot explain the accelerated

expansion of the Universe...



The Standard Cosmological model

. . -
Fractional density 0.(t) = o
parameters: SRt
Ot) = d
QKo = —7o—
Hgag

1 Friedmann equation:

H(a)? = HE (o073 + Qoo™ + Qoo™ + Qg oga™2 4+ Qpp oa301F))




Big Bang theory predictions

1) Initial singularity: Universe was very hot at early times!
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Big Bang theory predictions

2) Structure formation happens during the matter dominated era:

Need something to act as seeds.
See next lecture!

de-Sitter

d(InH(a)?)/dIna
0




Big Bang theory timeline
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Problems in the Big Bang Theory

1) Horizon problem: why 1s the Universe homogeneous?
2) Flatness problem: why 1s the Universe flat?
3) Monopole problem: what happened to the monopoles?

4) Origin of large scale structure: what was the seed of LSS?



Why we need inflation

la) Horizon problem: causally disconnected regions of space (or of
the CMB) appear to be homogeneous (~10~°!) today

Inflation solves the Horizon Problem

r= 11N}

Credit: Will Kinney



Why we need inflation

1b) Horizon problem in numbers:

The Standard Cosmological model contains a (comoving) particle
horizon:

ft c dt
';f' —
"~ Jo R@)

In radiation domination a(t) o t'/2 so at late times:

6000
vz

At z ~ 1000 the horizon was roughly ~ 100Mpc or ~1 degree. Then,
why do we live 1n a nearly homogeneous Universe?

DH — Rﬂ’}“H i h_lh’f[pc



Why we need inflation

1¢) Solution to Horizon problem:

Assume a phase of exponential accelerated expansion (w— -1),
then the scale factor is a(t) >~ ef1(t—tena)
and the horizon is Dy ~ N

where the e-folds are givenby N = — [dlna = [ Hdt

The horizon now is exponentially large, for N~60 problem solved!



Why we need inflation

2) Flatness problem.

. .. kc?
Consider the sum of densities today: 1 —Q¢=——— < 0.01
/ R{Hg
All other matter+radiation
components etc
k2 Hg(l — Qo)

In general: 1-0=— R2a(0)2H()? m—) 1 -Q0) = H2(t)a*(t)

Assuming matter domination: a ~ £2/3

B O D 1-Qg)a2 _ 1-0g (t\*?
“_‘é_: 'i;,U i m,0 ‘ ].—Q(t): ( U) - i, N
Hﬂ a Qr,ﬂ + Qmﬁﬂ me to
Increasing function of time,

causes severe fine-tuning!



Why we need inflation

Inflation to the rescue!

H = const; a ~ exp(Hjt) - a(tf) e’ N= H;(ty —t;)

Then A B
=
C
1 —0(t) = H BARL i
( ) R%GQHQ T o i
N I
11— Q(tf)| = exp(—2N)|1 — Q(t;)] g A

Curvature 1s “inflated” away!




Why we need inflation

3) Topological defects, eg monopoles, cosmic strings, domain walls,
coming from GUTs (~10"16 GeV) are created before inflation,
usually ~1/horizon.

If M~GUT, should be dominant contribution!

One per horizon (before inflation) — Horizon expands by
e”60~10"27 — monopoles diluted!



Basics of Inflation model-building

Guth 1981, Linde 1982,
Albrecht and Steinhardt 1982

Introduce phase of exponential expansion = aka de-Sitter

27 Friedmann equation: & = — 5% (p(@) + 3P(a)) /=> P < —g

w = () Non-relativistic matter P <<p

Equation of state: P=wp {

1 Relativistic matter p—1

=5 (photons etc) 3P

P"’:—g |:> ur{_%

A cosmological constant can do that!



Basics of Inflation model-building

Pure cosmological constant is problematic due to constant expansion!

__ _Ho(t—to) L Qea B
—> alt)=e¢ () = =
n
0.100}
’('B“ - m(a)
& 0.010} 1 — Qua)
0.001! — @)
— QOpe(a)
10744 ' ' '
1077 10~ 0.1 100
3 Problems:

1) de-Sitter never ends & dilutes everything.
2) Results in empty Universe, need reheating.
Let’s see the details more carefully!



Basics of Inflation model-building

Possible inflationary models must:

1) Solve “classical” problems (horizon, flatness, monopoles) etc.

2) End before radiation epoch and be followed by reheating to create particles.
3) Set the initial conditions for LSS.

4) Make unique & testable predictions (see next lecture for criticisms).

5) Be motivated from high-energy physics (stand. model or quantum gravity).



Scalar field inflation

1) Simplest thing we can add to GR Lagrangian (on RHS!) 1s a scalar field

1) Scalar fields (bosons with spin 0) have been observed (Higgs)!
i1) Already used in Dark Energy (also an accelerating phase).
1i1) Dynamics are very well understood.

]
S = —
167G

]

1

Ly = _58“"13#@53@ — Vi)

2) Energy momentum tensor:

2 8 —2Ls) L,
T;Ei}} = ‘\/_—g S ghv = 0y — gy |:§g ﬁaa¢3ﬁ¢ + V(¢')i|




Scalar field inflation

3) Effective density and pressure and equation of state w:

e 5 _
B i == Tp) Py $*—2V($)
= T T Rt
P

pp = —TY" = —¢F + V()

4) In quintessence, w(z) cannot cross -1! Use continuity equation:
. Nesseris et al, astro-ph/0610092

. ol a

pp +3H(py + Pg)=0 P = —35(}9 + p(p))

. : d”p(t
when w— -1 &/ p(p)—{—p —> pﬁ»[} and WILHEI d‘i):l}

So w(z) goes asymptotically to w— -1-!



Scalar field inflation

5) Equations of motion:

2 . .

H2=K—[l§52+V(¢)+m], ¢+3H+ V=0

3 L2 V., =dV/dp

_ 2 and

H=—7(¢2+.0M+PM), py +3H(py + Py) =0
6) Example models (all high energy physics inspired):

Freezing Thawing

Vig) = M*"¢p™" (n>0), Vig)=Vo+M*7"¢" (n>0),

V(g) = M**"¢~" explag?/m?). V(g) = M* cos*(p/f).



Scalar field inflation

7) Potential reconstruction (E(z)=H(z)/Ho):

Dark Energy,
L.A.and S.T.
2 | .
H? = %[_¢2+V(¢>)+.OM] , < @)Ez L B 301t
z 2 2 z 1+z dz 2 EXz)—
. P . | 2 14z dEXz) 1
H=—7(¢5 + pm + Pu) . z

8) Condition for reconstruction

2 .,
dH" - 395}?3 H§(1 + 7)? => P + Py =0 (weak energy condition)
dz —



Slow roll inflation

1) Generic potential that satisfies previous constraints

Vigh)

3H* = p =~ V,
—> _
3Hoy ~ —y




Slow roll inflation

3) Introduce slow roll parameters (note: various notations in literature!)
HOW STANDARDS PROUFERATE:

(562 A/C CHARGERS, CHARACTER ENCODINGS, INSTANT MESSAGING, ETC)

—_ H 1 V,c,b ? _ M?! RIDICULOUS!
€1 = —@ E ? = €V , WE NEED To DEVELOP
, SITUATION: || SEUVERAL STUDRRD || SrrATION:
. THERE ARE CASES. ' THERE ARE
or )A\
2 (H'(¢)\” 1 (V"(d)\?
e — > ( (qﬁ)) ~ 5 ( (é)) = ey & 1:'
k* \ H(¢) 2k* \ V(0)
2 H"(¢ 1 V"¢ 1 [V'(¢
s 2HUWO 1V 1 (VN
MHG) R V(@) W \V(9 .
. - I
Y,
4) Number of e-folds (until the end of inflation — &=1) g
a ¢ p A i 0.003 -
N{r)z—/ dlné:—/ H(?)d? 2[ (9) 45
ar f Jor V.o(0) 0.000




Slow roll inflation

5) Spectrum of perturbations (see next lecture!)

Scalar field seeds scalar metric perturbations

(0| R Rw|0) = Pr(k) (273 03 (k — K')
d
k2 7 HN2 /) 3=k o\ me—]
Prt) =5 (52) (o) / =4 (g)

1+e—6+1
= —
: l—¢ '3

6) Spectral index ns 1s prediction of inflation!

dIn Pr (k)
dln k

0 — 2¢

1 —¢€

ne — 1 = :3—2y:2( )22?;1;—661x



Slow roll inflation

7) Primordial power spectrum might have a “running”, ie higher order corrections

dn dan
s __ s g (s 82—105)22 2462 — 16
dink  dln, ”H(“ ¢~ 10€0 ) = 2Ly +2deyy — 10nvey

8) Scalar field also seeds tensor metric perturbations (see next lecture)

Py(k)
Amk3

8 .2
D (0[hi s 20) = a—’; op?0%(k — K') = (27)* 8% (k — K)

A

pi =52 (1) ()™ = )

nr =

dInP,(k) 2
dink 0P T1.




Slow roll inflation

9) Primordial power spectrum for tensors might also have a “running”:

dnr dn 9 9
— — — i | — 4 {S) ~ & ;—4 FEV
dink  dny ”%( T v AV

10) In single-field slow-roll models nt~-1/8, r=Ptensor/Pscalar
astro-ph/9303019

0.100

~ ldlnng
In® (k):ln?’g(kj+§d1nk

N 1 d* Innyg
6 dlInk?
InP(k) =In(rAy) + nyIn(k/k,) + ...,

In(k/k,)*
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Slow roll inflation

11) After inflation Universe 1s empty and cold, we need to “reheat it”. This can be
done by friction term in Klein-Gordon:

¢+3Hp+Vy=0
V,=dV/dg

Friction term

12) Pictorial view of reheating

Sicree- 1]
'-' T fcoelsrabong .
T e Releases energy in Universe and

converts energy of inflaton
to SM particles

Vil

chining inllatizn:
PPV

|




Example calculation of slow roll parameters

1) Consider simple exponential (toy) model:

V(g) = Voer™ ¢

2) The slow roll parameters are:

- ere.-? G;({ﬁf}))z
=Y s

1 (V"(g)
TR (WJ)
= 2X (2x%A9? + 1)




Example calculation of slow roll parameters

3) At the end of inflation (¢e=1) we have

1
nd — ﬁf{,}u

Pe

4) Then, the number of e-folds are

Niviy =

: \/_ e2AN g
lﬂg (2(kA0)?) = ¢= V2K
4\




Example calculation of slow roll parameters

5) The slow-roll params can be written as a function of the number of e-folds

_ Eda}iNinf

n = 2 (}. — EdJ‘N*'“f)

6) Inflation predictions are

ne = 2n—6e+1 Cosmological model  Parameter  Planck TT.TE,EE

— 4\ — 2 Nins 4 1 ACDM+r +lowEB+lensing
:D F < 11

16eAANin s n, 0.9659 = 0.0041

Exercise B2 for V~®"n!



Specific models

1) Chaotic inflation:

One of the simplest potentials out there: Andrei D. Linde. Chaotic Inflation.
Phys. Lett., B129:177181, 1983.

V(9) = ¢’
/- V(q.’}) _ h4—n¢n )
¢

5 @ ] 1 52(]352 m

2) Slow roll parameters o /qb V2 T 5 T 1
n? _ (n=1)n i = o 2(n+2)
€ — 2’%2@2 N = ."b2¢2 ?1"‘4:1 inf
n 2(n—1) o 16n
= — -+ 41Vinf



Specific models

Ewan D. Stewart, 1995, G. R. Dvali and S. H. Henry Tye,
1999, C. P. Burgess, P. Martineau, F. Quevedo, G. Rajesh,

1 ) Plateau'mo dGlS and R. J. Zhang, 2002, Eva Silverstein and Alexander
V Westphal, 2008, M. Cicoli, C. P. Burgess, and F. Quevedo,
V(g) = A*[1 —exp (—yKo)]? —
(@) [ P(—y&d)™ 1™

=

: +—= ¥
2) Slow roll and observables:
_ exp(y9) 42 _ 8
N_E—ﬁf2 —> ns=1-5. r_nyN?'



Specific models

1) Hilltop models David.H. Lyth 2005

-]

=

2) Slow roll and observables

e 2;;“—22) (%)H =

_ 3277 20021 L=

K22 K22

2(p—1)

N ~ 1 — .
(p—2)N




Specific models

1) Natural inflation

V(@) = cos(@) + 1

Katherine Freese, Joshua A. Frieman, and Angela V.
Olinto, 1990, Fred C. Adams, J. Richard Bond, Katherine
Freese, Joshua A. Frieman, and Angela V. Olinto, 1993.

V(¢) = A*[1+cos (2)]

\

2) Slow roll and observables:




Specific models

1) Power-law inflation 08 - F. Lucchin and S. Matarrese, 1985.
V(¢) = A* exp (—Akd) N
D4
2

2) Observables (independent from N):

Ne =1 — \° r = 8)\°



K-essence inflation

1) K-essence (most general action for minimally coupled scalar field)

Dark Energy,
L.A.and S.T.
=-(1/2)(V¢)* = 5= [dey=5p6.X)
1 |
—> Sk :/d“:ﬁf—g [ER—I—K(@’))X—FL(@]X?—F--- :
2) Equation of state:
2 8 P) Py =P,
(@) _ _ =
L= TRl = pp =2XPy — P and
_bh_ P

Can cross w=-1!

We

ps  2XPx—P



Modified gravity

1) Simplest thing we can add to GR Lagrangian (on LHS!) is R— f(R)

1) Just a scalar degree of freedom

i1) Has been used in Dark Energy!

1i1) Dynamics well understood, but rich phenomenology
iv) High energy physics inspired

1 ] 4
S = d*xy/— S = d*x/—g f(R)+ S
lﬁnt xv—g R + Sy —> lﬁnt xy/—8 f(R) 4 Sm

2) Simplest example of f(R) 1s ACDM!

f(R) ~ f(Ro) + f'(R))R+--- ==

— ] 4
[dcv=grm+s, = 5= forg | VR R=20) 5,

8§ = —
160G

GR is just a special case, not unique theory!



Modified gravity

3) High energy physics inspired. New terms appear when trying to renormalize

GR at one-loop order:

1 s 1 w L1
TRo tepn BT = g B B = 5 & ) LR

Birrell & Davis 1986, I
Sec 6.2, pg 159

R= R+«

=7

1 /1 2
5(6_5) R4+ -

4) Most general (pure) modified gravity theory is of the form:

R = gnuR“H

P = R, R"
R:}f(R-_.PwQ,Dn,G) <:| Q — Rﬂlﬁ"f&Rﬁ'S"rﬁ

0 = ¢""V,.V,

G = Q—4P+ R

D’ Alambertian in curved space

Gauss-Bonnet term
(topological invariant in 4D)




f(R) models

1) Get f(R) equations of motion by varying action with respect to metric (F=f '(R)):

fd4x f_g f (R} + Sm Ty, = %g*“ (Vub9ar + Vibay — Vadgu)

SRY,, = VAT, — V,0T%,

S = —
16 G

1
Ry = 5 (~080u + VaVudg) + VaViday — ViuVudy;)

s ~ L v v 1 Y
Guv = Guv T 5§u.v + g"" = g"" — dg" o/—g = *E\Fggabb—g v
R = 5(9.(11/3“”) - 5g,uva/ + g,chSg‘”’ — V“V,,ng'm}

1
|:> FG#V_E(f(R)—RF)Q‘#M‘I‘(Q&AMD_VQVH)F:H’T;Egl)

2) Conservation equation:

‘59;41/ = £Vg,uv = ngog,u.v + [:VF,VA}Q)W + (vvv}‘)gpl
S = /dd‘:lf,f_g_ﬁ = = V.V, + V.V,
— 08 = d*z\/—g [(V,V,)S* + (V,V,)5""]
05 = f d'zy/~g [ gvﬁ ,f—l ] ogH — f ' '
ogh” /=g

- f die =gV, [V, S"'V,5"] =
= fd‘*af —gS,,6g""

V,S* =0




f(R) models

3) f(R) Friedman equations for FRW and acceleration!

a2
ds* = Adt* — a(t)? (1 f?k'-rg + 72 (do* + S'i?l-(@)Qd(j)g)) I:>
2 1 :
3JFH® = pum+ praa+=(FR—f)—3HF
2 Properly chosen,
_9FH = Pm + EP 4+ F_HF can give acceleration!
m 3 ra
4) Perturbations and Geff: f(R) modifies Newton’s constant!

f(R) = f(Ro) + f'(Ro)R +--- ==

1
B BTTGN

s [ oo = o

~ 871Gy /d4$\/—_9[f(30)+f'(30)9] ~

N STFGEff

f oy =g (R — 2]

\ Gerp ~ Gn/f'(Ro)



f(R) models

5) Conformal transformation (Jordan— Einstein frame): f(R) is just a scalar field!

g,u;v - QQ GJuv » |:> R = Qg(ﬁ + 6|j{.d — Ggﬁyﬁﬁm*ayw) |:>
w=1In

/ d*ay/— [—FQ (R + 60w — 63" 9,wd,w) — U] + f Ad*2Lar (272 G, War)
02— F [ — %
Redefine “field”: |

KO =+/3/2 In F —>

/ dte/ 27 [—H—%g;wdﬂqbdyu Vig)| + ﬂ / A2 Lar (F~(6) G W)

Potential

. , U FR— f Non-minimal coupling
Quintessence!!! VI(9) = 13 = 5,270




Starobinsky inflation

Alexei A. Starobinsky 1982

6) Simple f(R) model

FB) = R+R/(6M?) = V(9) = A4 (1-eV34/Mn)

4-f[l-axpi-aba|x .llq:lLil.n'lnl.E g —

 effective potential

7) Slow roll and observables:

12

. rfﬁ




Modified gravity and ghosts

Ghosts+propagators in MoG: of 9 of ArXiv:0911.3094
OR’ p= ap’ fqQ _—Q

1
FG, = 2 (f—RF)— (90 —-V,.V,)F

- 4 . [
e /d xT gf(R«P Q) —9 (fPRiRay e fQ Rabchabcy)
I = —ngavb(fpﬁ-ab) —~O(fpRyw)
= liab
Q = RypeaR**™ +2VaVy (f p 1t%,0%,) + 2fq R%,,, )

\

Fourth order derivatives... Problem!!!

Linearize and find propagator G(k):

Juv = Muv + hypw 2 4 - |
> \ i | QR o 2 !
B i spin |:> :r( ) kz i 5
h.p‘y = h',u,y _Z N + n#uh'f f + ﬂlspan?
2 Uhy = *m.ghf /
M ping = 7}‘}30_{‘% Negative sign... J;‘-




Other MoG models

1) Models with extra dimensions: Kaluza-Klein

1) Assume extra dimension y, which 1s compactified with cylindrical
boundary conditions. Then 5D metric gw~ satisfies

dgnn
f(fﬂ? y] - f(:ﬂ? Y+ 21‘[’?") :> ay =0 “ Similar to U(1) symmetry!

11) Expand 5D metric in Fourier modes:

(0) _ 1—1/3 g“y —I_‘;ﬁx‘q.“ﬁb" @A“
gun(z,y) = Zg jrN(:r einv/r  => dun=29 ( oA, P

/.

Very general decomposition)



Other MoG models

iii) GR in 5D:
4D GR+Maxwell+scalar field!

& = ! /d‘l:ﬂdy\f —g(3)R®)

167G3,
— ! d*z/ (4)R1FF“” 15“3
= lﬂﬁGir v —4g —|—1¢’ e +@ ole o
(5)

1v) Add extra scalar field:
G = / d*zdyr/—g® (gf,‘%aM@aNcb)
3 - 2
= Vi) Z/d4;£\/ —qg4) {g’w (3” + ﬁAp) D, (8,, + &AV) Dy — n(l)gl
. .

7 ore "

/ 7

BWGE.?:'-H 2 | 7]
W | L W M, = —— ~Mn... "
—> £l 5 n= /o Qn~Mn... Problem

r
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Comparison with CMB

Planck 2018, arXiv: 1807.06211

Inflationary model Potential Vig) Paramefer range Ayt InB
R+ R2/(6M?) A4 (1 = e~ VToiMn )’
Power-law potential AM P 23 . 28 25
Power-law potential AM ¢ g 25 -1.9
Power-law polential MG g3 fon 104 45
Power-law potential AMZ ¢ R 223 -1.1
Power-law potential AMp¢* aE. 409 -19.2
Power-law potential Agt e 89.1 -3313
Non-minimal coupling At + Lo’ R 2 —4 < log,£<4 31 -1.6
Matural inflation At |1+ cos{g/f)] 0.3 < log,,(f/Mpm) < 2.5 9.4 -472
Hilltop quadratic model At (1 = q!?,."pg +.. } 0.3 < logg(pz /Mp) < 4.85 1.7 —2.0
Hilltop quartic model h‘*(:l -+ ... -2 < log,(us/Mpm) <2 03 -14
D-brane infiation (p = 2) A1 =g 97 + .. —6 < log,g(pp2/Mm) <03 2.3 1.6
D-brane inflation (p = 4) A (1= 97+ .. —6 < log,g(pipa/Mm) <03 2.2 0.8
Potential with exponential tails A1 —exp(—g¢/Mpm) + .. ] -3 <log,g <3 -05 -10
Spontaneously broken SUSY A [1+ ap log (¢/Mpm) + ...] —2.5< log, oy < 1 .0 =30
y — I
E-model (n = 1) m{1 —mp[—ﬁwwauﬁuﬁ) ‘} ~2 < loggaf <4 02 -0
e
E-model (n = 2) M{l —Exp[—ﬂ'_h{VI'E:thn) ‘} ~2<log, ek < 4 0.1 07
W1
T-model (m = 1) At tanhl'“ldv[ Ecr']rMp]J -2 < logg &Tﬂd- —0.1 0.1

sy
T-model (m = 2) A® tanh®" [ﬁ[ \Jﬁaguﬂ] ~2< loggel <4 04 01
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Side-effects and prospects

1) Production of primordial Gravitational Waves (GWs), see next
lecture.

2) Production of Primordial Black Holes (PBHs), see next lecture.

3) Inflation probes high-energy physics (GUT+), not in reach of
experiments.

4) Can be used to test for BSM physics.

5) B-modes of CMB probe inflation (see CMB lecture).



Summary

1) Hot Big Bang theory has problems (horizon, flatness, monopole,
LSS), that a phase of accelerate expansion, aka Inflation, can solve.

2) Scalar field Inflation 1s nice toy model that exhibits desired
properties.

3) Zoo of plausible inflationary models, both scalar and MoG.
4) Inflation 1s strongly constrained by CMB: ns=0.96, r<0.1.

5) Inflation 1s now established as a pillar of the Cosmological Model!
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