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Cosmic Microwave Background Radiation

origin of seed inhomogeneities
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(Cosmological) Structures: Galaxies and Galaxy Clusters
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EQUATIONS OF MOTION

Following the trajectories of N particles

under their mutual gravity
(in expanding Universe)
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Following the trajectories of N particles

under their mutual gravity
(in expanding Universe)

= collisionless system of N-bodies

* equations-of-motion

dr _
_=V

dt

Y _ve- F(7,t)
dt

* the potential

A® =4nGp
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Following the trajectories of N particles

under their mutual gravity
(in expanding Universe)

= collisionless system of N-bodies

* equations-of-motion

dr _
_=V

dt

dv _
& VO =FF,1)

dt \

1. obtain force at each particle position

* the potential /

A® =4nGp
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EQUATIONS OF MOTION

Following the trajectories of N particles

under their mutual gravity
(in expanding Universe)

= collisionless system of N-bodies

* equations-of-motion

p
dr _
— =V

dt
dv
dt

\\

— =-V& = F(#,1)

I

* the potential

A® =4nGp

\ 1. obtain force at each particle position
2. integrate equations of motion
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EQUATIONS OF MOTION

Following the trajectories of N particles

under their mutual gravity
(in expanding Universe)

= collisionless system of N-bodies

* equations-of-motion

y
dr _
— =V

dt
dv
dt

\\

— =-V& = F(#,1)

I

* the potential

A® =4nGp

\ 1. obtain force at each particle position
2. integrate equations of motion

in expanding Universe
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EQUATIONS OF MOTION

= equations of motion in expanding Universe

* physical coordinates r and u

Y
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r equations of motion
T
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-V, ,

 comoving coordinates x and p

=1

<1
I
~

r
- a equations of motion

P (=a(-HP))

S
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~

Ar(pr = 4‘7TG(IOr - pA)

AD =7
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= equations of motion in expanding Universe
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e avoiding Poisson’s equation
e using Poisson’s equation
— the easy way: Hamilton formalism

— the hard way: re-writing the Newtonian equations of motion
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= equations of motion in expanding Universe
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e avoiding Poisson’s equation...

...let’s just do the transformation to comoving coordinates
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= equations of motion in expanding Universe

e N IR ST

e physical coordinates — no expansion

r(t), v(1)
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N
- m . N
with: £ = —Gzﬁ(@ = 1)
i j ‘r,. - rj‘ (F'; = specific force)
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= equations of motion in expanding Universe

e N IR ST
Il
-~

e physical coordinates — with expansion

—

~|
I
Q

. time-dependent transformation of coordinates!
v=ax+ax =u+ ax

N
I

=u+ax+ax=u+Hu+ax=F

<l

- 1 N m.
with: Fﬂz':_GazE_, — (X, - X))
X.
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EQUATIONS OF MOTION

= equations of motion in expanding Universe

e physical coordinates — with expansion

r=ax, v=u+Hr
XxX=ula
u=f - Hu

~ 1 N m.
with: fi=-G a2’ E ~ :

~ 3

i= j

(X, = X,;)— ax,

e N IR ST

-~ -~

-~
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= equations of motion in expanding Universe

e N IR ST

e physical coordinates — with expansion

equations of motion in comoving coordinates:

X=ula

u=f-Hu

y I M o oy -

f=—G—22 3(x—xj)—ax
ax#xjx—xj‘
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EQUATIONS OF MOTION

= equations of motion in expanding Universe

e physical coordinates — with expansion

equations of motion in comoving coordinates:

1la

1
[

careful:

periodic boundaries not considered yet...
(we will revisit this situation later when dealing with tree codes)

S
Il

feg Ly M ‘3(55-55].)-&55

transformation back to physical coordinates:

e N IR ST

AN
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EQUATIONS OF MOTION

= equations of motion in expanding Universe

e using Poisson’s equation...

...and now for a more general treatment
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EQUATIONS OF MOTION

= equations of motion in expanding Universe

e comoving coordinates — Hamilton formalism

1
L= Emv2 — m@(F)

>
© A~ TR TR
Il Il Il

A@(F) = 4aG(p - p,)

\

proper potential
in physical coordinates
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EQUATIONS OF MOTION

= equations of motion in expanding Universe

e comoving coordinates — Hamilton formalism

comoving coordinates
F=ax

L= %mv2 —m@(r)

L= %m(a} +ax)? — me(x)

=i
I

>
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A@(F) = 4aG(p - p,)

\

proper potential
in physical coordinates
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EQUATIONS OF MOTION
X=2
. . . . . 59
= gquations of motion in expanding Universe P
AD =?
e comoving coordinates — Hamilton formalism
1 5 - -
L=—mv’ - me(F) A@(F) = 47G(p - p,)
comoving coordinates 2
r=ax \
V= ax +ax . proper potential
- > m(ax + ax)* — me(x) in physical coordinates

how to actually derive Poisson’s equation?

- m. L ? _
F,=-GY fr(n—r,.) —>  A@(F)=4aGp

i\ —=r.

COMPUTATIONAL COSMOLOGY




THE TIME INTEGRATION

EQUATIONS OF MOTION

= equations of motion in expanding Universe

e comoving coordinates — Hamilton formalism

» Poisson’s equation

N
F(f) = -2 (5 _7)

i=1 |I;

continuum

m;, = Am = pAV

F(F) = —Gmfp(r’)( ) d’r

Pl

=
I
~

>
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I
-~

A~ TR TR
Il

= equations of motion in expanding Universe

>
o
I
S IR

e comoving coordinates — Hamilton formalism

» Poisson’s equation
V.- F(7) = -Gm [ p(7)V, (F=7) 43,
r - p(r )Vr - -3 d r
v -7
= ~Gm [ p(F) 470, (7 = F)d'r
%

= —4aGmp(r)
F=-mVg

Ag = 47Gp(F)
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EQUATIONS OF MOTION

=i
I

= equations of motion in expanding Universe

>
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e comoving coordinates — Hamilton formalism

1 .
L= Em(a?c +ax)’ -m@p(X)  A@(F)=4aG(p-p,)

perform canonical transformation:

dF
dt

L=L- with F =%mac’lx2

one can always add a total time derivative to the Lagrangian as it will only add a constant to the action;
and the equations of motions are derived by requiring that the time variation of the action vanishes...
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EQUATIONS OF MOTION

= equations of motion in expanding Universe

e comoving coordinates — Hamilton formalism

dF

L =—m(ax + ax)? - mo(x) -
2( ) @(x) 7

1 -, I >
= 5m(azzx2 +2aax - x + azxz) —m@(x) —
_ 5m(cfiz +2aax X + a’x>) — me(X)

1

—Em(a2552 + adx’ +2aax - X)

= %mazy;cz -m(p + l616'1352)
1
Y=p+ Eadx2

dF

dt

>
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EQUATIONS OF MOTION

¥=7?

: C : : D=2

= equations of motion in expanding Universe P
AD =9
e comoving coordinates — Hamilton formalism
2.2 - I . 2
£=5max — my(X) 1/)=q0+5aax
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EQUATIONS OF MOTION

¥=7?

. . . . . 59

= equations of motion in expanding Universe P
AD =9
e comoving coordinates — Hamilton formalism
1 2.2 -
£=5ma X = my(x) Ay=7?
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= equations of motion in expanding Universe

e comoving coordinates — Hamilton formalism

L= %ma2x2 — myp(X)
APp(x)=A (p+ %a&xz)

v.-Iy =aV< =A@+ %a&Ax'xz

dx

A=.=d®A N PAg+ 3ai

= a’[4aG(p - p,)]+ 3ad
= a’[47G(p - p,)]|-47Ga*(p - p,

- 4aGa*(p - )
411G _
=——(p,-p,)

a

EQUATIONS OF MOTION
=9
p="

AD =7
Ay ="?

2nd Friedmann equation:

4nG
a=- a(p = py)
T
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EQUATIONS OF MOTION

¥=7?

. . . . . 59

= equations of motion in expanding Universe P
A)C®)C = ‘7
e comoving coordinates — Hamilton formalism
1 : - 4nG _
£=5ma2x2 — my(X) Ay=—— (. -p,)
a
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EQUATIONS OF MOTION
¥=2
. . . . 5=2
= equations of motion in expanding Universe P
AD =9
e comoving coordinates — Hamilton formalism
1 . - 471G _
£=5ma2x2 — my(X) Ay=—— (. -p,)
a
obtain canonical momentum
— &L 2_'.
p=——=max
ox
H=3p-L
H = > P’ + myp(X)
2ma
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EQUATIONS OF MOTION

= equations of motion in expanding Universe

e comoving coordinates — Hamilton formalism

equations of motion:

- OH

x= —

ap
;__aj{
ax

. P+ my(X)

S

=i
I
[\®)

ma

p=-mV_ 3

I
-~

>
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471G _
Ay = 7(px -0,)
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EQUATIONS OF MOTION

= equations of motion in expanding Universe

e comoving coordinates — Hamilton formalism

H = 53 p’+ my(X)
equations of motion:
= 0"5_[ 5(; = p
X = = ma’
P
- OH N

I
-~

>
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D o~

4G _
Axw=%<px—px>

introduce ®=ay
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EQUATIONS OF MOTION

= equations of motion in expanding Universe

e comoving coordinates — Hamilton formalism

H =

p +m
2ma’ a

>

© S TRRE Y
([T Il
AN NN

I ., D(X)

equations of motion:

- OH

x= —

ap
;__aﬂ{
ax

D
X =
ma2
p=-"V.0
a

A ® = 47G(p, - P)
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EQUATIONS OF MOTION

=i
I

= equations of motion in expanding Universe

>
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e comoving coordinates — re-writing the Newtonian equations of motion

just for completeness’ sake...

(setting m=1 for convenience)
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=1
Il
~

S
[

= equations of motion in expanding Universe

B

o

]

9 9

e comoving coordinates — re-writing the Newtonian equations of motion

— Newtonian physics in r and u

Y
Il
<!

r equations of motion
T

<l
<l
Il

— comoving coordinates x and p

. r '
— X - ‘?
X ( a) equations of motion .
5 (= a(v B H’_;)) p Ax X !
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=1
Il
~
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[

= equations of motion in expanding Universe

>

o

I
SCRIR)

e comoving coordinates — re-writing the Newtonian equations of motion

— Newtonian physics in r and u

Y
Il
<!

r equations of motion
T

<!
<l
Il

AN

— comoving coordinates x and p “hrute force”
ruve iorce

.;é — Z 5(:’ _9 \V/

a equations of motion o
- - n="9 = )
p (=a(-Hr)) p AD, =+

_VrQOr Ar(pr = 4‘7TG(pr - pA)

COMPUTATIONAL COSMOLOGY




THE TIME INTEGRATION EQUATIONS OF MOTION

=
I
~

= equations of motion in expanding Universe

>
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e comoving coordinates — re-writing the Newtonian equations of motion

— comoving coordinates x and p

. T -
a equations of motion
p=a(v - Hr) p="?
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=
I
~
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D o~

= equations of motion in expanding Universe

>
o
I

e comoving coordinates — re-writing the Newtonian equations of motion

— comoving coordinates x and p

. r
X =—
da
p=a(v - Hr)
- F F .7 T
X=—-—a=—-H—
a a a a
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=
I
~

= equations of motion in expanding Universe

>
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e comoving coordinates — re-writing the Newtonian equations of motion

— comoving coordinates x and p

. r . P
il i P

a equations of motion a
p=a(v-Hr)
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=1
Il
~

S
[

= equations of motion in expanding Universe

>

o
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e comoving coordinates — re-writing the Newtonian equations of motion

— comoving coordinates x and p

. r . P
il i P

a equations of motion a
p=a(v-Hr)

T p=a(V - Hf) + a(y - HF - HF)

=av —aHr + av — aHr - ar
: : : a a
=a\7—ézHi7—aH17=a\7—a2?c—a(———2)7’
a a

= av —ax — adx + a°x = av — adx

=-a(V @+ adix)

r and x still mixed...
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=
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= equations of motion in expanding Universe

>
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e comoving coordinates — re-writing the Newtonian equations of motion

— comoving coordinates x and p

T . P
a equations of motion a
ﬁ = Cl(l_; - H?) - -
\ - _ .
p=—-a(V @+ aax) v _dry _ v
Va2 ®
& A =..=a’A
1 .
= -V (¢ + —aix®)
2
=-Vy
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=1
Il
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= gquations of motion in expanding Universe @

e comoving coordinates — re-writing the Newtonian equations of motion

— comoving coordinates x and p

T P
X=— X = %

a equations of motion a
p=a(v - Hr) p=-Vuy
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=1
Il
~
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= gquations of motion in expanding Universe @

e comoving coordinates — re-writing the Newtonian equations of motion

— comoving coordinates x and p

.7 LD
a equations of motion a
p=a(v - Hr) p=-Vy Ay="?
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=1
Il
~
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= gquations of motion in expanding Universe @

e comoving coordinates — re-writing the Newtonian equations of motion

— comoving coordinates x and p

.7 s_ D
a equations of motion a
p=a(v - Hr) p=-Vy Ay="?
|
Yy=@p+ Eaax
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X=2
= equations of motion in expanding Universe p=?
AD =2
e comoving coordinates — re-writing the Newtonian equations of motion
— comoving coordinates x and p
. T . P
X =— X = %
a equations of motion a
p=a(v - Hr) p=-Vy Agp=2
I ., 1 1 ., 1 la, ,
Y=@p+—aax > Ap=—A (Y-—aax")=—AyPp-——Ax
2 p. =a’p a 2 a 2a
> 1 a
A =aA, =_2Axw_3_
a a

1
= 4.7'[G(pr _pA) = 4EG(?px _pA)
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= gquations of motion in expanding Universe @

e comoving coordinates — re-writing the Newtonian equations of motion

— comoving coordinates x and p

.7 LD
a equations of motion a
p=a(v - Hr) p=-Vy Ay="?

A= 4nG(l p,—a’p,)+3aa
a

2nd Friedmann equation:

4nG  _ 4nG 1 _
AP, = Ppr) === a3 0= Py)

b=

COMPUTATIONAL COSMOLOGY
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= gquations of motion in expanding Universe @

e comoving coordinates — re-writing the Newtonian equations of motion

— comoving coordinates x and p

.7 LD
a equations of motion a
p=a(v - Hr) p=-Vy Ay="?

A= 4nG(l p. —a’p,)+3aa
a

1 1 _
= 47G(—p, = a’p,) = 47Ga* (D, = o)
4nG _
= —(px - px)
a
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=1
Il
~
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= gquations of motion in expanding Universe @

e comoving coordinates — re-writing the Newtonian equations of motion

— comoving coordinates x and p

L7 s P
X =— X = —
a equations of motion> a
p=a(v - Hr) p=-V
4G
Ay = —(px 0,)
— final re-definition:
D = qy
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. =
Il

S
Il
AN NN

= gquations of motion in expanding Universe N

e comoving coordinates — re-writing the Newtonian equations of motion

— comoving coordinates x and p

LT s P
X=— X=—
a equations of motion> a
p=a(V_H?) ;=_lvxq)
a
A D=4rG(p,-p,)

identical with previous formulae...
(except that m is missing due to convention m=1)

COMPUTATIONAL COSMOLOGY




THE TIME INTEGRATION

EQUATIONS OF MOTION

= equations of motion in expanding Universe:

 comoving coordinates x and p

X =

Q |~

p=ma(v — Hr)

e equations of motions in comoving coordinates x and p

P
X =
ma2
p--"v
a

AP =47G(p, -p,)
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= equations of motion in expanding Universe:

 comoving coordinates x and p

X =

Q |~

r = physical coordinate

B = ma(y — HF) v = physical velocity

e equations of motions in comoving coordinates x and p

P
X =
ma2
p--"v
a

AP =47G(p, -p,)
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EQUATIONS OF MOTION
= equations of motion in expanding Universe:
 comoving coordinates x and p
. T
r= x = comoving coordinate
_ . = comoving (canonical) momentum
p=ma(v — Hr) P 8 )

u=p/ma=ax peculiar velocity

e equations of motions in comoving coordinates x and p

s P
X =
ma’
> m
P= —;qu) @ = peculiar potential

A ®=47G(p. -p.) P, = comoving matter density
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EQUATIONS OF MOTION

symplectic integrator for the equations of motion

COMPUTATIONAL COSMOLOGY




THE TIME INTEGRATION EQUATIONS OF MOTION

= gsymplectic integrators

the (numerical) evolution of the system (i.e. x and p) from #, to 7,
b
pO pn

is a canonical coordinate transformation

“symplectic” says nothing about the accuracy of the integrator,
but rather preserves the geometric structure of the original Hamiltonian flow!

COMPUTATIONAL COSMOLOGY
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= gsymplectic integrators

e motivation:

2»1111'\!\! T T | T T T T | T T T T ’J ZWWWWW 2f:f'|'|'|'|‘|‘!‘]‘ITIVIVIVIVIVIVZV‘('['!‘__
F Leapfrog (fixed stepsize) : - second-order Runge-Kutta : F fourth-order Runge-Kutta
F e=09 ] Fe=09 ] Eoe=09
1 200 orbits 3 1 E 51 orbits ] TE 200 orbits ]
£ 2010.6 steps / orbit ] L 2784.6 steps / orbit ] £ 502.8 steps / orbit ]
C | L 5569.2 forces / orbit ] L 2011.0 forces / orbit . ]
o- € I): S - E
1F = 1F AF B
- (only every 10-th orbit drawn) : : (only every 10-th orbit drawn) : - (only every 10-th orbit drawn)
AN FE R RN PN TR RS RN E N EWe 20l be s lea s s a3 .l IR PR R A RN PN RN RN R 11
-1 0 1 2 -1 0 1 2 -1 0 1 2
symplectic integrator, non-symplectic integrators,
2n order accurate and order accurate 4th order accurate

taken from Volker Springel’s GADGET-R paper (astro-ph/0505010)
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= gsymplectic integrators

 equations of motion:

(%9}
p={p.H}

X

COMPUTATIONAL COSMOLOGY
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EQUATIONS OF MOTION

= gsymplectic integrators

 equations of motion:

X

{(x,H}Y=H X
{E’H}=Hﬁ

\

Poisson bracket = linear operator

p

COMPUTATIONAL COSMOLOGY
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EQUATIONS OF MOTION

= gsymplectic integrators

 equations of motion:

X

p

\

Poisson bracket = linear operator

{(x,H}Y=H X
{E’H}=Hﬁ

evolution of system

x(t)=e

=€ Dy

COMPUTATIONAL COSMOLOGY
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EQUATIONS OF MOTION

= gsymplectic integrators

 equations of motion:

; = {)_é,j‘[} =HXx evolution of system 35(1‘) = etHfO
p={pH}=Hp p(1) =" B,

v

H=H +H =T+Vv

COMPUTATIONAL COSMOLOGY
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EQUATIONS OF MOTION

= gsymplectic integrators

 equations of motion:

X

p

{(x,H}Y=H X
{ix:}[}==}¥i5

evolution of system

S
,

- t(T+V)=
x(t)=e X,

]3(0 = et(T+V)]30

H=H +H =T+Vv

COMPUTATIONAL COSMOLOGY
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EQUATIONS OF MOTION

= gsymplectic integrators

~p +m
2ma a
 equations of motion:
X = {x ,5—[ }=HX evolution of system x(1) = et(T“”V)fCO
ﬁ = {E,H} = Hﬁ ﬁ(t) — et(T+V)ﬁO

H=H +H =T+Vv

try to split e’"*V) into something like eZe?V 9!

COMPUTATIONAL COSMOLOGY
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EQUATIONS OF MOTION

= gsymplectic integrators

 equations of motion:

X

p

{(x,H}Y=H X
{E’H}=Hﬁ

evolution of system x(t) = et(T+v)}0
N

13(0 = et(T+V)]30

Pl

H=H +H =T+Vv

e Baker-Campbell-Hausdorff identity:

A B A
e'e” #e’”

B

e'e’ = with C=A+B+%{A,B}+

COMPUTATIONAL COSMOLOGY
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EQUATIONS OF MOTION

= gsymplectic integrators

1 D(x
I = . 24 m (x)
2ma a
 equations of motion:
; = {)_é,j‘[} =HXx evolution of system )_C>(l‘) = et(TW))_éO
p={p.H}=Hp p(n)=e"""py

H=H +H =T+Vv

e Baker-Campbell-Hausdorff identity:

et(T+V) _ etT/ZetVetT/Z + O(t3)

COMPUTATIONAL COSMOLOGY
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EQUATIONS OF MOTION
= gsymplectic integrators
1 Dd(x
H = 5 “+m (x)
2ma a
 equations of motion:
} = {)_C’,j-[} =HXx evolution of system 35(2‘) = etT/zetvetT/z)_éo + 0(2‘3)
ﬁ={ﬁ,.7-[.}=Hﬁ ﬁ(t)=€tT/2€tVetT/2ﬁ0+0(t3)

H=H +H =T+V

\

because the Hamiltonian can be split into two independent parts d.e. kinetic energy 7 and potential energy V) ,
we are able to approximate the evolution of the system by this special choice of operators...
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THE TIME INTEGRATION

EQUATIONS OF MOTION
= gsymplectic integrators
1 Dd(x
H = 5 “+m (x)
2ma a
 equations of motion:
} = {)_C’,j-[} =HXx evolution of system 35(2‘) = etT/zetvetT/z)_éo + 0(2‘3)
ﬁ={ﬁ,.7-[.}=Hﬁ ﬁ(t)=€tT/2€tVetT/2ﬁ0+0(t3)

H=H +H =T+V

N\

we rather approximate the true Hamiltonian
than discretizing the equations of motions

=> symplectic integration scheme!
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THE TIME INTEGRATION

EQUATIONS OF MOTION

= gsymplectic integrators

e second-order accurate scheme:

76(2‘) _ etT/ZetV (etT/25€>0)

p(t) =e

tr/2 _tv{ T/2—
e"(e""p)

e Py

\

1. evolve the system for A#/2 under H,
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THE TIME INTEGRATION EQUATIONS OF MOTION

= gsymplectic integrators

e second-order accurate scheme:

(1) = etT/Z(etV(etT/Zxo))

evolve the system for A#/2 under H
evolve the system for Az under ﬂ-lf
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THE TIME INTEGRATION

EQUATIONS OF MOTION

= gsymplectic integrators

e second-order accurate scheme:
(1) = (etT/2(etV (etT/zfo)))

B(1) = etT/Z(etV (etT/ZﬁO)))

1. evolve the system for A#/2 under H
2. evolve the system for Az under H,
3. evolve the system for A/2 under H,

COMPUTATIONAL COSMOLOGY




THE TIME INTEGRATION

EQUATIONS OF MOTION

= Drift-Kick-Drift time integration

superscript indicates 7, i.e. x" = x(z,)
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THE TIME INTEGRATION

EQUATIONS OF MOTION

= Drift-Kick-Drift time integration

superscript indicates 7, i.e. x" = x(z,)
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THE TIME INTEGRATION EQUATIONS OF MOTION

= Drift-Kick-Drift time integration

.;C'n =n+l
Y 1

->n - n+

P P

X

(X,HY=HX
\ g_[= 1 p2+m(I)(5C’)
2ma
GI=Hp

p

superscript indicates 7, i.e. x" = x(z,)
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THE TIME INTEGRATION INTEGRATING THE EQUATIONS OF MOTION

= Drift-Kick-Drift time integration

.;C'n =n+l
Y 1

->n - n+

P P

superscript indicates 7, i.e. x" = x(z,)
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THE TIME INTEGRATION INTEGRATING THE EQUATIONS OF MOTION

= Drift-Kick-Drift time integration

.;C'n —n+l
Y 1
- n -n+
P P
t,+At/2
—n+l/2 —n —n dt
X =X + 1% f —
: a
i=L
a symplectic integrators t,+At d
= ﬁn+1 _ ﬁn _€(Dn+1/2 f _t
a
1 n
p=—-Vo®
da
t,+At
5C’n+1 _ ;Cn+1/2 + l—5n+1 f iﬁ
t,+At/2 a

superscript indicates 7, i.e. x" = x(z,)
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THE TIME INTEGRATION

INTEGRATING THE EQUATIONS OF MOTION

= Drift-Kick-Drift time integration

e Kick (K) and Drift (D) operators:

a dt =—da

A

v

integration variable: time

a, +Aa
"~ da
K'= [ =
. aa
a, +Aa
"~ da
n
D = .
a d

expansion factor
(not symplectic though!)
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THE TIME INTEGRATION

INTEGRATING THE EQUATIONS OF MOTION

= Drift-Kick-Drift time integration

-n —n+l
X
Yy 1
-”n - n+
P P
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THE TIME INTEGRATION INTEGRATING THE EQUATIONS OF MOTION

= Drift-Kick-Drift time integration

N
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INTEGRATING THE EQUATIONS OF MOTION

THE TIME INTEGRATION

= Drift-Kick-Drift time integration

—n —n+l
X

-n —-n+l

% pP

ST ILLLLL T TS
“III....

“‘III... "‘-‘-‘ 2 ......
R “‘.", ( ) “.". o,
* DY . - * .Q. 0.
o «** —’n‘+1 -n V n+l z S *
o ® pP% =p — q] . K 'Q. .
o ** * * Y *
* ° . 0 (Y [
) * . & Q’ .
L4 4 ) L4 s .
'S * ('Y o (Y )
g > Y g (Y [
) .’ . L + .
U * [} 0 “ .
S50 L @ %
L
() )
N —n+l/2 =n —*nD [} . —n+l —n+l/2 —n+l “ .
v X =X +p D, . . X=X +p "D, o
LIS . L L )
[ Y . a “ﬂ
| ) ] L] ‘I
L . L] L ]
D LX)
(7] L n )
[ 7] ‘I : “
- " .
- )
" i
"] in
» T
] [ ]
] -
u ™
: a
: :
]
n n+1/2 n+l

COMPUTATIONAL COSMOLOGY




INTEGRATING THE EQUATIONS OF MOTION

THE TIME INTEGRATION

= Drift-Kick-Drift time integration
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THE TIME INTEGRATION INTEGRATING THE EQUATIONS OF MOTION

= recovering the leap-frog scheme
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THE TIME INTEGRATION

INTEGRATING THE EQUATIONS OF MOTION

= recovering the leap-frog scheme

n
t+At/2
—n+l/2 -n —-n dt
X =X + P f —
f a
t+At
pn+l _ ]—?m —6(1)’“1/2 g
p a
t+At
FHl o g2 Z)n+1 f i;
t+At/2a
n+l
t+3At/2
T2 ez ]—511+1 f iﬁ
t+At/2a

\

J

t+ At
‘—D>n+1 _ ﬁn —6(1)’1-'-1/2 ﬂ
p a
t+3At/2
.;C’n+3/2 _ .;C'n+1/2 + ﬁnH f d_;
t+Ar/2 a
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INTEGRATING THE EQUATIONS OF MOTION

= recovering the leap-frog scheme
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THE TIME INTEGRATION

INTEGRATING THE EQUATIONS OF MOTION

= recovering the leap-frog scheme
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THE TIME INTEGRATION

INTEGRATING THE EQUATIONS OF MOTION

= recovering the leap-frog scheme
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THE TIME INTEGRATION INTEGRATING THE EQUATIONS OF MOTION

= leap-frog scheme for minimal memory usage & minimal flops

e requires only one force evaluation per time step
e only one copy of variables stored

= Drift-Kick-Drift scheme for memory economy & synchronisation

=> e both schemes are 2nd order accurate in time

 even though DKD scheme requires /N more operations,
it is favourable for adaptive mesh refinement codes...
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THE TIME INTEGRATION INTEGRATING THE EQUATIONS OF MOTION

= leap-frog scheme for minimal memory usage & minimal flops

e requires only one force evaluation per time step
e only one copy of variables stored

= Drift-Kick-Drift scheme for memory economy & synchronisation

=> e both schemes are 2nd order accurate in time

 even though DKD scheme requires /N more operations,
it is favourable for adaptive mesh refinement codes...

— how to check your integrator?
— how to choose the correct time step?
— how to monitor the accuracy?
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THE TIME INTEGRATION THE CORRECT TIME STEP

= time step criteria

 cosmological criterion

Atsi

H

~ the time step should be smaller than the age of the Universe

e acceleration/velocity criterion

£ £
At [— Ats——

a 1%

max max

~ particles should not move farther than some preselected threshold &

¢ of order the force resolution
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THE TIME INTEGRATION THE CORRECT TIME STEP

= time step criteria

 cosmological criterion
1

At < —
H

~ the time step should be smaller than the age of the Universe

more details later when dealing with

: code testin
e acceleration/ vbeesy—rrorro= £

£ £
At [— Ats——

a 1%

max max

~ particles should not move farther than some preselected threshold ¢

¢ of order the force resolution
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THE TIME INTEGRATION POISSON SOLVER

= obtaining the forces

e Poisson’s equation in comoving coordinates

AD(X) = 47G(p(X) - p)

F(X) = -mVD(X)

heart and soul of every N-body code
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THE TIME INTEGRATION POISSON SOLVER

= obtaining the forces

e Poisson’s equation
particle &DDPO&Ch (x;=comoving position of ith particle)

FGy=-S-2MM (5 %)
AD(F) = 47G(p(3) - P) W=y S

F(x)=-mV®(x)
grld a,'pproa,ch (8., =Dosition of centre of grid cell (i, .k))

AD(g, ) = 4nG(p(§i, i)~ ﬁ)
ﬁ(gi,j’k) = _qu)(gi,j,k)

heart and soul of every N-body code
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THE TIME INTEGRATION POISSON SOLVER

= obtaining the forces
e particle approach

=> tree codes

e grid approach

= AMR codes

* hybrid approach

= P3M, tree-PM, ...
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