COMPUTATIONAL COSMOLOGY
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THE UNIVERSE IN A COMPUTER




CODE TESTING
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CODE TESTING

how can we be sure to actually model the Universe?
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CODE TESTING

THE EQUATIONS

= full set of equations

* collisionless matter (e.g. dark matter)

dx .
a

v,

vy
dt ’

* collisional matter (e.g. gas)

P -
g + V- (pv) =0
a - - — —
(pv) +V- P\7®\7+(p+LB2)1—lB®B =p (-V¢)
ot 2u u
J(PE) L pli- L5 v
V-||pE B v-—|v-B == B
a [p P }v n ]) ey

* Poisson’s equation

A¢ = 4‘7TGpt0t

* ideal gas equations

p=(r-1)pe

2

1
= E -
PE =P 2pv

* Maxwell’s equation

§=—Vx(\7xl§)
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CODE TESTING

THE EQUATIONS
= full set of equations
4 \
* collisionless matter (e.g. dark matter) * Poisson’s equation
1 = ) gravity solvers lectures
o Ap =4aGp,,
t Lo .
- time integration lecture
v, \ /
— DM _ _V¢
dt
\ )

* collisional matter (e.g. gas) * ideal gas equations

AN - 0 el
A7) Lo 1s - pg:pE_%pv2
+V- p\7®\7+(p+—B2)1——B®B =p (-V¢)

ot 2u u

APE) | . L gl 115 BB ;.

Py +V [PE+P+53 }V‘;[ B]B) = v (-Vg)+(T- L) * Maxwell’s equation
@=—Vx(\7x1§)
ot
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CODE TESTING

THE EQUATIONS
= full set of equations
4 \
* collisionless matter (e.g. dark matter) * Poisson’s equation
1 = ) gravity solvers lectures
diM B VDM A¢ = 4‘7-[Gpt0t
- time integration lecture
Doy _ _ Vo ) ’
| & ) 2 possible error sources!

* collisional matter (e.g. gas) * ideal gas equations

ap

+ V- (pv) =0 p=lr=1pe
ot
A7) Lo 1s - pg:pE_%pv2
+V- p\7®\7+(p+—B2)1——B®B =p (-V9)
ot 2u u
APE) | . L gl 115 516 ;.
Py +V [PE+P+@B }V‘;[ B]B) = v (-Vg)+(T- L) * Maxwell’s equation
@=—Vx(\7x1§)
ot
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CODE TESTING

= the time integration
* how to verify the time integration scheme?

= gstationary problems
* how accurate is the Poisson solver?

= gvolutionary problems
e how do both act together?

= code cross-comparison

= convergence studies
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CODE TESTING

= the time integration
* how to verify the time integration scheme?

= gstationary problems
* how accurate is the Poisson solver?

= gvolutionary problems
e how do both act together?

= code cross-comparison

= convergence studies
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CODE TESTING TIME INTEGRATION

= time step criteria

 cosmological criterion

Atsi

H

~ the time step should be smaller than the age of the Universe

e acceleration/velocity criterion

£ £
At [— Ats——

a 1%

max max

~ particles should not move farther than some preselected threshold &

¢ of order the force resolution
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CODE TESTING

TIME INTEGRATION

= time step criteria

Atsi=g=iAt:>lsi
H a Aa Aa
 cosmological criterion
1 Aa
Ats— <=> —=<1
H a

~ the time step should be smaller than the age of the Universe

e acceleration/velocity criterion

£ £
At [— Ats——

a 1%

max max

~ particles should not move farther than some preselected threshold &
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CODE TESTING TIME INTEGRATION

= the time integration
xn =X+e€ n \
numerically obtained value true value error due to numerics
(at end of simulation!)
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CODE TESTING TIME INTEGRATION

= the time integration
xn =X+e€ n \
numerically obtained value true value error due to numerics
(at end of simulation!)

e second order accurate leap-frog:
e = C(Atn)2

X —-XxX =x+e —(x+e,) X —X,=x+e —(x+e,)
=_>n_Em =ém_gl
= C(At: —At)) = C(At: = At))
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CODE TESTING TIME INTEGRATION

= the time integration
xn =X+e€ n \
numerically obtained value true value error due to numerics
(at end of simulation!)

e second order accurate leap-frog:
e = C(Atn)2

X —-XxX =x+e —(x+e,) X —X,=x+e —(x+e,)
=_>n_Em =ém_gl
= C(At: —At)) = C(At: = At))

let: At, =kAt, =k’At,
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CODE TESTING

TIME INTEGRATION

= the time integration

numerically obtained value
(at end of simulation!)

xn en

an

true value

e second order accurate leap-frog:

é =C(At,)

N

error due to numerics

let: At, =kAt, =k’At,

COMPUTATIONAL COSMOLOGY




CODE TESTING TIME INTEGRATION

= the time integration

X,
numerically obtained value true value error due to numerics
(at end of simulation!)

* second order accurate leap-frog-

A1,

applicable to test any scheme...

=1

><l

let: At, =kAt, =k’At,

(most obvious choice: k=2)
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CODE TESTING TIME INTEGRATION

= the time integration

xn =X+e€ n \
numerically obtained value true value error due to numerics
(at end of simulation!)

e second order accurate leap-frog — test in practice:

— run full simulation with three different choices for (constant!) time step:

At, 2At, and 4At

— calculate Xar = Xonr 2

1
Xoar — Xaar 4

— repeat exercise for (2Ar, 4At, and 8Ar), (4At, 8At, and 16Ar), ...
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CODE TESTING

= the time integration
* how to verify the time integration scheme?

= stationary problems
e how accurate is the Poisson solver?

= gvolutionary problems
e how do both act together?

= code cross-comparison

= convergence studies
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CODE TESTING

STATIONARY PROBLEMS

= static test scenarios

e Hernquist sphere

e Zel’dovich wave
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CODE TESTING STATIONARY PROBLEMS

= Hernquist sphere

e analytic representation

Mx 1
p(x)=—" ;
2 x(x,+ x)
V- F(%)=4aG(p-p)
ﬁ(%)=_ GM 2l+ 4.7'L’G[_) 2
(Xo+Xx)" x 3
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CODE TESTING

STATIONARY PROBLEMS

= Hernquist sphere

e particle representation and AMR refinement hierarchy
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CODE TESTING STATIONARY PROBLEMS

= Hernquist sphere

e recovering densities

32° particles 64> particles
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CODE TESTING STATIONARY PROBLEMS

= Hernquist sphere

e recovering densities

32° particles 64> particles
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CODE TESTING STATIONARY PROBLEMS
= Hernquist sphere
e recovering forces
32° particles 64° particles
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CODE TESTING

STATIONARY PROBLEMS

= Hernquist sphere

e recovering forces: trade off between bias and variance

32° particles

64° particles
T
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CODE TESTING

STATIONARY PROBLEMS

= Hernquist sphere

e recovering forces

32° particles

1
variance due to discrete particles... Tm

T 64° particles
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CODE TESTING

STATIONARY PROBLEMS

= Hernquist sphere

e recovering forces

32° particles

unavoidable bias due to smoothing...

? 64° particles
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CODE TESTING STATIONARY PROBLEMS

= Hernquist sphere

e recovering forces

0.6 T 3 EEET

0.4 :
- | ——> variance

OF,/Fy

0.2

OF,/Fy

0.2 -
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CODE TESTING

STATIONARY PROBLEMS

= Hernquist sphere

e recovering forces

0.6 T 3 EEET

0.4

OF,/Fy

1 ——> Variance

0

“ softer forces —> stronger bias, lower variance “

vl \\ ] bias

OF,/Fy

0.2 -
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CODE TESTING

STATIONARY PROBLEMS

= Hernquist sphere

e recovering forces

0.6 T 3 EEET

0.4

OF,/Fy

0.2

0.2

OF,/Fy

0.4

| ——>Vvariance

—ﬂ‘ optimum choice?

~ -
~

er=8 A
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CODE TESTING STATIONARY PROBLEMS

= Hernquist sphere

e recovering forces
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CODE TESTING

STATIONARY PROBLEMS

= Zel'dovich wave

e analytic representation

—_

X=q+ a(t)%cos(l; “q)
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CODE TESTING STATIONARY PROBLEMS

= Zel'dovich wave

e analytic representation

—_

X = q+a(t)—cos(k q)

\ /

Lagrangian coordinates,
e.8. unperturbed particle positions on a regular grid...
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CODE TESTING

STATIONARY PROBLEMS

= Zel'dovich wave

e analytic representation

—_

X=q+ a(t)%cos(l; “q)

F(G)="
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CODE TESTING STATIONARY PROBLEMS

= Zel'dovich wave

e analytic representation

—_

X=q+ a(t)%cos(l; “q)

F(G)="

AP =(p-p) = V.FFE=-(p-p)
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CODE TESTING STATIONARY PROBLEMS

= Zel'dovich wave

e analytic representation

—_

X=q+ a(t)%cos(l; “q)

F(G)="

AP =(p-p) = V.FFE=-(p-p)

]

V,F@) pk)= p(q) o) =p(@) =1

V F(X)=

6% /9g| |6 /94|
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CODE TESTING STATIONARY PROBLEMS

= Zel'dovich wave

e analytic representation - 1D

xX=q+ (T)COS(kq)

Fg)=?
dCI)(x)_(p__) _ dF(x)__( _p)
dFw L dFG p-——pg) p(@)=Plg) =1

dx  dx/dg dq dx /dg

COMPUTATIONAL COSMOLOGY




CODE TESTING

STATIONARY PROBLEMS

= Zel'dovich wave

e analytic representation - 1D

a(t)

X=q+—>
EAN

dF ()

—dx/d
dq 1

—-dx/dq

cos(kq)

1 _
m p(g)-p (6]))

1 _
dx—/dq p(q) - P(CZ))

1

—-dx/dq

=dx/dqg -

dx/dg

— - 1)/5(61) >’/0(61) =p(g) =1
1
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CODE TESTING

STATIONARY PROBLEMS

= Zel'dovich wave

e analytic representation - 1D

a(t)

X=q+—>
EAN

dF(q) _

—dx/d
dq 1

—-dx/dq

—-dx/dq

L g1

|

cos(kq)

1 _
dx—/a’q p(g)-p (6]))

1 _
dx—/dq p(q) - P(CZ))

1 _
“1lp = =1
T 1da 1)/0(61) >’/0(61) 0(q)

dx/dg =1-asin(kq)
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CODE TESTING

STATIONARY PROBLEMS

= Zel'dovich wave

e analytic representation - 1D

X

dF(q)
dq

a(t)

=g+ —=cos(k
9+ (kq)

=1-asin(kq) — 1 = —asin(kq)
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CODE TESTING STATIONARY PROBLEMS

= Zel'dovich wave

e analytic representation - 1D

xX=q+ %t)cos(kq)

dF ()

=1-asin(kq) — 1 = —asin(kq)
dq

F(q) = %cos(kq)
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CODE TESTING

STATIONARY PROBLEMS

= Zel'dovich wave

e analytic representation - 1D

recall “initial conditions” lecture:

xX=q+ %t)cos(kq)

dF ()

=1-asin(kq) — 1= —-asin(kq)
dq

F(q) = %eos(kq)

i(t) =g+ D(1)S(q) S(§) =-V¥ AW

]
>
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CODE TESTING STATIONARY PROBLEMS

= Zel'dovich wave

e numerical recovery - 1D

*. put down particles on regular lattice q

*. superimpose Zel’dovich wave X

*. numerically calculate forces on lattice F(q)

. compare to analytical forces Fi..(q)
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CODE TESTING STATIONARY PROBLEMS
m Zel'dovich wave
e numerical recovery - 1D
a
Ftrue (q) = ECOS(kQ)
AMR code
III]IIY[IYIITTYIYYI IIIITIYIIIIIIIYIIII !YIIII'IIY!IIIIIYTI-‘
: pnl’=2-0 Pret= 1.0 prd=0'5 :
0.04 § .
0.02 — “
0 40

0 0 Oy olo ]
002 9 8 B "0 FT .
_0.04 | T b
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0 02 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8

x /L x /L x /L
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CODE TESTING STATIONARY PROBLEMS

= Zel'dovich wave

e numerical recovery - 1D

a
Ftrue (q) = ECOS(kQ)

AMR code 2-body interactions...

IITITIITI

l"]ll![IYIITTIIYII IYIITIYIITIIIITIIII l‘ll]ll'[
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CODE TESTING STATIONARY PROBLEMS

= Zel'dovich wave

e numerical recovery - 1D

F,..(q) = %eos(kq)
AP3M code

IIIIIT‘]IIY]YIII]YT llI]IlllIIlIIIlIIIT’
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CODE TESTING STATIONARY PROBLEMS

= Zel'dovich wave

e numerical recovery - 1D

a
Ftrue (q) = ECOS(kQ)

AP3M code 2-body interactions...

Vas

IIIIIIYIIIY]YIIIIYT IIT]IIIIIIIIIIIIIII
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CODE TESTING STATIONARY PROBLEMS

= Zel'dovich wave
e numerical recovery - 1D

a
F_(q= ;cos(kq)
AP’M code 2-body interactions...

Va\
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CODE TESTING

= the time integration
* how to verify the time integration scheme?

= gstationary problems
* how accurate is the Poisson solver?

= gvolutionary problems
e how do both act together?

= code cross-comparison

= convergence studies
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CODE TESTING EVOLUTIONARY PROBLEMS

= evolutionary test scenarios

e check for momentum conservation

e Layzer-Irvine Energy conservation

e Zel'dovich wave, again...

COMPUTATIONAL COSMOLOGY




CODE TESTING EVOLUTIONARY PROBLEMS

= momentum conservation

sl
Il

N
i=1

=> development of net momentum during simulation?

 practical test:

=
o

~
]
—_

et

s

~
I
—_
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CODE TESTING EVOLUTIONARY PROBLEMS

= Layzer-Irvine energy conservation

e Hamiltonian (= total energy)

PYORL BT €

p +m
2ma’ a

... With comoving energies as follows: (remember Hamilton formalism..)

1 N p2
T =_— i
2 ; m.a’
1 . _
U=-—JIf (o) -y’ A® = 41G(p, - p,)

Box
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CODE TESTING EVOLUTIONARY PROBLEMS

= Layzer-Irvine energy conservation

e Hamiltonian (= total energy)

dH _oH
dt ot
lwpi2a 12a e~
=—— i +— (p(x)-p)P(x)d x
22m.a3 2a2'£{‘[
a
=——(2T+U
Y1+ v)
— 0=—d(Td_;U)+Z(2T+U)

C=(T+U),-(T+U), +f1(2T+U)da
" t. . a

Init
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CODE TESTING EVOLUTIONARY PROBLEMS

= Layzer-Irvine energy conservation

e Hamiltonian (= total energy)

d5{=075{
dt ot
Il p?2a 12 o
22 2 W@ -pewds
a
- 22T +U
221+ V)
—> O=M+Q(ZT+U)
dt a~—

=0 ?! (virial theorem)

C=(T+U),-(T+U), +f1(2T+U)da
" t. . a

Init

COMPUTATIONAL COSMOLOGY




CODE TESTING

EVOLUTIONARY PROBLEMS

= Layzer-Irvine energy conservation

accuracy at “a few percent” level

C=(T+U),-(T+U), + f1(2T+ U)da
Init a

t

init
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CODE TESTING EVOLUTIONARY PROBLEMS

= Layzer-Irvine energy conservation

accuracy at “a few percent” level

errors due to time integration and Poisson solver...
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CODE TESTING

EVOLUTIONARY PROBLEMS

= Zel'dovich wave

e analytic representation - 1D

xX=q+ ?cos(kq)
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CODE TESTING EVOLUTIONARY PROBLEMS

= Zel'dovich wave

e analytic representation - 1D

xX=q+ %cos(kq)
X = %cos(kq)
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CODE TESTING EVOLUTIONARY PROBLEMS

= Zel'dovich wave
e analytic representation - 1D

a(t)

X=q+ Tcos(kq)
X = @cos(kq)
k
) E()Ci _xtme)z
O, =~ 2
N (X — )
" R check rms errors
y : as function of k£ and a
2 PICEE
Gv =— 2
I
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CODE TESTING

= the time integration
* how to verify the time integration scheme?

= gstationary problems
* how accurate is the Poisson solver?

= gvolutionary problems
e how do both act together?

= code cross-comparison

= convergence studies
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CODE TESTING CODE COMPARISON

u GA“GET‘I http://www.mpa-garching.mpg.de/gadget

* fully particle based force derivation

* combining distant particles into aggregates (i.e. tree code)

« AMIGA http://www.aip.de/People/Aknebe/AMIGA

* fully grid based force derivation

* places finer and finer grids of arbitrary shape in high density regions (i.e. AMR code)

" “vnﬂn/AP3M http://hydra.mcmaster.ca/hydra

* combination of particle and grid based force derivation

* no refined grids, no tree structures
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CODE TESTING

CODE COMPARISON

= ACDM simulation run with various codes
e jdentical initial conditions
e comparable parameter setup
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CODE TESTING CODE COMPARISON

= ACDM simulation run with various codes
e jdentical initial conditions
e comparable parameter setup
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CODE TESTING CODE COMPARISON

= ACDM simulation run with various codes
e jdentical initial conditions
e comparable parameter setup

PP dc\>main

code time L purebPoods
. AMIGA 42.3 hours i A
- ART 4'7.4 hours s V
-  GADGET 57.5 hours ﬂ :
- APM 69.4 hours 20|

0.4 0.6 0.8 1.0
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CODE TESTING CODE COMPARISON

= ACDM simulation run with various codes
e jdentical initial conditions
e comparable parameter setup

more recent comparison by Heitmann et al. (R005)...
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CODE TESTING

CODE COMPARISON
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CODE TESTING

CODE COMPARISON

= “Santa Barbara Cluster” (Frenck et al. 1999)

GADGET

Heitmann et al. (2005)
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CODE TESTING

CODE COMPARISON

= “Santa Barbara Cluster” (Frenck et al. 1999)
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CODE TESTING CODE COMPARISON

= “Santa Barbara Cluster” (Frenck et al. 1999)
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CODE TESTING

CODE COMPARISON

= “Santa Barbara Cluster” (incl. gas physics...)

temperature profile
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CODE TESTING

CODE COMPARISON

= mass segregation

e run simulation with 2 mass species and check for segregation

2 GADGET (tree code)
v  AMIGA (AMR code)

Gadget, m,/m,=4 |

1.4 -—--
S AMIGA , ™,/ m =4
{2k ——__ Gadget, my/m,=V2 _|
— AMIGA , M/ M =VZ2 |
" i l__J—____L —_—— = - -
= | ol 1—' - - _! _______ |
! I r—-—- P
! - 1
1 -—--d
AT ;
I - -
0.8 I 1
[ I 1
L | 1l | T | T |
10 100 1000 10000
npart

=> expels lighter particles from halos

=> ratio always about unity
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CODE TESTING CODE COMPARISON

= major differences

e tree codes: spatially fixed force resolution

e AMR codes spatially adaptive force resolution

v’ resolve the local inter-particle separation at all times and at all places
... Nor more, no less!

v’ particles are “phase-space” markers rather than interacting “billiard balls”
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CODE TESTING

= the time integration
* how to verify the time integration scheme?

= gstationary problems
* how accurate is the Poisson solver?

= gvolutionary problems
e how do both act together?

= code cross-comparison

= convergence studies
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CODE TESTING

stability and credibility of (scientific) results...
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CODE TESTING CREDIBILITY OF RESULTS

= the relation between...

—> particle number, time step and softening?

in-depth study by Power et al., MNRAS 338, 14 (2003)
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CODE TESTING CREDIBILITY OF RESULTS

= time step and softening

(S

(Knebe et al. 2000)

increasing the force resolution
(without adjusting the time step...)
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CODE TESTING CREDIBILITY OF RESULTS

= time step and softening

unphysical two-body scattering

o0

(Knebe et al. 2000)

increasing the force resolution
(without adjusting the time step...)
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CODE TESTING

CREDIBILITY OF RESULTS

= time step and softening
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(Knebe et al. 2000)

simultaneously decreasing the time step
remedies the problem
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CODE TESTING

CREDIBILITY OF RESULTS

= time step and softening
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(Knebe et al. 2000)

simultaneously decreasing the time step
remedies the problem

choose time step and softening wisely...
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CODE TESTING CONVERGENCE STUDY

= the relation between...

—> particle number, time step and softening?

= convergence study:

run the same simulation again and again

gradually varying one of the technical parameters...

in-depth study by Power et al., MNRAS 338, 14 (2003)
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CODE TESTING CONVERGENCE STUDY

= particle number

we aim at solving the collisionless Boltzmann equation
using particles as phase-space markers?...

...and hence their dynamics should be determined
by the mean field and not two-body interactions!

lef. “The N-Body Approach” lecture...
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CODE TESTING CONVERGENCE STUDY

= particle number

we aim at solving the collisionless Boltzmann equation
using particles as phase-space markers?...

...and hence their dynamics should be determined
by the mean field and not two-body interactions!

how can we be sure to use enough particles in this approach?

lef. “The N-Body Approach” lecture...
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CODE TESTING CONVERGENCE STUDY

= particle number

67 thousand particles
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CODE TESTING

CONVERGENCE STUDY

= particle number

1.3 million particles
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CODE TESTING CONVERGENCE STUDY

= particle number

density profile of individual dark matter halo
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CODE TESTING

CONVERGENCE STUDY

= particle number

density profile of individual dark matter halo

>

(Power et al. 2003)
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CODE TESTING

CONVERGENCE STUDY

= particle number

density profile of individual dark matter halo

>

(Power et al. 2003)

6 —

_N(r) -
—r

3 o))
Q
—

4 +

3

Log Enclosed N

COMPUTATIONAL COSMOLOGY




CODE TESTING CONVERGENCE STUDY

= particle number

density profile of individual dark matter halo
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CODE TESTING CONVERGENCE STUDY

m collisional relaxation

e relaxation time

“When a finite number of particles is used to represent a system,
individual particle accelerations will inevitably deviate from the

mean-field value when particles pass close each other.”
(Power et al. 2003)
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CODE TESTING CONVERGENCE STUDY

m collisional relaxation

e relaxation time

“When a finite number of particles is used to represent a system,
individual particle accelerations will inevitably deviate from the

mean-field value when particles pass close each other.”
(Power et al. 2003)

trelax — N(< 7") — N
t 8In(r/e) 8InN

Cross
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CODE TESTING CONVERGENCE STUDY

m collisional relaxation

e relaxation time

“When a finite number of particles is used to represent a system,
individual particle accelerations will inevitably deviate from the

mean-field value when particles pass close each other.”
(Power et al. 2003)

trelax ~ N(< 7")
81In(r/¢)
Leross = 11V number of encounters required to change

a particle’s velocity by of order itself...
(cf. Binney & Tremaine 1987)
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CODE TESTING

CONVERGENCE STUDY

m collisional relaxation

e relaxation time

“When a finite number of particles is used to represent a system,
individual particle accelerations will inevitably deviate from the
mean-field value when particles pass close each other.”

(Power et al. 2003)

trelax — N(< 7") — N

t  8In(r/e) . 8InN

Cross

GNm
2
r_mwo_ r N
e Gm Gm

a close encounter ¢ entails Av=y

COMPUTATIONAL COSMOLOGY




CODE TESTING CONVERGENCE STUDY

m collisional relaxation

e relaxation time

“When a finite number of particles is used to represent a system,
individual particle accelerations will inevitably deviate from the

mean-field value when particles pass close each other.”
(Power et al. 2003)

trelax — N(< 7") — N
t 8In(r/e) 8InN

Cross

=> the relaxation time ¢, should exceed the age of the Universe #,:

relax

toee(75IN€) 2 0.62,
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CODE TESTING CONVERGENCE STUDY

= empirically derived relations meeting this requirement:

® choose gravitational softening to ensure @y, < a

meanfield

£~ 4 x —
N

vir

® regard those regions as converged where the circular orbit time-scales exceeds

Ly

N

A1

ty N

5/6
At
tcirc (rconverged ) > 15 X (_) tcirc (Rvir)

steps
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CODE TESTING CONVERGENCE STUDY

= do trustworthy science...
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