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the equations

= full set of equations

* collisionless matter (e.g. dark matter)

Bipy -
d t DM
dv,,
v __y
dt ¢

* collisional matter (e.g. gas)

L V- (o)

A o7

(p7) +V- pV®V+(p+iB2)l—lB®B
ot 2u u
APE) +V- pE+p+Lleq—l[*-§]

ot 2u u

—

= pv- (-V¢)+(C-L)

* Poisson’s equation

A¢ = 4ﬂGpt0t

* ideal gas equations

p=(r-1)pe

2

PE =pE—%pv

* Maxwell’s equation

§=—Vx(\7x§)
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the equations

= full set of equations

* collisionless matter (e.g. dark matter)

* collisional matter (e.g. gas)

L V- (o)

A o5

(p7) +V:- pV®v+(p+iB2)l—lB®B

ot 2u u

d(PE) 1 ol 11~ 212
V|| oE —B’[i-—|V-B|B

) ov-{|oe e s ] ;5]

r R
dxp, -
7 = VoM
- time integration lecture
dvﬂ =-Vo¢
dt
& W)

= pv- (-V¢)+(C-L)

* Poisson’s equation

A¢ = 4ﬂGpt0t

* ideal gas equations

p=(r-1)pe

2

PE =pE—%pv

* Maxwell’s equation

§=—Vx(\7x§)
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TREE CODES the equations

= full set of equations

* collisionless matter (e.g. dark matter) * Poisson’s equation
dx _
d[;M =Vou Ap = 4GP,
dv
Sow __y
dt ¢
* collisional matter (e.g. gas) later-... * ideal gas equations
7 A
P v (p7) _ 0 p=(y-1)pe
ot
pe = pE -~ pv*
a(pv I PRSP
Iev) +V- | pv®@v+ p+LB21—lB®B =p (-V¢) 2
ot 2u u
9(PE) +V: pE+p+LBZ\7—l[*-§]§ = pv- (-V¢)+(C-L)
Py 2u u * Maxwell’s equation
N o JB
hyperbolic partial differential equations: —=-Vx (\7 X E)
solutions are wave-like, i.e. perturbations need time to travel... J
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the equations

= full set of equations

* collisionless matter (e.g. dark matter)

Bipy -
d t DM
dv,,
v __y
dt ¢

* collisional matter (e.g. gas)

L V- (o)

A o7

(p7) +V- pV®V+(p+iB2)l—lB®B
ot 2u u
APE) +V- pE+p+Lleq—l[*-§]

ot 2u u

—

= pv- (-V¢)+(C-L)

* Poisson’s equation

A¢ = 4ﬂGpt0t

physics lecture...

7 . 2
* ideal gas equations

p=(r-1)pe

2

PE =pE—%pv

* Maxwell’s equation

§=—Vx(\7x§)
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the equations

= full set of equations

* collisionless matter (e.g. dark matter)

Bipy -
d t DM
dv,,
v __y
dt ¢

* collisional matter (e.g. gas)

ap

now!

4 )

* Poisson’s equation

A¢ = 4'7-[Gptot

\ )

elliptical partial differential equation:
solution obtainable via FFT (for constant coefficients)

* ideal gas equations

+ V- (pv) = 0 p=(y-1)pe
Jt
a(pv) 1) ”“pE‘%’”z
+V- pv®v+(p+—B2)1——B®B) =p (-V¢)
ot 2u u
IPE) | y. [ S Y S - .
-tV pE+p+ZB g BBl =pv(-V$)+(T-L) . Maswell's equation

§=—Vx(\7x§)
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Poisson’s Equation

" Poisson’s equation

AD(X) = 47Gp(F)
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TREE CODES Poisson’s Equation

" Poisson’s equation

AD(X) = 47Gp(F)

= general 2" order partial differential equation:

AP +2B® +CP,  +DP +ED +F =0

A B
. is positive definite => elliptical equation

B

* if the coefficients A,B,C are constant => solutions via Fourier transforms
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Poisson’s Equation

" Poisson’s equation

AD(F) = 4aGp(F)

F(F) = —-mV®(F)
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TREE CODES Poisson’s Equation

" Poisson’s equation

AD(F) = 4aGp(F)

T

F(F) = —-mV®(F)

gl’ld approach (7. ;, =position of centre of grid cell (7, j,k))
AD(F, ;) = 4aGP(F. ;)
F(Z]k) = _qu)(?i,j,k)
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Poisson’s Equation

" Poisson’s equation

AD(F) = 4aGp(F)

F(F) = —-mV®(F)

T

7

grid approach (7. ;, =position of centre of grid cell (i,j,k))\

\.

A(I)(?;.,j’k) = 4.7'[Gp(;’;,j’k)
ﬁ(;.;]k) = _qu)(’_;i,j,k)

weapon of choice: AMR codes
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Poisson’s Equation

" Poisson’s equation

AD(F) = 4aGp(F)

F(F) = —-mV®(F)

particle approach

.o Gmm, _
F(’?)=—Eﬁ(n—@)
=\ T

gl’ld approach (7. ;, =position of centre of grid cell (7, j,k))
AD(F, ;) = 4aGP(F. ;)
F(Z]k) = _qu)(?i,j,k)
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TREE CODES Poisson’s Equation

" Poisson’s equation

weapon of choice: tree codes

( ) )
particle approach

AD(F) = 47Gp(7) F(7) = —; ) (7 - )

J

F(F) = —-mV®(F)

grld approach (7. ;, =position of centre of grid cell (7, j,k))
ACI)(I” +) =47Gp(r, k)
F(r k)= -mVP(r, i)
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TREE CODES Poisson’s Equation

" Poisson’s equation ...but where is this formula actually coming from?
weapon of choice: tree codes
( i )
particle approach
AD(F) = 47Gp(F) F(7) = -E ) 5 -F)
. =1 Ui J

F(F) = -mVO(F)

grld approach (7. ;, =position of centre of grid cell (7, j,k))
ACI)(I” +) =47Gp(r, k)
F(r k)= -mVP(r, i)
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Poisson’s Equation

" Poisson’s equation

AD(F) = 4aGp(F)

F(F) = —-mV®(F)

Green’s function method
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TREE CODES Poisson’s Equation

" Poisson’s equation — Green’s function method

AD

S — equation we wish to solve
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TREE CODES Poisson’s Equation

" Poisson’s equation — Green’s function method

AD

S — equation we wish to solve

AG

0 — equation way easier to solve...
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Poisson’s Equation

" Poisson’s equation — Green’s function method

AD =§

*~

AG =
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TREE CODES Poisson’s Equation

" Poisson’s equation — Green’s function method

AD =§

o) = [[[ GG -3) Sy«

0

AG
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TREE CODES Poisson’s Equation

" Poisson’s equation — Green’s function method

AD =§

o) = [[[ GG -3) Sy«

AG =

AD(F) = A [[[ G - 3)SGd*x
= [[J AGG - 7)S@)d*x

= [[[ 6 - 3)sEd’x'
= S(¥)
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TREE CODES Poisson’s Equation

" Poisson’s equation — Green’s function method

AG =5

Ansatz: G = (2;)3 fff G(l;) Mk (spectral decomposition of G)

COMPUTATIONAL COSMOLOGY




TREE CODES

Poisson’s Equation

" Poisson’s equation — Green’s function method

AG =5

1 SODN pikE g3
Ansatz : g=(2n)3 [[] Gk) "’k

1 AT kX g3
6=A(2ﬂ)3fff§(k)e d’k

(2;)3 [[f 6 ac™ @’

) (2;)3 JIf 6k ke a'k
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Poisson’s Equation

" Poisson’s equation — Green’s function method

AG =5

1 SODN pikE g3
Ansatz : g=(2n)3 [[] Gk) "’k

S=A— [[f 6y ™’k

Qm)’
- MY G s ak
= (2;)3 fffé(];) (—k2)eu§.;d3k e-i(lE’-i) > 5e-i(/€'.£> =€—i(/€'.£)(2%)3fffé(l‘<') (—kZ)e”;'icPk
i (2311)3 JIf 6o (ke dk
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Poisson’s Equation

" Poisson’s equation — Green’s function method

AG =5

1 SODN pikE g3
Ansatz : g=(2n)3 [[] Gk) "’k

S=A— [[f 6y ™’k

Qm)’
- MY G s ak
= (2;)3 fffé(];) (—k2)eu§.;d3k e-i(lE’-i) > 5e-i(/€'.£> =€—i(/€'.£)(2%)3fffé(l‘<') (—kZ)e”;'icPk
i (2311)3 JIf 6o (ke dk

[+
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Poisson’s Equation

" Poisson’s equation — Green’s function method

AG =5

[foe0d'x= (2;)3 (76 =) [[f e xa’k

A7 2 1 i(k-k'y% 33 .. 13
1= [[[ (k) (~k )(2n)3 [[[ e“* " d’xd’k
- [Jf 6t kst - khd’k
= -k’G (k)
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Poisson’s Equation

" Poisson’s equation — Green’s function method

AG =5

[foe0d'x= (2;)3 (76 =) [[f e xa’k

P A 2 1 i(k-k'y% 3
_1_=fffg(k)(-k )(2n)3 [[[ e“* " d’xd’k
- [Jf 6t kst - khd’k
- -k’G(k)
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Poisson’s Equation

" Poisson’s equation — Green’s function method

AG =5

[foe0d'x= (2;)3 (76 =) [[f e xa’k

P A 2 1 i(k-k'y% 3
_1_=fffg(k)(-k )(2n)3 [[[ e“* " d’xd’k
- [Jf 6t kst - khd’k
- -k’G(k)

FFT ™ (G(k))
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Poisson’s Equation

" Poisson’s equation — Green’s function method

AG =5

G(k)=-— G(¥)=

kK 45 x
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Poisson’s Equation

" Poisson’s equation — Green’s function method

AG =

G(k)=-— G(¥)=

kK 45 x

AD =§

o) = [[[ GG -3) s@E)ax
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TREE CODES Poisson’s Equation

" Poisson’s equation — Green’s function method

AD=§

o) = [[[ GG -7 SGE)d*x

. 1
G0 = 45T x
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" Poisson’s equation — Green’s function method

N
A(I) = 4.7TGp > p(?) = Emi(SDirac(;: - ;.;)
i=1

particle approach
O(F) = 476G [[[ G - 7) pGHd*x’

_ 1
G(x) = -

remember:
we are already using particles to sample phase-space!
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TREE CODES Poisson’s Integral

= direct particle-particle summation (PP)

N
IO(;:) = Emi(SDirac(? - ;.;)
i=1
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TREE CODES Poisson’s Integral

= direct particle-particle summation (PP)

N
IO(;:) = Emi(SDirac(? - ;.;)
i=1

analytical solution to Poisson’s equation

. Gm.m .
F/(F) = _E—lg(ﬁ. -7) ViEN

i#j(ri_rj)
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TREE CODES Poisson’s Integral

= direct particle-particle summation (PP)

N
IO(;:) = Emi(SDirac(? - ;.;)
i=1

O(7) = 416 [[[ GF - 7) p()d’r F(7) = -m V()
=416 [[[ GGF -7) imiamac(? ~F)d’r ——mV _ﬁ ‘f;mj ‘
i=1 =1l =T
N
= 43G 3, ] G Py P =T &' - S Gmm ¥ ‘# L ‘
N - Jj=1 i =T
G o Lo
Sl b1 o )
- i) ¢ Opirac P~ ) dr N a
_Zmi ‘(7_2)_(7,_2)‘ birac(F' —7) d'r i iGmim,(F -
- NG
=3l 7 F)G(F 5 BoiaclP = T) T -7
i=1 —h) AT
- _ N i G N - N \ Gm,
- Zmifffy_(;;_;é)‘émrac()))dy_ Z‘?_ﬁ

Note:\i —f;\ —=(r,-r))
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TREE CODES Poisson’s Integral

= direct particle-particle summation (PP)

N
IO(;:) = Emi(SDirac(? - ;.;)
i=1

analytical solution to Poisson’s equation

. Gm.m .
F/(F) = _E—lg(ﬁ. -7) ViEN

i#j(ri_rj)
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Poisson’s Integral

= direct particle-particle summation (PP)

N
IO(;:) = Emi(SDirac(? - ;.;)
i=1

analytical solution to Poisson’s equation

Gm.m .
F(f)=-Y ——L(@-7) ViEN

~(r,—r;)

v advantage:
A drawback:

easy to code

extremely time consuming (N? operations)
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TREE CODES

Poisson’s Integral

= direct particle-particle summation (PP)

N
p(;:) = Emi(SDirac(;: - ;.;)
i=1
analytical solution to Poisson’s equation

Gm.m .

F@)=-2— s(i-F) ViEN
i J

g

NxN=N-

v advantage:
A drawback:

easy to code

extremely time consuming (N? operations)
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Poisson’s Integral

= direct particle-particle summation (PP)

N
p(;:) = Emi(SDirac(;: - ;.;)
i=1
analytical solution to Poisson’s equation

Gm.m .
—’“’3(7’; - ?].) YieN
(r, - I”j)

—

F.

1

(7))

|| overcoming the “N?” issue?!

v" advantage
A drawback:

easy to code

extremely time consuming (N? operations)
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TREE CODES The Idea

= direct particle-particle summation (PP)

- Gm.m .
FF)=-Y—""U (G -F) ViEN

i
i#j(ri_r])

|| organizing particles into a “tree structure” will give N log(/N) operations ||
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TREE CODES The Idea

= direct particle-particle summation (PP)

the tree
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TREE CODES The Tree

= direct particle-particle summation (PP)

- Gm.m .
FF)=-Y—""U (G -F) ViEN

i
i#j(ri_r])

* generating the tree:
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TREE CODES The Tree

= direct particle-particle summation (PP)

- Gm.m .
FF)=-Y—""U (G -F) ViEN

i
i#j(ri_r])

* generating the tree:
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TREE CODES The Tree

= direct particle-particle summation (PP)

- Gm.m .
FF)=-Y—""U (G -F) ViEN

i
i#j(ri_r])

* generating the tree:
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TREE CODES The Tree

= direct particle-particle summation (PP)

- Gm.m .
FF)=-Y—""U (G -F) ViEN

i#j(ri_r])

* generating the tree:
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The Tree

= direct particle-particle summation (PP)

. Gm.m .
FF)=-Y—""U (G -F) ViEN

i#j(ri_r])
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TREE CODES

The Tree

= direct particle-particle summation (PP)

- Gm.m .
FF)=-Y—""U (G -F) ViEN

i#j(ri_r])

* generating the tree:

total mass, centre-of—mass, .ee
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TREE CODES The Tree

= direct particle-particle summation (PP)

- Gm.m .
FF)=-Y—""U (G -F) ViEN

i
i#j (ri_rj)

* generating the tree:
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TREE CODES

The Tree

= direct particle-particle summation (PP)

- Gm.m .
FF)=-Y—""U (G -F) ViEN

i#j(ri_r])

total mass, centre-of-mass, ...
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The Tree

= direct particle-particle summation (PP)

- Gm.m .
FF)=-Y—""U (G -F) ViEN

i#j(ri_r])

total mass, centre-of-mass, ...
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TREE CODES

The Tree

= direct particle-particle summation (PP)

- Gm.m .
FF)=-Y—""U (G -F) ViEN

i#j(ri_r])

total mass, centre-of—mass, cee
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TREE CODES The Tree

= direct particle-particle summation (PP)

- Gm.m .
FF)=-Y—""U (G -F) ViEN

i
i# (ri_rj)

* generating the tree:
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TREE CODES The Tree

= direct particle-particle summation (PP)

- Gm.m .
FF)=-Y—""U (G -F) ViEN

i
i# (ri_rj)

* generating the tree:
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TREE CODES

The Tree

= direct particle-particle summation (PP)

. Gm.m .
FF)=-Y—""U (G -F) ViEN

i= j (ri_rj)
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TREE CODES The Tree

= direct particle-particle summation (PP)

- Gm.m .
FF)=-Y—""U (G -F) ViEN

i
i#j(ri_r])

* generating the tree:

totll mass, centre-of-mass, ...
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TREE CODES

The Tree

= direct particle-particle summation (PP)

- Gm.m .
FF)=-Y—""U (G -F) ViEN

i#j(ri_r])

total mass, centre-of—mass, .ee
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TREE CODES The Tree

= direct particle-particle summation (PP)

- Gm.m .
FF)=-Y—""U (G -F) ViEN

i
i#j(ri_r])

* generating the tree:

total mass, centre-of-mass, ...
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TREE CODES The Tree

= direct particle-particle summation (PP)

- Gm.m .
FF)=-Y—""U (G -F) ViEN

i
i# (ri_rj)

* generating the tree:
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TREE CODES The Tree

= direct particle-particle summation (PP)

- Gm.m .
FF)=-Y—""U (G -F) ViEN

i
i# (ri_rj)

* generating the tree:
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TREE CODES The Tree

= direct particle-particle summation (PP)

- Gm.m .
FF)=-Y—""U (G -F) ViEN

i
i# (ri_rj)

* generating the tree:
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TREE CODES

The Tree

= direct particle-particle summation (PP)

. Gm.m .
FF)=-Y—""U (G -F) ViEN

i#j(ri_r])

34 56
I 2 7 8

9101
12 13
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TREE CODES

The Tree

= direct particle-particle summation (PP)

- Gm.m .
FF)=-Y—""U (G -F) ViEN

i#j (ri_rj)

combing Histant particles into aggregates
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TREE CODES The Tree

= direct particle-particle summation (PP)

- Gm.m .
FF)=-Y—""U (G -F) ViEN

i
i#j(ri_r])

* walking the tree (ViEN ):
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TREE CODES

The Tree

* direct particle-particle summation (PP)

. Gm.m .
FF)=-Y—""U (G -F) ViEN

i#j (ri_rj)
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TREE CODES

The Tree

* direct particle-particle summation (PP)

- Gm.m .
FF)=-Y—""U (G -F) ViEN

i
i#j (ri_rj)

* walking the tree (ViEN ):

£>9

1
various opening criteria possible

(more in a second...)
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TREE CODES

The Tree

= direct particle-particle summation (PP)

i#j (ri_rj)

. Gm.m .
FF)=-Y—""U (G -F) ViEN
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TREE CODES

The Tree

* direct particle-particle summation (PP)

- Gm.m .
FF)=-Y—""U (G -F) ViEN

i
i#j (ri_rj)

* walking the tree (ViEN ):

L.|| eN— |

3 L]
( @REOF- Ls)\ . .

~

) g

/

L

S <0
. D,

= stop opening that branch and

add force contribution from ‘“super-particle”
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TREE CODES The Tree

= direct particle-particle summation (PP)

- Gm.m .
FF)=-Y—""U (G -F) ViEN

i
i#j (ri_rj)

* walking the tree (ViEN ):

we still need to add the remaining contributions from that branch...
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TREE CODES The Tree

= direct particle-particle summation (PP)

- Gm.m .
FF)=-Y—""U (G -F) ViEN

i
i#j (ri_rj)

* walking the tree (ViEN ):

we still need to add the remaining contributions from that branch...
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TREE CODES The Tree

= direct particle-particle summation (PP)

- Gm.m .
FF)=-Y—""U (G -F) ViEN

i
i# (ri_rj)

* walking the tree (ViEN ):

...as well as walking the other branches!
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TREE CODES The Tree

= direct particle-particle summation (PP)

. Gm.m .
FF)=-Y—""U (G -F) ViEN

i=j (rl'_rj)

* opening criteria:

A
B -Hut
— Min-distance l/ T b 7

p<? P )

\j

. i / " A
max D < 6 \\ b
o~ \ max
D 1 e
\/
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TREE CODES The Idea

= direct particle-particle summation (PP)

other speed-ups?
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TREE CODES

Hardware Solution

= direct particle-particle summation (PP)

- Gm.m .
FF)=-Y—""U (G -F) ViEN

i#j(ri_r])

GRAPE (GRA ity PipE):

* particle-particle summation hardwired into motherboard

* combination with tree possible
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TREE CODES The Idea

= direct particle-particle summation (PP)

force resolution
VS.
softening
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TREE CODES

Force Softening

= direct particle-particle summation (PP)

. Gmm

=) ((rl. -r)’ + 82>

5 (F-F) ViEN
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TREE CODES Force Softening

= direct particle-particle summation (PP)

~ Gmm .
F(F)=-Y L (7-7,) ViEN

oy ((’3— -r)’

“soften” the force to...

| avoid the singularity for r=r;

2. smooth mass density on small scales
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TREE CODES Force Softening

= direct particle-particle summation (PP)

~ Gmm .
F(F)=-Y ~ L (F-7,) VYiEN

i ((rl. -r)’ + 82)

* Plummer softening

* S2 softening

* spline softening

for an exhaustive discussion please refer to Dehnen, MNRAS 324,273 (2001)
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TREE CODES

Force Softening

= direct particle-particle summation (PP)

Gmimj

i# j ((rl —_ rj)z

5 (1-1) ViEN

mportant:

less simulations

lision
fo ly feel the mea

ach particle should on

even more i
n field generated by all part

Lo

———
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TREE CODES Force Softening

= direct particle-particle summation (PP)

— Gmm L .
F.(rl.)=—E . > (h-r;) VIiEN

i J ((’3— -r,)’

i t:
ore importan . , \\
"::‘ generated by all particles

\

|| ¢ determines the overall force resolution of the simulation ||
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TREE CODES

Force Softening

= direct particle-particle summation (PP)

Gmm

F(7)=- s (R-7) ViEN
i¢j((rl.—r].) + € )
10°E E
F 2 ]
10’; o =
IOD; —
8 C
3 [ i
104? —
soft 0.1 E
T _____ soft 0.2 :
107 soft 0.3 .
103; L |
0.01 0.10

distance
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TREE CODES Force Softening

= direct particle-particle summation (PP)

S Gmm L .
F.(rl.)=—E . > (h-r;) VYIiEN

i ((rl. -r)’ + 82>

o o <\F(?c) - F,, (55)\2>

X

®
|
v
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TREE CODES

Force Softening

= direct particle-particle summation (PP)

. Gmm

=) ((rl. -r)’ + 82>

5 (F-F) ViEN
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TREE CODES Force Softening

= direct particle-particle summation (PP)

- Gmm L .
F.(r.)=—E . > (h-r;) VYIiEN

l l
i ((rl. -r)’ + 82)

(7o —Eme<x>\2>

)) = 2AF(D)F, (%)) + (F e (3))

%)) = 2(F(®))F, ., () + F e ()

2(%)) = 2 F())F, () + Fe () +{F®)) = (F(®))
0) = Fo (D)) +{F2®) = (F(D)

e*(X)

Il
“ru '*m

(7
(F(
(
-((
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TREE CODES Force Softening

= direct particle-particle summation (PP)

~ Gmm .
F(F)=-Y ~ L (F-7,) VYiEN

i ((rl. -r)’ + 82)

FX(3)) =2 F (OF,,, (0) + (F e (3)
) = 2(F(®)F, () + F e (%)

true

F?(3)) = 2(F(D)F, . (%) + F e (3) + <F(?c)>2 - <F(Tc)>2

(F®) - F, ) +(F*®) - (F®)

J S

comparing numerical and analytical force
at a given point

scatter of numerical force
for a given point (note, F only depends on |x|)
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TREE CODES Force Softening

= direct particle-particle summation (PP)

- Gmm L .
F.(r.)=—E . > (h-r;) VYIiEN

l l
i ((rl. -r)’ + 82)

—bias’+var
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TREE CODES Force Softening

= direct particle-particle summation (PP)

S Gmm L .
F.(rl.)=—E . > (h-r;) VYIiEN

i ((rl. -r)’ + 82>

bias = (<F(?c)> - the()_c'))

var = (F2(®) - (F(®)
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TREE CODES Force Softening

= direct particle-particle summation (PP)

~ Gmm .
F(F)=-Y ~ L (F-7,) VYiEN

i ((rl. -r)’ + 82>

bias =((F(D) - F,, (%)) &
var = (F2(®) - (F(%) <N

a, B = non-trivial power-law indices...
Née* = const.
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TREE CODES Force Softening

= direct particle-particle summation (PP)

~ Gmm .
F(F)=-Y ~ L (F-7,) VYiEN

i ((rl. -r)’ + 82>

® error estimate:
MISE = [IJ pGOJF D F,, (0 d'x)

MISE = mean integrated square error
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TREE CODES Force Softening

= direct particle-particle summation (PP)

- Gmm L .
F.(rl.)=—E . s (h-r) YieEN

i ((rl. -r)’ + 82)

® error estimate:
MISE = [IJ pGOJF D F,, (0 d'x)

.T 'Ylhr L L4 LA -vr'r L ey ""' Al L T 8 llIT‘I
=¥ 3 3

QL 3
w QF -'1 o
77} 12
- 1o
0
<
” a
o F 4 =
Bias? Variance ] %
- p=
193 15
WE aadaal i ekl hodd i PRI SR v | A PR B W | M _:. =

0.01 0.1 1 10

€ .
MISE = mean integrated square error interplay between N and &: Ned=const.
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TREE CODES Force Softening

= direct particle-particle summation (PP)

~ Gmm .
F(F)=-Y ~ L (F-7,) VYiEN

i ((rl. -r)’ + 82)

® error estimate:
MISE = [IJ pGOJF D F,, (0 d'x)

.1 'Y.'_'r L L4 LA I'hr L ey ""' Al L T 8 I""I
=% 3
gt 9
i ig
- 137
el
<
" o
o F 4 =
- 1z
Variance <
- b=
1 s
CF -
“ E aadaal i i Adud i PRI SR v | A PR B W | _'. =
0.01 / 0.1 1 10
. . [ . » ‘
MISE = mean integrated square error optimal “softening
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TREE CODES Force Softening

= direct particle-particle summation (PP)

~ Gmm .
F(F)=-Y ~ L (F-7,) VYiEN

i ((rl. -r)’ + 82)

® error estimate:
MISE = [IJ pGOJF D F,, (0 d'x)

..... T T T T —
- 3
N=30 4
o E
1o
B _ 1 &
o 4 =
=] 1 Q
1 &
g I
- 3 2
1<
N=30000 13
1 15
9]
'o- waal M T e | M R E Y | A el =
0.01 0.1 1 10

MISE = mean integrated square error
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Cosmological Simulations

requirements to perform

Cosmological Simulations
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TREE CODES Cosmological Simulations

= specific requirements for cosmological simulations:

* periodic boundary conditions

* equations-of-motion in comoving coordinates
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TREE CODES Cosmological Simulations

= specific requirements for cosmological simulations:

» periodic boundary conditions

* equations-of-motion in comoving coordinates
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TREE CODES Cosmological Simulations

= periodic boundary conditions

L 3
*
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TREE CODES Cosmological Simulations

= periodic boundary conditions
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TREE CODES Cosmological Simulations

= periodic boundary conditions

correct expression for the force
on infinite domain?

#
¢ [ ] ¢ [ ] ¢ [ ]
[ ] ¢ [ ] ¢ [ ] ¢
[ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ] [ ]
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TREE CODES

Cosmological Simulations

= periodic boundary conditions

A D(F) = 47G(p,(¥) - P,)
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TREE CODES Cosmological Simulations

= periodic boundary conditions
A,D(F) - 4nG(px<fc>

we need to subtract the mean background density
in order for the solution to converge!
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TREE CODES

Cosmological Simulations

= periodic boundary conditions

A D(F) = 47G(p,(¥) - P,)

general solution

v

B(5) = fofPX(X) Pr g3
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TREE CODES Cosmological Simulations

= periodic boundary conditions

A D(F) = 47G(p,(¥) - P,)

general solution

v

B(5) = fofpx(X) Pr g3

periodicity automatically taken care of when using PM solver!
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TREE CODES Cosmological Simulations

= periodic boundary conditions

A D(F) = 47G(p,(¥) - P,)

general solution

v

B(5) = fofpx(X) Pr g3

periodicity automatically taken care of when using PM solver!

...but needs to be properly implemented for tree codes!
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TREE CODES

Cosmological Simulations

Note: what is true to x=0 is true for any point as the origin of the coordinate system is arbitrary for periodic boundaries...

= periodic boundary conditions

A D(F) = 47G(p,(¥) - P,)

general solution

v fluctuates about zero!
(x)-p
O(x)=G m
®=6]. =]

=_G —x ff (p.(X) - p,)sindIdg

x=0 | G

-G [ x{p.(®)-P.),,.dx

x=0

= convergence to finite value, as ( ) =0 for x =
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TREE CODES Cosmological Simulations

= periodic boundary conditions

A D(F) = 47G(p,(¥) - P,)

general solution

B(5) = fo PX(X) Px P

desired (peculiar) force field

v

FG=-G[[f px;;‘_/ )y;fx (X -X)dx’
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TREE CODES Cosmological Simulations

= periodic boundary conditions

F(@) =G [[[ 2222 Pe 5 5y

)?—x‘
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TREE CODES Cosmological Simulations

= periodic boundary conditions

«.but in the end it will not contribute to F!
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TREE CODES Cosmological Simulations

= periodic boundary conditions

«.but in the end it will not contribute to F!

F(3) = fo Px(xm

*T/\x Nd’x'
- X

—

ie. F@)=— fo (p.())-p.) Px P

5

<G

xcos@sind cos@sinit 0
fff—d3x fff xsingsin® xzsinﬁdxdﬁd(p=fff singsind |sin Ydxd9de = |0
g X xcos?t W\ cost) 0
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TREE CODES Cosmological Simulations

= periodic boundary conditions

F(3) = fo PX(X) iy
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TREE CODES Cosmological Simulations

= periodic boundary conditions

F(3) = fof PX(X) iy

particle/discrete picture

F(x) = GEE

llﬁ

-(%- G+ B)

X—(Xx, + R)‘
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TREE CODES Cosmological Simulations

= periodic boundary conditions
Px(x ) 3
F(3)=-G| f ¥)d’x

particle/discrete picture

F(x) = GEE

llﬁ

-(%- G+ B)

X—(Xx, + R)‘

correct expression for the force R=7L
on infinite domain!
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TREE CODES Cosmological Simulations

= periodic boundary conditions

F(X)=-G

T'_MZ
l
=
}
Puily

=1
|
—
Ral
+
=
) ——
N—

ol A
.. '.. .. '.. .x.‘..
SR
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TREE CODES Cosmological Simulations

= periodic boundary conditions

R

F(3) = —Gi >—" (3= +R)

- 13
% - (%, + R)

=> slow convergence and hence not feasible...

=> Ewald summation instead...
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TREE CODES Cosmological Simulations

= periodic boundary conditions

A B(F) = 47G (%)
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TREE CODES Cosmological Simulations

= periodic boundary conditions

A B(F) = 47G (%)

N

p(;(;) = EmiéDirac(} - 5(’:1)

[

N
“peculiar” density o(x) = Emi(SDirac()_é -X)-p
i=1

l

N
periodic, peculiar density 0,,,;,4ic (X) = E E mi(SDirac()_é — (fi +R))-p

i=1 R

—

R = Y_iL (n = integer vector)
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TREE CODES Cosmological Simulations

= periodic boundary conditions

N
P periodic (X) = 2 E mié[)irac()_é - 55,- - I_é) -p

i-1 g
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TREE CODES Cosmological Simulations

= periodic boundary conditions

N
P periodic (X) = EEWL.@DMC()_& - X, - ]_é) - [_)

i=1 R -

pperiodic (5(’:) = E pl(x’xi) + p2(5é’)_éi)
i=1
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TREE CODES

Cosmological Simulations

= periodic boundary conditions

N
P periodic (X) = Epl()_é’)_éi) + pz(f,)?i)
i=1

P (X,X;) = Emi‘SDirac()_é - X; - R)
R

-p

P,(X,X;)
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TREE CODES Cosmological Simulations

= periodic boundary conditions

N
P periodic (X) = Epl()_é’)_éi) + pz(x’)_éi)
i=1

—

(F-% -R)

l

m.o

i~ Dirac

Ewald introduced (Gaussian) “screening charges”
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TREE CODES Cosmological Simulations

= periodic boundary conditions

N
P periodic (X) = Epl()_é’)_éi) + pz(f,)?i)
i=1

_)2

(F-%,
- = 1 - . o . —
pl(x,xl.) = —E > e u +E miéDiraC('x —_ xi _— R) 9 r'eal-space
R L F
| (¥ -%; -R)?
- = B 2 —
P,(x,X,) = +2 —e Y —p 3 Fourier-space
g VU
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TREE CODES

Cosmological Simulations

= periodic boundary conditions

| | | 1
| | | 1
' | 1 1
| | | 1
| | | 1
| | | 1
| | | 1

AN

|
Background Density

N
pperiodic(jé) = Epl(x’xl) + pz(xaxi)

i=1

potential obtained in...

- 1 : _
P,(X,X,) = 2 —e " Fourier-space
R

(i-%,-R)

1 -
—e real-space
w

P(F.E) = D mdy (- %, - R) -
R

=> exponential convergence and hence feasible!
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TREE CODES

Cosmological Simulations

= periodic boundary conditions

detailed calculation...
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TREE CODES Cosmological Simulations

= periodic boundary conditions

* force due to particles in computational box:

=l
~

F(%) = —GE _

* additional force due to periodic images:

ﬁEwazd(%)=%—§‘;:£‘3 x |erfc ‘x;R‘ + \‘;;ij‘e_ w —%’;%Sin(%ﬁ'(f—ﬁ))e L

-2

_(um)*n’

Ewald summation in practice...
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TREE CODES Cosmological Simulations

= periodic boundary conditions

* additional force due to periodic images:

;-E\
2

B} : R x-R|| 2/i-R| - - L e
FEwazd(%)=%—§‘;_;e‘3 x |erfc ‘XMR‘ + \‘;;ij‘e H —%’;%Sin(%ﬁ'(f—}?))e L

* in practice:

|. u=L/2, ‘§—§‘<3L, n’ <10

2. tabulate F;,, ,(x) on a grid and interpolate...
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TREE CODES Cosmological Simulations

= specific requirements for cosmological simulations:

* periodic boundary conditions

* equations-of-motion in comoving coordinates
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Comoving Coordinates

ap,

+V, -
Jar *
P
GA) +V
Jar *
Ap.E) |y
oT ’
B, +V
Jar '

(cf. “gastrophysics in supercomoving coordinates” lecture...)

o, (-V.9,)

([0.E.+p, ) =pi-(-V,9,)- Hp.e[3y-5]+ (T, -L,)

= -5, [37 5]

additional/closure equations:

Ax¢x = 4‘7[Ga(px,t0t - px) Ex =& + %Vz
dX py _y p.=(r-1p.e
DM
dT _ D
p.”
AV py -V ¢ e = ! lk_B];
dT (r=1)um,
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TREE CODES Comoving Coordinates

" comoving coordinates

* recap:
F=ax, v=u+Hr
X=ula
u=f -Hu

(cf.“Time Integration” lecture...)
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TREE CODES Comoving Coordinates

" comoving coordinates

« GADGET notation:

— N .
fel-6 D (w5

a

4 47G Q. 0. :
po- nG g pg __ nG O'O;”f’o _ 4G on 3H, _ 12 lQOHg
3 3 a 3 a 3 a 8aG a2
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TREE CODES Comoving Coordinates

" comoving coordinates

* isolated boundaries:

(cf. discussion about periodic boundaries earlier...)
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THE INFAMOUS GADGET cODE

e http: / /www.mpa-garching.mpg.de/galform/gadget/index.shtml

[I] Dict AIPv Astrov Bankingv Berlinv
The Integrator--Integral.. CADGET-2
E Max-Planck-Institut

Go to:

General
-Description

-Example
Documentation

Publications

-Scientific

CADCET-2
~ Q- GADGET garching

Lifestylev Macv Mailv Miscv Musicv Newspaperv Shoppingv AK AMIGA Send
contact | press \ links | site map ner | INTERNAL
» search
Quickfinder
»go
MF age > Scientific Research > Research Gr s > Galaxy
For n > GADGET-2

GADGET-2: Galaxies with dark matter and gas interact

A code for cosmological simulations of structure formation

Description

GADGET is a freely available code for cosmological N-body/SPH simulations on massively parallel
computers with distributed memory. GADGET uses an explicit communication model that is
implemented with the standardized MPI communication interface. The code can be run on
essentially all supercomputer systems presently in use, including clusters of workstations or
individual PCs.

GADGET computes gravitational forces with a hierarchical tree algorithm (optionally in
combination with a particle-mesh scheme for long-range gravitational forces) and represents fluids
by means of smoothed particle hydrodynamics (SPH). The code can be used for studies of isolated
systems, or for simulations that include the cosmological expansion of space, both with or without
periodic boundary conditions. In all these types of simulations, GADGET follows the evolution of
a self-gravitating collisionless N-body system, and allows gas dynamics to be optionally included.
Both the force computation and the time stepping of GADGET are fully adaptive, with a dynamic
range which is, in principle, unlimited.

GADGET can therefore be used to address a wide array of astrophysically interesting problems,
ranging from colliding and merging galaxies, to the formation of large-scale structure in the
Universe. With the inclusion of additional physical processes such as radiative cooling and heating,
GADGET can also be used to study the dynamics of the gaseous intergalactic medium, or to
address star formation and its regulation by feedback processes.
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