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dark matter
via

Monte Carlo integration

gas physics
via

Euler equations
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Note: 
the total energy E does not contain gravitational energy,
but it is being taken care of in the energy conservation equation!
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useful relations:

supercomoving
variable

physical
variable

a(t) can be any function of time!

we now have to re-write all differential equations…
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we are going to derive the energy conservation…
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internal energy conservation:

continued on next page…
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∂Sx

∂T
−H
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x ⋅ ∇ xSx +∇ x ⋅ Sx
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v ( ) + 3HSx + H
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x ⋅ ∇ xSx

= 3γ − 8( )HSx +
∂Sx

∂T
+∇ x ⋅ Sx

r 
v ( ) + 3HSx

=
∂Sx

∂T
+∇ x ⋅ Sx

r 
v ( ) + 3γ − 5( )HSx
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€ 

= 4πG ρtot +
3ptot
c 2
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€ 

ΔΦ
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Supercomoving Gastrophysics supercomoving coordinates

€ 

= 4πG ρtot +
3ptot
c 2

 

 
 

 

 
 − Λ

€ 

ΔΦ

neglect total pressure…
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€ 

ΔΦ

€ 

= 4πG ρtot − ρΛ( )

A B
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€ 

ΔΦ

A

€ 

ΔΦ =
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a2 Δ x

φx

a2 −
1
2

a˙ ̇ a x 2 

 
 

 

 
 

=
1
a4 Δ xφx −
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2a

Δ x x 2

=
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˙ ̇ a 
2a

6
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a
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a4 Δ xφx − 3 1
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4πG

3
a ρ tot − ρΛ( )

 

 
 

 

 
 

=
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a4 Δ xφx − 4πG ρ tot − ρΛ( )

=
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a4 Δ xφx −

4πG
a3 ρ x,tot − ρx,Λ( )

B
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4πG ρtot − ρΛ( ) =
4πG
a3

ρx,tot − ρx,Λ( )

A=B

€ 

1
a4
Δ xφx −

4πG
a3

ρ x,tot − ρx,Λ( ) =
4πG
a3

ρx,tot − ρx,Λ( )

Δ xφx = 4πGa ρx,tot − ρ x,tot( )

2nd Friedmann equation*

*this is the only point where cosmology enters!

€ 

= 4πG ρtot − ρΛ( )
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= 4πG ρtot − ρΛ( )
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€ 

ΔΦ

€ 

Δ xφx = 4πGa ρx,tot − ρ x,tot( )

€ 

= 4πG ρtot − ρΛ( )



Computational Cosmology

Supercomoving Gastrophysics supercomoving coordinates

  

€ 

d
r 
u DM

dt
= −∇Φ

  

€ 

d
r 
r DM

dt
=

r 
u DM

    

€ 

d
r 
u 

dt
= −

˙ a 
a2

r 
v + H

r 
x ( ) +

1
a

d
r 
v 

dt
+

d H
r 
x ( )

dt

 

 
 
 

 

 
 
 

= −
˙ a 

a2

r 
v − ˙ a 2

a
r 
x + 1

a
d
r 
v 

dt
+

1
a

d H
r 
x ( )

dt

= −
˙ a 

a2

r 
v − ˙ a 2

a
r 
x + 1

a3
d
r 
v 

dT
+

1
a

d H
r 
x ( )

dt

= −
˙ a 

a2

r 
v −

˙ a 2

a
r 
x + 1

a3
d
r 
v 

dT
+

1
a

r 
x dH
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x 

dT
=

r 
v 

A B

A=B
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€ 

E = ρε +
1
2
ρu2

p = γ −1( )ρε

S =
p
ργ−1

ε =
1

γ −1( )
1
µ
kB
mp

T

€ 

Ex = ρxεx +
1
2
ρxv

2

px = γ −1( )ρxεx

Sx =
px
ρx
γ −1

εx =
1

γ −1( )
1
µ
kB
mp

Tx

straight forward to proof…
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€ 

∂ ρxEx( )
∂T

  

€ 

d
r 
v DM

dT
= −∇xφx

€ 

= 4πGa ρx,tot − ρ x( )

  

€ 

+ ∇ x ⋅ ρx Ex + px[ ]
r 
v ( )

  

€ 

∂ ρx
r 
v ( )

∂T€ 

∂ρx
∂T
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v ⊗
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€ 
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€ 

Δ xφx
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x DM
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r 
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= ρx −∇ xφx( )
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= 0

    

€ 

= ρx
r 
v ⋅ −∇ xφx( ) −Hρxεx 3γ − 5[ ] + Γx − Lx( )

€ 

∂Sx
∂T   

€ 

+ ∇ x ⋅ Sx
r 
v ( )   

€ 

= −HSx 3γ − 5[ ]
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∂ ρxEx( )
∂T
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= −∇xφx

€ 

= 4πGa ρx,tot − ρ x( )
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v ( )
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v ⋅ −∇ xφx( ) −Hρxεx 3γ − 5[ ] + Γx − Lx( )

€ 

∂Sx
∂T   

€ 

+ ∇ x ⋅ Sx
r 
v ( )   

€ 

= −HSx 3γ − 5[ ]

the only functional difference!
(btw, 3γ-5=0 for γ=5/3)
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γ −1( )
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additional/closure equations:
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to allow for the greatest flexibility we are
going to introduce new functions
allowing for an easy coding of:

1. cosmological equations

2. regular equations        

…and we drop all subscripts
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to allow for the greatest flexibility we are
going to introduce new functions
allowing for an easy coding of:

1. cosmological equations

2. regular equations        

…and we drop all subscripts

Note: all quantities are still “supercomoving”!



Computational Cosmology

Supercomoving Gastrophysics the supercomoving equations
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∂ ρE( )
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ε =
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γ −1( )
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additional/closure equations:
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1. cosmological equations

  

€ 

D =
ρtot − ρ 
ρ 

€ 

a = a(t)

  

€ 

H = a ˙ a 

dimension 1/T2

dimensionless

  

€ 

G =
3
2
Ω0H0

2



Computational Cosmology

Supercomoving Gastrophysics the supercomoving equations

1. cosmological equations

  

€ 

G =
3
2
Ω0H0

2

€ 

a = a(t)

  

€ 

H = a ˙ a 

€ 

ρcrit
phys =

3H 2

8πG

€ 

G =
3H 2

8πρcrit
phys

=
3ΩH 2

8πρ phys

=ΩH 2 3
8πρ phys

=
Ω0H0

2

a3
3

8πρ phys

=
Ω0H0

2

a3
3a3

8πρ 

=Ω0H0
2 3
8πρ 

€ 

4πG =
3
2
Ω0H0

2 1
ρ 

=>

=> =>

€ 

Δφ =
3
2
Ω0H0

2a ρtot − ρ 
ρ 

dimension 1/T2

dimensionless
  

€ 

D =
ρtot − ρ 
ρ 
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2. regular equations

  

€ 

G = 4πG

  

€ 

H = 0
€ 

a =1

dimension L3/M/T2

dimension M/L3  

€ 

D = ρ
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freedom to choose length, time, and mass scale

  

€ 

r 
x = B0

r 
x c

t = t0 tc

m = m0 mc

the supercomoving equations
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freedom to choose length, time, and mass scale
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t = t0 tc
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p =
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2

ρ0 pc

E =
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2
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φ =
B0
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2

φc

=>

the supercomoving equations
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+ ∇ c ⋅ Sc
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additional/closure equations:

internal units
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1. cosmological units

  

€ 

H c = a ˙ a 

  

€ 

Gc =
3
2
Ω0

    

€ 

B0 = box size

t0 =
1
H0

ρ0 = ρ = Ω0ρcrit ,0

    

€ 

, ˙ a = Ω0a
−2 + λ0a

2 , a(t) =  numerical integration...

=> ρ0 defines m0!

  

€ 

Dc = ρc,tot −1= ρc,DM + ρc −1
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1. cosmological units

  

€ 

H c = a ˙ a 

  

€ 

Gc =
3
2
Ω0

    

€ 

B0 = box size

t0 =
1
H0

ρ0 = ρ = Ω0ρcrit ,0

    

€ 

, ˙ a = Ω0a
−2 + λ0a

2 , a(t) =  numerical integration...

=> ρ0 defines m0!

  

€ 

Dc = ρc,tot −1= ρc,DM + ρc −1

is constant as it is the comoving mean density!

€ 

ρ 
Note:
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1. cosmological units

  

€ 

H c = a ˙ a 

  

€ 

Gc =
3
2
Ω0

    

€ 

B0 = box size

t0 =
1
H0

ρ0 = ρ = Ω0ρcrit ,0

    

€ 

, ˙ a = Ω0a
−2 + λ0a

2 , a(t) =  numerical integration...

=> ρ0 defines m0!

  

€ 

Dc = ρc,tot −1= ρc,DM + ρc −1

we still have the freedom to measure B0, H0, and ρ0 in whatever units we fancy…

Note:
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1. cosmological units

  

€ 

H c = a ˙ a 

  

€ 

Gc =
3
2
Ω0

    

€ 

B0 = box size

t0 =
1
H0

ρ0 = ρ = Ω0ρcrit ,0

    

€ 

, ˙ a = Ω0a
−2 + λ0a

2 , a(t) =  numerical integration...

=> ρ0 defines m0!

  

€ 

Dc = ρc,tot −1= ρc,DM + ρc −1

convenient choice:

  

€ 

B0[ ] = h−1 Mpc

H0[ ] = h km/s
Mpc

ρ0[ ] = ?

we still have the freedom to measure B0, H0, and ρ0 in whatever units we fancy…

Note:
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1. cosmological units

  

€ 

H c = a ˙ a 
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Gc =
3
2
Ω0

    

€ 

B0 = box size

t0 =
1
H0

ρ0 = ρ = Ω0ρcrit ,0

    

€ 

, ˙ a = Ω0a
−2 + λ0a

2 , a(t) =  numerical integration...

=> ρ0 defines m0!

  

€ 

Dc = ρc,tot −1= ρc,DM + ρc −1

convenient choice:

  

€ 

B0[ ] = h−1 Mpc

H0[ ] = h km/s
Mpc

ρ0[ ] = ?

we still have the freedom to measure B0, H0, and ρ0 in whatever units we fancy…

Note:

#parts/cellvolume !?
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additional/closure equations:

    

€ 

B0 = box size

t0 =
1
H0

ρ0 = ρ = Ω0ρcrit ,0

1. cosmological units
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2. regular equations

  

€ 

Gc = 4πGρ0t0
2

  

€ 

H c = 0 , a =1

€ 

B0 = ?
t0 = ?
m0 = ?

  

€ 

Dc = ρc


