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•  collisionless matter (e.g. dark matter)	


•  collisional matter (e.g. gas)	
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•  Poisson’s equation	


•  Maxwell’s equation	


•  ideal gas equations	
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•  collisionless matter (e.g. dark matter)	


•  collisional matter (e.g. gas)	
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•  Poisson’s equation	


•  Maxwell’s equation	


•  ideal gas equations	


time integration lecture	


the equations	
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•  collisionless matter (e.g. dark matter)	


•  collisional matter (e.g. gas)	
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•  Poisson’s equation	


•  Maxwell’s equation	


•  ideal gas equations	
later...	


hyperbolic partial differential equations:	

solutions are wave-like, i.e. perturbations need time to travel...	


the equations	
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•  collisionless matter (e.g. dark matter)	


•  collisional matter (e.g. gas)	


€ 

∂ ρE( )
∂t   

€ 

+ ∇ ⋅ ρE + p +
1
2µ

B2⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 
! v − 1

µ
! v ⋅
! 
B [ ]
! 
B 

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

  

€ 

∂ ρ
! v ( )

∂t€ 

∂ρ
∂t

  

€ 

+ ∇ ⋅ ρ
! v ⊗ ! v + p +

1
2µ

B2⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
" 
1 − 1

µ

! 
B ⊗
! 
B 

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

  

€ 

+ ∇ ⋅ ρ
! v ( )

€ 

= ρ −∇φ( )
€ 

= 0

  

€ 

= ρ
! v ⋅ −∇φ( ) + Γ− L( )

  

€ 

d! x DM

dt
=
! v DM

  

€ 

d! v DM

dt
= −∇φ

!  full set of equations	


€ 

p = γ −1( )ρε

€ 

ρε = ρE −
1
2
ρv 2

€ 

= 4πGρtot

€ 

Δφ

  

€ 

∂
! 
B 
∂t

= − ∇ ×
! v ×
! 
B ( )

•  Poisson’s equation	


•  Maxwell’s equation	


•  ideal gas equations	


physics lecture...	


the equations	
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•  collisionless matter (e.g. dark matter)	


•  collisional matter (e.g. gas)	
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•  Poisson’s equation	


•  Maxwell’s equation	


•  ideal gas equations	


now!	


the equations	


elliptical partial differential equation:	

solution obtainable via FFT (for constant coefficients)	
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!  Poisson’s equation	
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!  Poisson’s equation	


!  general 2nd order partial differential equation:	
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•  if the coefficients A,B,C are constant 	
=> solutions via Fourier transforms	
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!  Poisson’s equation	


Poisson’s Equation	
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grid approach	
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(! r i, j,k =position of centre of grid cell (i, j,k))

!  Poisson’s equation	


Poisson’s Equation	
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ΔΦ(! r ) = 4πGρ(! r )

! 
F (! r ) = −m∇Φ(! r )

grid approach	
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(! r i, j,k =position of centre of grid cell (i, j,k))

!  Poisson’s equation	


Poisson’s Equation	


weapon of choice: AMR codes	
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!  Poisson’s equation	


Poisson’s Equation	
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weapon of choice: tree codes	


Poisson’s Equation	
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!  Poisson’s equation	

weapon of choice: tree codes	


Poisson’s Equation	


...but where is this formula actually coming from?	
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!  Poisson’s equation	


Poisson’s Equation	


Green’s function method	
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→ equation we wish to solve	
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ΔΦ = S

Poisson’s Equation	


!  Poisson’s equation – Green’s function method	
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→ equation way easier to solve…	


Poisson’s Equation	


!  Poisson’s equation – Green’s function method	
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?	


Poisson’s Equation	


!  Poisson’s equation – Green’s function method	
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Poisson’s Equation	


!  Poisson’s equation – Green’s function method	
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!  Poisson’s equation – Green’s function method	
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Poisson’s Equation	


!  Poisson’s equation – Green’s function method	
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Poisson’s Equation	


!  Poisson’s equation – Green’s function method	
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!  Poisson’s equation – Green’s function method	
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!  Poisson’s equation – Green’s function method	
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!  Poisson’s equation – Green’s function method	
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!  Poisson’s equation – Green’s function method	
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!  Poisson’s equation – Green’s function method	
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!  Poisson’s equation – Green’s function method	
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!  Poisson’s equation – Green’s function method	
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!  Poisson’s equation – Green’s function method	
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!  Poisson’s equation – Green’s function method	
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!  direct particle-particle summation (PP)                                      	
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!  direct particle-particle summation (PP)                                      	
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analytical solution to Poisson’s equation	
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! r − ! r i)

i=1

N

∑

      

€ 

Φ(! r ) = 4πG G(! r − ! ʹ′ r )∫∫∫ ρ(! ʹ′ r )d3 ʹ′ r 

= 4πG G(! r − ! ʹ′ r )∫∫∫ miδDirac(
! 
ʹ′ r − ! r i)

i=1

N

∑ d3 ʹ′ r 

= 4πG mi G(! r − ! ʹ′ r )δDirac(
! 
ʹ′ r − ! r i)∫∫∫

i=1

N

∑ d3 ʹ′ r 

= mi
G
! r − ʹ′ 
! r 
δDirac(

! 
ʹ′ r − ! r i)∫∫∫

i=1

N

∑ d3 ʹ′ r 

= mi
G

(! r − ! r i) − ( ʹ′ 
! r − ! r i)

δDirac(
! 
ʹ′ r − ! r i)∫∫∫

i=1

N

∑ d3 ʹ′ r 

= − mi
G

( ʹ′ 
! r − ! r i) − (

! r − ! r i)
δDirac(

! 
ʹ′ r − ! r i)∫∫∫

i=1

N

∑ d3 ʹ′ r 

= − mi
G

! y − (! r − ! r i)
δDirac(

! y ∫∫∫
i=1

N

∑ ) d3y = −
Gmi! r − ! r ii=1

N

∑
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!  direct particle-particle summation (PP)                                      	


    

€ 

ρ(! r ) = miδDirac(
! r − ! r i)

i=1

N

∑

  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N

analytical solution to Poisson’s equation	
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"  advantage: 	
easy to code	


! drawback: 	
extremely time consuming (N2 operations)	


Poisson’s Integral	


!  direct particle-particle summation (PP)                                      	
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N
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€ 
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! r i −
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analytical solution to Poisson’s equation	
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"  advantage: 	
easy to code	


! drawback: 	
extremely time consuming (N2 operations)	


Poisson’s Integral	


!  direct particle-particle summation (PP)                                      	


    

€ 

ρ(! r ) = miδDirac(
! r − ! r i)

i=1

N

∑

  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N

analytical solution to Poisson’s equation	


€ 

N × N = N 2
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"  advantage: 	
easy to code	


! drawback: 	
extremely time consuming (N2 operations)	


overcoming the “N2” issue?!	


Poisson’s Integral	


!  direct particle-particle summation (PP)                                      	


    

€ 

ρ(! r ) = miδDirac(
! r − ! r i)

i=1

N

∑

  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N

analytical solution to Poisson’s equation	
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€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N

organizing particles into a “tree structure” will give N log(N) operations	


The Idea	


!  direct particle-particle summation (PP)                                      	
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!  direct particle-particle summation (PP)                                      	


the tree	
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!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N

•  generating the tree:	
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!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N

•  generating the tree:	

total mass, centre-of-mass, …	
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3 (
! r i −
! r j )
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!  direct particle-particle summation (PP)                                      	


  

€ 
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(ri − rj )
3 (
! r i −
! r j )

i≠ j
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•  generating the tree:	
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!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
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Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
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•  generating the tree:	
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!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N

•  generating the tree:	
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!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N

•  generating the tree:	
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!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N

1	


2	
 3	


4	


5	
 6	

7	


8	


9	
 10	


11	


12	


13	


1	
2	


3	
 4	
 5	
6	


7	
 8	


9	
10	
11	


12	
13	
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combing distant particles into aggregates	


The Tree	


!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N

•  walking the tree (         ):	


€ 

∀i ∈ N
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!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N

•  walking the tree (         ):	


€ 

∀i ∈ N
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!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N

x 
(centre-of-mass) 

D1	


L1	


€ 

L1
D1

> θ

•  walking the tree (         ):	


€ 

∀i ∈ N
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!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N

D1	


L1	


€ 

L1
D1

> θ

•  walking the tree (         ):	


€ 

∀i ∈ N

various opening criteria possible 	

(more in a second...)	


x 
(centre-of-mass) 
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!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N

•  walking the tree (         ):	


€ 

∀i ∈ N

x 
(centre-of-mass) 

D2	

L2	


€ 

L2
D2

> θ
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!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N

•  walking the tree (         ):	


€ 

∀i ∈ N

x 
(centre-of-mass) 

D3	


L3	


€ 

L3
D3

< θ

⇒  stop opening that branch and	

     add force contribution from “super-particle”	
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!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N

•  walking the tree (         ):	


€ 

∀i ∈ N

we still need to add the remaining contributions from that branch…	
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!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N

•  walking the tree (         ):	


€ 

∀i ∈ N

we still need to add the remaining contributions from that branch…	
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!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N

•  walking the tree (         ):	


€ 

∀i ∈ N

…as well as walking the other branches!	
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!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N

•  opening criteria:	


-  Barnes-Hut	


-  Min-distance	


-  Bmax	


€ 

D

€ 

L

€ 

L

€ 

L€ 

D

€ 

D

€ 

L
D < θ

€ 

L
D < θ

€ 

bmax
D < θ
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!  direct particle-particle summation (PP)                                      	


other speed-ups?	
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Tree Codes Hardware Solution	


GRAPE (GRAvity PipE):	


•  particle-particle summation hardwired into motherboard	


•  combination with tree possible	


!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N
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!  direct particle-particle summation (PP)                                      	


force resolution	

vs.	


softening	
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!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
2 + ε2( )3 / 2

(! r i −
! r j )

i≠ j
∑ ∀i ∈ N
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“soften” the force to…	


1. avoid the singularity for ri=rj	


2. smooth mass density on small scales	


!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
2 + ε2( )3 / 2

(! r i −
! r j )

i≠ j
∑ ∀i ∈ N
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•  Plummer softening	


•  S2 softening	


•  spline softening	


•  …	


!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
2 + ε2( )3 / 2

(! r i −
! r j )

i≠ j
∑ ∀i ∈ N

for an exhaustive discussion please refer to Dehnen, MNRAS 324, 273 (2001)	


€ 

ρPlummer(r) =
3M
4πε 3

1+
r
ε

⎛ 

⎝ 
⎜ 
⎞ 

⎠ 
⎟ 
2⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

−5 / 2
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!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
2 + ε2( )3 / 2

(! r i −
! r j )

i≠ j
∑ ∀i ∈ N

for collisionless simulations even more important:	


each particle should only feel the mean field generated by all particles!	
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!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
2 + ε2( )3 / 2

(! r i −
! r j )

i≠ j
∑ ∀i ∈ N

for collisionless simulations even more important:	


each particle should only feel the mean field generated by all particles!	


ε determines the overall force resolution of the simulation	
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!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
2 + ε2( )3 / 2

(! r i −
! r j )

i≠ j
∑ ∀i ∈ N
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!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
2 + ε2( )3 / 2

(! r i −
! r j )

i≠ j
∑ ∀i ∈ N

  

€ 

e2 =
! 
F ( ! x ) −

! 
F true (

! x )
2

! 
x 

  

€ 

! x 1
  

€ 

! x 2

  

€ 

! x 3

  

€ 

! x 4  

€ 

! x 1 =
! x 3
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!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
2 + ε2( )3 / 2

(! r i −
! r j )

i≠ j
∑ ∀i ∈ N
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!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
2 + ε2( )3 / 2

(! r i −
! r j )

i≠ j
∑ ∀i ∈ N

  

€ 

e2( ! x ) =
! 
F (! x ) −

! 
F true (

! x )
2

=
! 
F 2( ! x ) − 2

! 
F ( ! x )

! 
F true (

! x ) +
! 
F 2true (

! x )

=
! 
F 2( ! x ) − 2

! 
F ( ! x )

! 
F true (

! x ) +
! 
F 2true (

! x )

=
! 
F 2( ! x ) − 2

! 
F ( ! x )

! 
F true (

! x ) +
! 
F 2true (

! x ) +
! 
F (! x )

2
−
! 
F ( ! x )

2

=
! 
F (! x ) −

! 
F true (

! x )( )
2

+
! 
F 2( ! x ) −

! 
F (! x )

2
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!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
2 + ε2( )3 / 2

(! r i −
! r j )

i≠ j
∑ ∀i ∈ N

comparing numerical and analytical force	

at a given point	


scatter of numerical force	

for a given point (note, F only depends on |x|)	


  

€ 

e2 =
! 
F ( ! x ) −

! 
F true (

! x )
2

=
! 
F 2(! x ) − 2

! 
F (! x )

! 
F true (

! x ) +
! 
F 2true (

! x )

=
! 
F 2(! x ) − 2

! 
F (! x )

! 
F true (

! x ) +
! 
F 2true (

! x )

=
! 
F 2(! x ) − 2

! 
F (! x )

! 
F true (

! x ) +
! 
F 2true (

! x ) +
! 
F ( ! x )

2
−
! 
F (! x )

2

=
! 
F ( ! x ) −

! 
F true (

! x )( )
2

+
! 
F 2(! x ) −

! 
F ( ! x )

2
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!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
2 + ε2( )3 / 2

(! r i −
! r j )

i≠ j
∑ ∀i ∈ N

    

€ 

e2 =
! 
F ( ! x ) −

! 
F true (

! x )
2

=
! 
F 2(! x ) − 2

! 
F (! x )

! 
F true (

! x ) +
! 
F 2true (

! x )

=
! 
F 2(! x ) − 2

! 
F (! x )

! 
F true (

! x ) +
! 
F 2true (

! x )

=
! 
F 2(! x ) − 2

! 
F (! x )

! 
F true (

! x ) +
! 
F 2true (

! x ) +
! 
F ( ! x )

2
−
! 
F (! x )

2

=
! 
F ( ! x ) −

! 
F true (

! x )( )
2

+
! 
F 2(! x ) −

! 
F ( ! x )

2

= bias2 + var
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!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
2 + ε2( )3 / 2

(! r i −
! r j )

i≠ j
∑ ∀i ∈ N

    

€ 

bias =
! 
F (! x ) −

! 
F true (

! x )( )

var =
! 
F 2( ! x ) −

! 
F (! x )

2
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α, β = non-trivial power-law indices…	

Nε3 = const.	


!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
2 + ε2( )3 / 2

(! r i −
! r j )

i≠ j
∑ ∀i ∈ N

    

€ 

bias =
! 
F (! x ) −

! 
F true (

! x )( ) ∝εα

var =
! 
F 2( ! x ) −

! 
F (! x )

2
∝ N −β
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!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
2 + ε2( )3 / 2

(! r i −
! r j )

i≠ j
∑ ∀i ∈ N

  

€ 

MISE = ρ(! x )
! 
F ( ! x ) −

! 
F true (

! x )
2
d3x∫∫∫

•  error estimate:	


MISE = mean integrated square error	
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46

2 
(1

99
6)
	


Force Softening	


!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
2 + ε2( )3 / 2

(! r i −
! r j )

i≠ j
∑ ∀i ∈ N

  

€ 

MISE = ρ(! x )
! 
F ( ! x ) −

! 
F true (

! x )
2
d3x∫∫∫

•  error estimate:	


interplay between N and ε:  Nε3=const. MISE = mean integrated square error	
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M
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ri
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, A
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11

, 2
46

2 
(1

99
6)
	


Force Softening	


optimal “softening”	


!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
2 + ε2( )3 / 2

(! r i −
! r j )

i≠ j
∑ ∀i ∈ N

  

€ 

MISE = ρ(! x )
! 
F ( ! x ) −

! 
F true (

! x )
2
d3x∫∫∫

•  error estimate:	


MISE = mean integrated square error	
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N=30	


N=30000	


!  direct particle-particle summation (PP)                                      	


  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
2 + ε2( )3 / 2

(! r i −
! r j )

i≠ j
∑ ∀i ∈ N

M
er

ri
tt

, A
pJ

 1
11

, 2
46

2 
(1

99
6)
	


  

€ 

MISE = ρ(! x )
! 
F ( ! x ) −

! 
F true (

! x )
2
d3x∫∫∫

•  error estimate:	


MISE = mean integrated square error	
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requirements to perform	


 Cosmological Simulations	




Computational Cosmology 

Tree Codes Cosmological Simulations	


!  specific requirements for cosmological simulations:	


•  periodic boundary conditions	


•  equations-of-motion in comoving coordinates	
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Tree Codes Cosmological Simulations	


!  specific requirements for cosmological simulations:	


•  periodic boundary conditions	


•  equations-of-motion in comoving coordinates	




Computational Cosmology 

Tree Codes Cosmological Simulations	


!  periodic boundary conditions                                      	


L	
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Tree Codes Cosmological Simulations	


!  periodic boundary conditions                                      	




Computational Cosmology 

Tree Codes Cosmological Simulations	


!  periodic boundary conditions                                      	


correct expression for the force	

on infinite domain?	
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Tree Codes Cosmological Simulations	


!  periodic boundary conditions                                      	


  

€ 

Δ xΦ(
! x ) = 4πG ρx (

! x ) − ρ x( )



Computational Cosmology 

Tree Codes Cosmological Simulations	


!  periodic boundary conditions                                      	


  

€ 

Δ xΦ(
! x ) = 4πG ρx (

! x ) − ρ x( )

we need to subtract the mean background density	

in order for the solution to converge!	
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Tree Codes Cosmological Simulations	


!  periodic boundary conditions                                      	


  

€ 

Δ xΦ(
! x ) = 4πG ρx (

! x ) − ρ x( )

  

€ 

Φ( ! x ) = G ρx (
! 
ʹ′ x ) − ρ x! x − ! ʹ′ x 

d3 ʹ′ x ∫∫∫

general solution	
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!  periodic boundary conditions                                      	


  

€ 

Δ xΦ(
! x ) = 4πG ρx (

! x ) − ρ x( )

  

€ 

Φ( ! x ) = G ρx (
! 
ʹ′ x ) − ρ x! x − ! ʹ′ x 

d3 ʹ′ x ∫∫∫

general solution	


periodicity automatically taken care of when using PM solver!	
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!  periodic boundary conditions                                      	


  

€ 

Δ xΦ(
! x ) = 4πG ρx (

! x ) − ρ x( )

  

€ 

Φ( ! x ) = G ρx (
! 
ʹ′ x ) − ρ x! x − ! ʹ′ x 

d3 ʹ′ x ∫∫∫

general solution	


periodicity automatically taken care of when using PM solver!	


...but needs to be properly implemented for tree codes!	
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!  periodic boundary conditions                                      	


  

€ 

Δ xΦ(
! x ) = 4πG ρx (

! x ) − ρ x( )

  

€ 

Φ( ! x ) = G ρx (
! 
ʹ′ x ) − ρ x! x − ! ʹ′ x 

d3 ʹ′ x ∫∫∫

general solution	


fluctuates about zero!	


        

€ 

i.e.,Φ(
! 
0 ) = −G

ρx ( ! x ) − ρ x( )
! x ∫∫∫ d3x

= −G 1
! x 

x 2 ρx ( ! x ) − ρ x( )sinϑdϑdϕ
ϑ ,ϕ
∫∫

x= 0

∞

∫

= −G x ρx (! x ) − ρ x ! 
x = x dx

x= 0

∞

∫

⇒ convergence to finite value, as → 0  for x →∞

Note: what is true to x=0 is true for any point as the origin of the coordinate system is arbitrary for periodic boundaries...	
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!  periodic boundary conditions                                      	


  

€ 

Δ xΦ(
! x ) = 4πG ρx (

! x ) − ρ x( )

  

€ 

Φ( ! x ) = G ρx (
! 
ʹ′ x ) − ρ x! x − ! ʹ′ x 

d3 ʹ′ x ∫∫∫

general solution	


desired (peculiar) force field	


  

€ 

! 
F ( ! x ) = −G ρx (

! 
ʹ′ x ) − ρ x! x − ! ʹ′ x 3

( ! x − ! ʹ′ x )d3 ʹ′ x ∫∫∫
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!  periodic boundary conditions                                      	


  

€ 

! 
F ( ! x ) = −G ρx (

! 
ʹ′ x ) − ρ x! x − ! ʹ′ x 3

( ! x − ! ʹ′ x )d3 ʹ′ x ∫∫∫
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!  periodic boundary conditions                                      	


  

€ 

! 
F ( ! x ) = −G ρx (

! 
ʹ′ x ) − ρ x! x − ! ʹ′ x 3

( ! x − ! ʹ′ x )d3 ʹ′ x ∫∫∫

...but in the end it will not contribute to F!	
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!  periodic boundary conditions                                      	


  

€ 

! 
F ( ! x ) = −G ρx (

! 
ʹ′ x ) − ρ x! x − ! ʹ′ x 3

( ! x − ! ʹ′ x )d3 ʹ′ x ∫∫∫

  

€ 

i.e.,
! 
F (
! 
0 ) = −G

ρx ( ! x ) − ρ x( )
! x 3

! x ∫∫∫ d3x

= −G ρx (! x )
! x 3
! x ∫∫∫ d3x + G ρ x! x 3

! x ∫∫∫ d3x

  

€ 

! x 
! x 3

∫∫∫ d3x =
1
x 3

x cosϕ sinϑ
x sinϕ sinϑ

x cosϑ

⎛ 

⎝ 

⎜ 
⎜ ⎜ 

⎞ 

⎠ 

⎟ 
⎟ ⎟ x,ϑ ,ϕ

∫∫∫ x 2 sinϑdxdϑdϕ =

cosϕ sinϑ
sinϕ sinϑ
cosϑ

⎛ 

⎝ 

⎜ 
⎜ ⎜ 

⎞ 

⎠ 

⎟ 
⎟ ⎟ x,ϑ ,ϕ

∫∫∫ sinϑdxdϑdϕ =

0
0
0

⎛ 

⎝ 

⎜ 
⎜ ⎜ 

⎞ 

⎠ 

⎟ 
⎟ ⎟ 

...but in the end it will not contribute to F!	
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!  periodic boundary conditions                                      	


  

€ 

! 
F ( ! x ) = −G ρx (

! 
ʹ′ x )

! x − ! ʹ′ x 3
(! x − ! ʹ′ x )d3 ʹ′ x ∫∫∫
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!  periodic boundary conditions                                      	


  

€ 

! 
F ( ! x ) = −G ρx (

! 
ʹ′ x )

! x − ! ʹ′ x 3
(! x − ! ʹ′ x )d3 ʹ′ x ∫∫∫

  

€ 

! 
F ( ! x ) = −G mi

! x − (! x i +
! 
R )

3
! x − (! x i +

! 
R )( )

! 
R 

∑
i=1

N

∑

particle/discrete picture	


  

€ 

! 
R = ! n L
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!  periodic boundary conditions                                      	


  

€ 

! 
F ( ! x ) = −G ρx (

! 
ʹ′ x )

! x − ! ʹ′ x 3
(! x − ! ʹ′ x )d3 ʹ′ x ∫∫∫

  

€ 

! 
F ( ! x ) = −G mi

! x − (! x i +
! 
R )

3
! x − (! x i +

! 
R )( )

! 
R 

∑
i=1

N

∑

particle/discrete picture	


  

€ 

! 
R = ! n Lcorrect expression for the force	


on infinite domain!	
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!  periodic boundary conditions                                      	


  

€ 

! n =
0
1
⎛ 

⎝ 
⎜ 
⎞ 

⎠ 
⎟ 

  

€ 

! n =
1
−1
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

  

€ 

! 
F ( ! x ) = −G mi

! x − (! x i +
! 
R )

3
! x − (! x i +

! 
R )( )

! 
R 

∑
i=1

N

∑
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!  periodic boundary conditions                                      	


  

€ 

! 
F ( ! x ) = −G mi

! x − (! x i +
! 
R )

3
! x − (! x i +

! 
R )( )

! 
R 

∑
i=1

N

∑

=> slow convergence and hence not feasible…	


=> Ewald summation instead…	
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!  periodic boundary conditions	


Cosmological Simulations	


  

€ 

Δ xΦ(
! x ) = 4πGρ(! x )
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!  periodic boundary conditions	


Cosmological Simulations	


  

€ 

ρperiodic (
! x ) = miδDirac(

! x − (! x i +
! 
R ))

! 
R 

∑
i=1

N

∑ −ρ 

  

€ 

ρ( ! x ) = miδDirac(
! x − ! x i)

i=1

N

∑

  

€ 

ρ( ! x ) = miδDirac(
! x − ! x i)

i=1

N

∑ −ρ “peculiar” density	


periodic, peculiar density	


    

€ 

! 
R = ! n L ( ! n = integer vector)

  

€ 

Δ xΦ(
! x ) = 4πGρ(! x )
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!  periodic boundary conditions                                      	


  

€ 

ρperiodic (
! x ) = miδDirac(

! x − ! x i −
! 
R )

! 
R 

∑
i=1

N

∑ −ρ 
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!  periodic boundary conditions                                      	


  

€ 

ρperiodic (
! x ) = ρ1(

! x , ! x i)
i=1

N

∑ + ρ2(
! x , ! x i)

  

€ 

ρperiodic (
! x ) = miδDirac(

! x − ! x i −
! 
R )

! 
R 

∑
i=1

N

∑ −ρ 
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!  periodic boundary conditions                                      	


  

€ 

ρperiodic (
! x ) = ρ1(

! x , ! x i)
i=1

N

∑ + ρ2(
! x , ! x i)

  

€ 

ρ1(
! x , ! x i) = miδDirac(

! x − ! x i −
! 
R )

! 
R 

∑

ρ2(
! x , ! x i) = −ρ 



Computational Cosmology 

Tree Codes Cosmological Simulations	


!  periodic boundary conditions                                      	


  

€ 

ρ1(
! x , ! x i) = −

1
µ2π

e
−
(
! 
x −
! 
x i −
! 
R )2

µ 2
+

! 
R 

∑ miδDirac(
! x − ! x i −

! 
R )

! 
R 

∑

ρ2(
! x , ! x i) = +

1
µ2π

e
−
(
! 
x −
! 
x i −
! 
R )2

µ 2
−

! 
R 

∑ ρ 

Ewald introduced (Gaussian) “screening charges”	


  

€ 

ρperiodic (
! x ) = ρ1(

! x , ! x i)
i=1

N

∑ + ρ2(
! x , ! x i)
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!  periodic boundary conditions                                      	


  

€ 

ρperiodic (
! x ) = ρ1(

! x , ! x i)
i=1

N

∑ + ρ2(
! x , ! x i)

  

€ 

ρ1(
! x , ! x i) = −

1
µ2π

e
−
(
! 
x −
! 
x i −
! 
R )2

µ 2
+

! 
R 

∑ miδDirac(
! x − ! x i −

! 
R )

! 
R 

∑

ρ2(
! x , ! x i) = +

1
µ2π

e
−
(
! 
x −
! 
x i −
! 
R )2

µ 2
−

! 
R 

∑ ρ 

! real-space	


! Fourier-space	
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!  periodic boundary conditions                                      	


  

€ 

ρperiodic (
! x ) = ρ1(

! x , ! x i)
i=1

N

∑ + ρ2(
! x , ! x i)

  

€ 

ρ2(
! x , ! x i) =

1
µ2π

e
−
(
! 
x −
! 
x i −
! 
R )2

µ 2
−

! 
R 

∑ ρ 

  

€ 

ρ1(
! x , ! x i) = miδDirac(

! x − ! x i −
! 
R ) − 1

µ2π
e
−
(
! 
x −
! 
x i −
! 
R )2

µ 2

! 
R 

∑ real-space	


Fourier-space	


potential obtained in…	


=> exponential convergence and hence feasible!	
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!  periodic boundary conditions                                      	


detailed calculation…	




Computational Cosmology 

Tree Codes 

•  force due to particles in computational box: 	


•  additional force due to periodic images:	


Cosmological Simulations	


!  periodic boundary conditions                                      	


  

€ 

! 
F ( ! x ) = −G mi! x − ! x i

3
! x − ! x i( )

i=1

N

∑

  

€ 

! 
F Ewald (

! x ) =
! x 
x 3
−

! x −
! 
R 

! x −
! 
R 
3 × erfc

! x −
! 
R 

µ

⎛ 

⎝ 

⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 

+
2 ! x −

! 
R 

µ2π
e
−

! 
x −
! 
R 
2

µ 2

⎡ 

⎣ 

⎢ 
⎢ 
⎢ 

⎤ 

⎦ 

⎥ 
⎥ 
⎥ 

! 
R 

∑ −
2
L2

! n 
n
sin 2π

L
! n ⋅ ! x −

! 
R ( )⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ e

−
(µπ )2 n 2

L2

! 
n ≠0
∑

Ewald summation in practice…	
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1.	


2. tabulate FEwald(x) on a grid and interpolate…	


•  additional force due to periodic images:	


•  in practice:	


Cosmological Simulations	


!  periodic boundary conditions                                      	


  

€ 

µ = L /2, ! x −
! 
R < 3L, n2 <10

  

€ 

! 
F Ewald (

! x ) =
! x 
x 3
−

! x −
! 
R 

! x −
! 
R 
3 × erfc

! x −
! 
R 

µ

⎛ 

⎝ 

⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 

+
2 ! x −

! 
R 

µ2π
e
−

! 
x −
! 
R 
2

µ 2

⎡ 

⎣ 

⎢ 
⎢ 
⎢ 

⎤ 

⎦ 

⎥ 
⎥ 
⎥ 

! 
R 

∑ −
2
L2

! n 
n
sin 2π

L
! n ⋅ ! x −

! 
R ( )⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ e

−
(µπ )2 n 2

L2

! 
n ≠0
∑
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!  specific requirements for cosmological simulations:	


•  periodic boundary conditions	


•  equations-of-motion in comoving coordinates	
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€ 

∂ ρxEx( )
∂T

  

€ 

d! v DM

dT
= −∇xφx

€ 

= 4πGa ρx,tot − ρ x( )

  

€ 

+ ∇ x ⋅ ρx Ex + px[ ]
! v ( )

  

€ 

∂ ρx
! v ( )

∂T€ 

∂ρx
∂T

  

€ 

+ ∇ x ⋅ ρx
! v ⊗ ! v + px

" 
1 ( )

  

€ 

+ ∇ x ⋅ ρx
! v ( )

€ 

Δ xφx

  

€ 

d! x DM

dT
=
! v DM

€ 

= ρx −∇ xφx( )
€ 

= 0

    

€ 

= ρx
! v ⋅ −∇ xφx( ) −Hρxεx 3γ − 5[ ] + Γx − Lx( )

€ 

∂Sx
∂T   

€ 

+ ∇ x ⋅ Sx
! v ( )   

€ 

= −HSx 3γ − 5[ ]

€ 

Ex = εx +
1
2
v 2

px = γ −1( )ρxεx

Sx =
px
ρx

γ −1

εx =
1

γ −1( )
1
µ
kB
mp

Tx

additional/closure equations:

Comoving Coordinates	


(cf.  “gastrophysics in supercomoving coordinates” lecture…)	
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!  comoving coordinates	


  

€ 

! r = a! x , ! v = ! u + H! r 
! ˙ x = ! u /a
! ˙ u =
! 
f −H! u 

! 
f = −G 1

a2

m j
! x − ! x j

3
! x − ! x j( )

x≠x j

N

∑ − ˙ ̇ a ! x 

•  recap:	


(cf. “Time Integration” lecture…)	
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!  comoving coordinates	


  

€ 

! 
f =

1
a2

−G
m j
! x − ! x j

3
! x − ! x j( )

x≠x j

N

∑ +
1
2
Ω0H0

2 ! x 
⎡ 

⎣ 

⎢ 
⎢ 

⎤ 

⎦ 

⎥ 
⎥ 

•  GADGET notation:	


€ 

˙ ̇ a = − 4πG
3

aρ = −
4πG

3
a ρ0

a3 = −
4πG

3
Ω0ρcrit,0

a2 = −
4πG

3
Ω0

a2
3H0

2

8πG
= −

1
a2

1
2
Ω0H0

2
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!  comoving coordinates	


  

€ 

! 
f = −G 1

a2

m j
! x − ! x j

3
! x − ! x j( )

x≠x j

N

∑ − ˙ ̇ a ! x 

•  isolated boundaries:	


•  periodic boundaries:	


  

€ 

! 
f = −G 1

a2
m j

! x − ! x j −
! 
R 
3
! x − ! x j −

! 
R ( )

! 
R 

∑
x≠x j

N

∑

(cf. discussion about periodic boundaries earlier…)	
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