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converted into density perturbations

Superimposing Density Perturbations 

how to describe density perturbations ?
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€ 

δ( ! x ,t) =
ρ( ! x ,t) − ρ (t)

ρ (t)

Superimposing Density Perturbations 

!  density contrast:
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€ 

δ( ! x ,t) =
ρ( ! x ,t) − ρ (t)

ρ (t)

Superimposing Density Perturbations 

!  density contrast:

Fourier transformation of density contrast
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how to obtain P(k) ?
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!  inflation theory
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Pi k( ) = Akn   
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with n = 1  (Harrision - Zeldovich spectrum)
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P(k) = T 2(k)Pi k( )

captures all the complicated physics 
due to the coupling of radiation and matter
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generate your favourite T(k) using CAMB:
http://lambda.gsfc.nasa.gov/toolbox/tb_camb_form.cfm
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how to impose a spectrum of fluctuations
onto a particle distribution?
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*cf. “structure formation” lecture at http://popia.ft.uam.es/aknebe
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1. temporal evolution of P(k)
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+
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u = −
1
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∇Φ
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ΔΦ = 4πGa2ρ δ

•  remember linear perturbation theory*:

*cf. “structure formation” lecture at http://popia.ft.uam.es/aknebe

mass conservation

Poisson’s equation

momentum conservation
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density contrast:

peculiar velocity field:
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evolution of matter density
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2. displacement of particles
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! 
x (t) =

! 
q + D(t)
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S (! q )

!  Zel’dovich approximation:

Superimposing Density Perturbations 

Ansatz based upon the idea to 
displace particles from their initial positions on a regular mesh 
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x (t) =
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!  Zel’dovich approximation:

Superimposing Density Perturbations 

    

€ 

! q = Lagrangian position
         (i.e. initial positions on regular mesh)



Computational Cosmology 

Generating Initial Conditions 

  

€ 

! 
x (t) =

! 
q + D(t)

! 
S (! q )

!  Zel’dovich approximation:

Superimposing Density Perturbations 
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D(t) =
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2
Ω0
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d # t 
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general solution:
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D(t) =
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S (! q ) ?
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derivative of Ansatz

definition of peculiar velocity field
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combine to obtain a
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! 
S (! q )

!  Zel’dovich approximation:

Superimposing Density Perturbations 

    

€ 

! q = Lagrangian position (i.e.  the grid)

D(t) =
5
2
Ω0

˙ a 
a

1
˙ a 2

d # t 
t0

t

∫
! 
S (! q ) = −∇Ψ

ΔΨ = δ0

•  linear perturbation theory in comoving coordinates
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€ 

! 
x (t) =

! 
q + D(t)

! 
S (! q )

!  Zel’dovich approximation:

Superimposing Density Perturbations 

    

€ 

! q = Lagrangian position (i.e.  the grid)

D(t) =
5
2
Ω0

˙ a 
a

1
˙ a 2

d # t 
t0

t

∫
! 
S (! q ) = −∇Ψ

ΔΨ = δ0

•  linear perturbation theory in comoving coordinates

relate δ0 (and hence S) to P0(k)



Computational Cosmology 

Generating Initial Conditions 

  

€ 

! 
x (t) =

! 
q + D(t)

! 
S (! q )

!  Zel’dovich approximation:

Superimposing Density Perturbations 

  

€ 

! 
S (! q ) = −∇Ψ(! q )

ΔΨ = δ0

  

€ 

ΔΨ = ρ

ΔG = δDirac

⇒ ˆ Ψ = ˆ ρ ˆ G 

⇒  potential theory tells us:
(proof follows later!)

    

€ 

with ˆ G = 1
k 2
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Generating Initial Conditions 

  

€ 

! 
x (t) =

! 
q + D(t)

! 
S (! q )

!  Zel’dovich approximation:

Superimposing Density Perturbations 

  

€ 

! 
S (! q ) = −∇Ψ(! q )

ΔΨ = δ0

€ 

⇒ ˆ Ψ = ˆ δ 0 (k) 1
k 2

⇒  potential theory tells us:



Computational Cosmology 

Generating Initial Conditions 

  

€ 

! 
x (t) =

! 
q + D(t)

! 
S (! q )

!  Zel’dovich approximation:

Superimposing Density Perturbations 

  

€ 

! 
S (! q ) = −∇Ψ(! q )

ΔΨ = δ0

    

€ 

ˆ δ 0 (k) = P0(k)R! k e
iϕ ! k 

R! k e
iϕ ! k = R1 + iR2

R1,R2 = Gaussian random numbers with mean zero and dispersion unity

  

€ 

P0 k( ) = ˆ δ 0(
! 
k )

2

|
! 
k |= k

€ 

⇒ ˆ Ψ = ˆ δ 0 (k) 1
k 2

⇒  potential theory tells us:
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€ 

! 
x (t) =

! 
q + D(t)

! 
S (! q )

!  Zel’dovich approximation:

Superimposing Density Perturbations 

    

€ 

! q = regular grid,  i.e. qk,l ,m

D =
5
2
Ω0

˙ a 
a

1
˙ a 2

d # t 
t0

t

∫
! 
S (! q ) = −∇Ψ(! q )

•  in practice…

    

€ 

Ψ(! q ) = FFT−1( ˆ Ψ (
! 
k ))

ˆ Ψ = ˆ δ 0 (k) 1
k 2

ˆ δ 0 (k) = P0(k)R! k e
iϕ ! k 

R! k e
iϕ ! k = R1 + iR2

R1,R2 = Gauss(0,1)

D(t):  determines the initial redshift of the simulation

S(q):  determines the direction of displacement
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€ 

! 
x (t) =

! 
q + D(t)

! 
S (! q )

!  Zel’dovich approximation:

Superimposing Density Perturbations 

    

€ 

! q = regular grid,  i.e. qk,l ,m

D =
5
2
Ω0

˙ a 
a

1
˙ a 2

d # t 
t0

t

∫
! 
S (! q ) = −∇Ψ(! q )

•  in practice… convenient re-shuffling of terms

    

€ 

Ψ(! q ) = FFT−1( ˆ Ψ (
! 
k ))

ˆ Ψ = ˆ δ 0 (k) 1
k 2

ˆ δ 0 (k) = P0(k)R! k e
iϕ ! k 

R! k e
iϕ ! k = R1 + iR2

R1,R2 = Gauss(0,1)

€ 

P k( ) = D2(t)P0(k)
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€ 

! 
x (t) =

! 
q +
! 
s (! q )

!  Zel’dovich approximation:

Superimposing Density Perturbations 

    

€ 

! q = regular grid,  i.e. qk,l ,m

! s (! q ) = −∇ψ(! q )

•  in practice…convenient re-shuffling of terms

    

€ 

ψ(! q ) = FFT−1( ˆ ψ (
! 
k ))

ˆ ψ = ˆ δ (k) 1
k 2

ˆ δ (k) = P(k)R! k e
iϕ ! k 

R! k e
iϕ ! k = R1 + iR2

R1,R2 = Gauss(0,1)P(k) = power spectrum at initial redshift of simulation
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€ 

! 
x (t) =

! 
q + D(t)

! 
S (! q )

!  Zel’dovich approximation:

Superimposing Density Perturbations 
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€ 

! 
x (t) =

! 
q + D(t)

! 
S (! q )

!  Zel’dovich approximation:

Superimposing Density Perturbations 

δ̂(k) = P(k)R!k e
iϕ !k

R!ke
iϕ !k = R1 + iR2

R1,R2 = Gauss(0,1)
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Generating Initial Conditions 

  

€ 

! 
x (t) =

! 
q + D(t)

! 
S (! q )

!  Zel’dovich approximation:

•  positions

•  velocities

Superimposing Density Perturbations 

  

€ 

! ˙ x (t) = ˙ D (t)
! 
S (! q )
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! 2nd order Lagrangian perturbation theory

!x(t) = !q +D(a)S(!q)−D(2)S (2)(!q)
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!  cosmological principle
!  perturbations
!  limitations
!  alternatives
!  remarks
!  summary
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!  generating IC’s in practice

•  choose cosmological model  ΛCDM?!

•  choose box size   B

•  choose number of particles  N

•  choose starting redshift  zi

these choices are not free but interwoven…

Practical Limitations 
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Generating Initial Conditions 

!  generating IC’s in practice

•  wavenumber limitation

€ 

B

€ 

2B
N3

Practical Limitations 
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€ 

2π
B

€ 

π
B / N3

ΛCDM vs. ΛWDM
B=100 h-1Mpc
N=2563

!  generating IC’s in practice

•  wavenumber limitation

Practical Limitations 
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Generating Initial Conditions 

€ 

2π
B

€ 

π
B / N3

ΛCDM vs. ΛWDM
B=100 h-1Mpc
N=323

!  generating IC’s in practice

•  wavenumber limitation

Practical Limitations 

interesting features not modeled…
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€ 

2π
B

€ 

π
B / N3

ΛCDM vs. ΛWDM
B=100 h-1Mpc
N=2563

!  generating IC’s in practice

•  wavenumber limitation
•  amplitude limitation due to shot-noise

Practical Limitations 

B
N
!

"
#

$

%
&
3

shot-noise:

not modeled…
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€ 

2π
B

€ 

π
B / N3

ΛCDM vs. ΛWDM
B=100 h-1Mpc
N=2563

!  generating IC’s in practice

•  wavenumber limitation
•  amplitude limitation due to shot-noise

Practical Limitations 

B
N
!

"
#

$

%
&
3

shot-noise:

not modeled…

?
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€ 

2π
B

€ 

π
B / N3

ΛCDM vs. ΛWDM
B=100 h-1Mpc
N=2563

!  generating IC’s in practice

•  wavenumber limitation

Practical Limitations 

?
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ΛCDM vs. ΛWDM
B=100 h-1Mpc
N=323

!  why h-1Mpc ?

Practical Limitations 

?

€ 

ρ =
Nmsimu

B3 =Ω0ρcrit ,0 =Ω0
3H0

2

8πG
=Ω0

3 ⋅ (100h2)
8πG

⇒ msimu =Ω0

300h2

8πG
B3

N

⇒ hmsimu =Ω0
300
8πG

(hB)3

N

⇒ ˜ m simu =Ω0
300
8πG

˜ B 3

N

distances and masses have to be divided by h to get physical values…
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!  generating IC’s in practice

•  linearity constraint on box size

  

€ 

δ( ! x ,t) =
ρ( ! x ,t) − ρ (t)

ρ (t)
∝ D(t) ⇒ P(k, t)∝D2(t)

Practical Limitations 

-  linear perturbation theory (again…)

  

€ 

D(t) =
5
2
Ω0

˙ a 
a

1
˙ a 2

d # t 
t0

t

∫

D(a) ≈ 5a
2
Ωm Ωm

4 / 7 −ΩΛ + 1+
Ωm

2
( 

) 
* 

+ 

, 
- 1+

ΩΛ

70
( 

) 
* 

+ 

, 
- 

. 

/ 
0 

1 

2 
3 

−1

(D(a) = a  for SCDM)
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!  generating IC’s in practice

•  linearity constraint on box size

the largest mode
has to stay

“linear”

Practical Limitations 

  

€ 

δ( ! x ,t) =
ρ( ! x ,t) − ρ (t)

ρ (t)
∝ D(t) ⇒ P(k, t)∝D2(t)
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Generating Initial Conditions 

!  generating IC’s in practice

•  linearity constraint on box size

•  mass variance

Practical Limitations 

  

€ 

δ( ! x ) =
ρ( ! x ) − ρ 

ρ 
=

ρ(! x ) − ρ 

ρ 
= 0

σM
2 = ˆ δ (

! 
k )

2

|
! 
k |= k! 

k 

∑ →
1

(2π )3 P(k)d3k∫∫∫ =
1

2π 2 P(k)k 2dk
0

∞

∫

  

€ 

δ( ! x ,t) =
ρ( ! x ,t) − ρ (t)

ρ (t)
∝ D(t) ⇒ P(k, t)∝D2(t)
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!  generating IC’s in practice

•  linearity constraint on box size

-  linearly extrapolate P(k) to z = 0  =>  P(k, z=0)

-  iteratively determine knl via

-  set B ≥ 2π/knl

€ 

1=
1
2π 2 P(k,z = 0)k 2dk

0

knl

∫

Practical Limitations 

  

€ 

δ( ! x ,t) =
ρ( ! x ,t) − ρ (t)

ρ (t)
∝ D(t) ⇒ P(k, t)∝D2(t)
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!  generating IC’s in practice

•  linearity constraint on box size

-  linearly extrapolate P(k) to z = 0  =>  P(k, z=0)

-  iteratively determine knl via

-  set B ≥ 2π/knl

Practical Limitations 

B ≥ 20 h-1Mpc for ΛCDM

note: P(k, z=0) is tabulated in the provided files

€ 

1=
1
2π 2 P(k,z = 0)k 2dk

0

knl

∫

  

€ 

δ( ! x ,t) =
ρ( ! x ,t) − ρ (t)

ρ (t)
∝ D(t) ⇒ P(k, t)∝D2(t)
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+ +

•
•

q1 q2

  

€ 

! 
x (t) =

! 
q + D(t)

! 
S (! q )

+ +• •
q1 q2

!  generating IC’s in practice

•  initial redshift - not too late, not too early

-  avoid shell crossing

-  avoid integration of numerical noise

Practical Limitations 
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!  generating IC’s in practice

•  initial redshift - not too late, not too early

  

€ 

σBox
2 (ai) =

1
2π 2 Pi(k)k

2dk
2π /B

π /(B / N3 )

∫

€ 

σBox (ai) ≤ 0.1− 0.2
€ 

Pi(k) =
D(ai)
D(a =1)

P(k,z = 0)

Practical Limitations 

Note: PMmodels.f returns σBox for the initial (trial) redshift -> iteratively change zi until criterion satisfied…
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!  generating IC’s in practice

•  initial redshift - not too late, not too early

  

€ 

σBox
2 (ai) =

1
2π 2 Pi(k)k

2dk
2π /B

π /(B / N3 )

∫

Practical Limitations 
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Table 1
Simulation Labels Alongside Initial Conditions Parameters

Run zi σbox

150-lpt1 150 0.05
100-lpt1 100 0.07
050-lpt1 50 0.14
025-lpt1 25 0.28
150-lpt2 150 0.05
100-lpt2 100 0.07
050-lpt2 50 0.14
025-lpt2 25 0.28

Table 2
Applied Cross-Comparisons

Comparison Model No. 1 Model No. 2

No. 1 150-lpt1 050-lpt1
No. 2 100-lpt1 050-lpt1
No. 3 025-lpt1 050-lpt1
No. 4 150-lpt2 050-lpt2
No. 5 100-lpt2 050-lpt2
No. 6 025-lpt2 050-lpt2
No. 7 150-lpt1 150-lpt2
No. 8 100-lpt1 100-lpt2
No. 9 050-lpt1 050-lpt2
No. 10 025-lpt1 025-lpt2

According to the commonly accepted and applied method to
generate ICs for cosmological simulations we refer to model
“lptX-050” as our reference model for which the rms of the
matter field σB = 0.14 is in the commonly used range of 0.1–0.2.
We therefore compare all other models in the first set (“lpt1”
set) against this particular run and in analogy use “lpt2-050” as
the reference in the lpt2 set.

3.1. Applied Comparisons

All models in a given lpt1/2 set are compared against the
reference model started at z = 50. To gauge the influence
of using first (lpt1/ZA) or second-order (lpt2) Lagrangian
perturbation theory in the generation of the ICs we additionally
cross-compare runs of these two sets against each other that
started at the same redshift. In summary, this leaves us with 10
comparisons summarized in Table 2.

3.2. Power Spectra

We start our comparison with the power spectrum of matter
density fluctuations. The power spectrum

P (k) ∝ ⟨|δ(k⃗)|2⟩ , (2)

where δ(k⃗) is the Fourier transform of the density contrast δ(x⃗),
i.e.,

δ(k⃗) =
∫

d3x

(2π )3
exp(ik⃗ · x⃗)δ(x⃗) (3)

is the commonly used statistic to describe the clustering of the
density field. Here, we compute it by applying a fast Fourier
transform (FFT) on a regular 10243 grid using the cloud-in-
cell (CIC; Hockney & Eastwood 1988) scheme for the mass
assignment.

We compare the power spectra of the different runs by
calculating the fractional difference, e.g., in the case of “150-
lpt1 versus 050-lpt1” the fractional difference in P (k) is given
by (P (k)150−lpt1 − P (k)050−lpt1)/P (k)050−lpt1.
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Figure 1. Fractional difference in the power spectrum P (k) regarding the
different starting redshifts at redshift z = 0. The wavenumber k ranges from the
largest mode to the Nyquist frequency of the particle grid.

The results for the runs started at different initial redshifts
zi with respect to the reference run started at zi = 50 (i.e.,
comparisons No. 1 through No. 6 in Table 2) are shown in
Figure 1. The thick and thin lines correspond to the ZA and
lpt2 runs, respectively. We note that the runs which were set up
using the ZA differ more strongly (±4%) when changing the
respective starting redshift than the runs set up with lpt2 (±1%).
Or in other words, ICs generated using the ZA are more sensitive
to the actual starting redshift (at least with respect to the power
spectrum analysis) than ICs based upon lpt2. We further find
that for the ZA runs, the earlier the simulation started the more
power we get at z = 0 compared to the reference model started
at z = 50, especially at the small-scale/high-k end. Both of these
results are compliant with the findings of Crocce et al. (2006)
and Ma (2007). However, we like to note that given our box size
and particle number we probe much smaller scales and hence a
clustering regime that is highly nonlinear.

In Figure 2, we compare the power spectra of the lpt2 runs
against the power spectra of the lpt1 runs for each starting
redshift zi at redshift z = 0 (i.e., comparisons No. 7 through
No. 10 of Table 2). We find that, in general, the lpt2 ICs lead
to more power than the ZA ICs. Obviously, the effect is bigger
the later the simulation started (∼7% for zi = 25 and ∼1% for
zi = 150), simply because the difference between the first-order
and second-order Lagrangian perturbation theories decreases
with redshift. And again, this observation agrees with the results
of other works that compared lpt1 against lpt2 (e.g., Crocce et al.
2006; Ma 2007; Nishimichi et al. 2008; Heitmann et al. 2008b).

The bottom line of this subsection therefore is that—whatever
we will find in the subsequent study below—our simulations
reproduce the same trends as found by others when varying
either the starting redshift or the order of the Lagrangian
perturbation theory, at least when it comes to studying the
(power spectrum of the) matter density field.

3.3. Particle Positions

As all ICs were generated using the same phases we are in the
advantageous position to compare individual particle positions
across models. To this extent we apply two tests. The first
consists of calculating the modulus of the difference between
those positions

|∆r| = |r⃗i − r⃗j |, (4)
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!  problems with this method of generating IC’s?

€ 

σM
2 (r) =

1
2π 2 Pi(k) ˆ W (kr)k 2dk

0

∞

∫

ˆ W (x) =
3
x 3 (sin x − x cos x)

Knebe & Dominguez (2003)Baertschiger & Sylos Labini (2001)

Practical Limitations 
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!  cosmological principle
!  perturbations
!  limitations
!  alternatives
!  remarks
!  summary
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Generating Initial Conditions Alternatives 

!  alternative - Glass IC’s

“Glass” IC’s“Grid” IC’s
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Generating Initial Conditions Alternatives 

!  alternative - Glass IC’s

•  random positions for N particles

•  evolve them forward in time under their mutual gravity (i.e. N-body code), but:




•  use this “Glass” as Lagrangian positions q for Zel’dovich approximation

reverse the sign of gravity!



Computational Cosmology 

Generating Initial Conditions 

“Glass” IC’sPoisson distribution

+P(k)

repulsive
gravity

!  alternative - Glass IC’s

Alternatives 
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!  alternative - Glass IC’s

Alternatives 
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!  alternative - Glass IC’s

Alternatives 
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!  alternative - Glass IC’s

pure cosmetics?

Alternatives 
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!  cosmological principle
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!  limitations
!  alternatives
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Generating Initial Conditions Final Remarks 

  

€ 

! 
x (t) =

! 
q + D(t)

! 
S (! q )

€ 

R1,R2 ≡

Gaussian random numbers with
mean zero, dispersion unity

sampling variance!

!  sampling variance

  

€ 

ˆ δ (k) = P(k)R! k e
iϕ ! k 

R! k e
iϕ ! k = R1 + iR2



Computational Cosmology 

Generating Initial Conditions Final Remarks 

  

€ 

! 
x (t) =

! 
q + D(t)

! 
S (! q )

!  sampling variance

  

€ 

ˆ δ (k) = P(k)R! k e
iϕ ! k 

R! k e
iϕ ! k = R1 + iR2
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€ 

ˆ δ (k) = P(k)R! k e
iϕ ! k 

R! k e
iϕ ! k = R1 + iR2

Final Remarks 

  

€ 

! 
x (t) =

! 
q + D(t)

! 
S (! q )

!  sampling variance

identical parameters (e.g. P(k), N, B, etc.),
but different random realisations…
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€ 

! 
x (t) =

! 
q + D(t)

! 
S (! q )

!  sampling variance

k [h/Mpc]

P(
k)

 [M
pc

3 /h
3 ]

1 10

  

€ 

ˆ δ (k) = P(k)R! k e
iϕ ! k 

R! k e
iϕ ! k = R1 + iR2
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Generating Initial Conditions Final Remarks 

generate a suite of IC’s 
with 

different random realisations of R1 and R2

!  sampling variance

•  effects of the sampling variance…
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Generating Initial Conditions Final Remarks 

…scatter can be as large as 20% for properties of individual objects (Knebe & Dominguez 2003)

!  sampling variance

•  effects of the sampling variance…
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Generating Initial Conditions Final Remarks 

!  zoom simulations

•  run a low resolution simulation

•  identify an interesting object

•  trace back particles of that object to Lagrangian positions in IC’s

•  re-sample waves in that area with more particles

•  re-run the whole simulation
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Generating Initial Conditions Final Remarks 

!  zoom simulations
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Generating Initial Conditions Final Remarks 

!  zoom simulations
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Generating Initial Conditions 

find all these particles
back to the initial conditions

Final Remarks 

!  zoom simulations
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!  zoom simulations
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!  zoom simulations
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!  Constrained Simulations

  

€ 

! ˙ x (t) = ˙ D (t)
! 
S (! q )

(K
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al
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00
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!  Constrained Simulations

(Cosmic Flow 2 team, http://www.ipnl.in2p3.fr/projet/cosmicflows)

  

€ 

! ˙ x (t) = ˙ D (t)
! 
S (! q )

observed
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!  Constrained Simulations

  

€ 

! ˙ x (t) = ˙ D (t)
! 
S (! q )

cosmology

D =
5
2
Ω0
!a
a

1
!a2
d "t

t0

t

∫
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!  Constrained Simulations

  

€ 

! ˙ x (t) = ˙ D (t)
! 
S (! q )

calculate!
http://www.clues-project.org
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!  Zel’dovich vs. 2nd order LPT
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Figure 2. Fractional difference in the power spectrum P (k) regarding the
different schemes (ZA and lpt2) used to set up the ICs at redshift z = 0.

where r⃗i is the position in simulation i and r⃗j in simulation j,
and the second utilizes the so-called density cross-correlation
coefficient.

In Figure 3, we show for our set of comparisons (compare
Section 3.1) the position difference |∆r| (in units of the force
resolution, i.e., 2 h−1 kpc) for 1% of the particles randomly
selected from the total number of particles as a function of
density as measured at the position of the particle5 in the
reference model started at redshift zi = 50 (i.e., 050-lpt1 and
050-lpt2, respectively) and hence labeled δ050−lpt1 in the upper
panel and δref in the lower panel. The upper panel shows the
actual scatter plot for one particular comparison (i.e., 050-lpt1
vs. 150-lpt1) together with the median, while the lower panel
shows only the medians of ∆r in six logarithmically spaced
bins. Note that the whole particle set has been used to calculate
the medians and to avoid crowding in the figures we multiplied
the medians by 100, 1, and 0.01, respectively. The error bars
represent the 25th and 75th percentiles (slightly shifted for each
model along the x-axis for clarity).

We note the expected trend for |∆r| to increase with increasing
density contrast, i.e., the differences across models are more
pronounced in high-density regions. We now checked (though
not shown here) that the differences are never larger than the
virial radii of the halos these particles reside in. However, the
observed trend is expected: the origin of these deviations is
the dynamical instability of particle trajectories in the high-
density regions (e.g., Knebe et al. 2000; Valluri et al. 2007). As
is well known, the trajectories within virialized systems tend
to be chaotic and any small differences existing at any time
moment will tend to grow very fast with time. The divergence
can thus be expected to be more important in nonlinear regions
and this explains the trend of larger ∆r’s in denser regions.
The differences in the low-density regions are substantially
smaller, but still larger than the force resolution and hence
considered physical. However, when investigating underdense
regions 1 + δ < 1 we note that the median of |∆r| “saturates”
at approximately the level of 10× force resolution and hence
defines the level that marks the minimum expectation for the
position difference.

5 The density contrast δ = (ρ − ρ)/ρ has first been calculated by assigning
the mass of each particle to a regular grid of size 5123. Then the grid values
have been interpolated back to the particles’ positions.

Figure 3. Deviation (normalized to the force resolution) of particle coordinates
at z = 0. The upper panel presents a random sample of 1% of all particles
alongside the median ∆r in six bins in 1 + δref . The lower panel only shows the
medians multiplied by 100, 1, and 0.01, respectively, to avoid crowding.

We also observe that the medians do not show considerable
variations when changing the starting redshift. Further, the trend
for |∆r| to increase with δ—that appears to be independent of
zi—is also of comparable strength for lpt1 and lpt2.

However, when comparing lpt1 against lpt2 there appears
to be a drift toward smaller particle position differences (in
low-density regions) when moving to higher starting redshifts.
This is readily explained by the fact that at higher redshifts
the differences between lpt1 and lpt2 vanish. Nevertheless,
this trend is far less pronounced in high-density regions. We
conclude that the differences in P (k) as seen in Figure 2
therefore stem from rather low-density regions.

We also cross-compared an earlier started model to a later
started one at its actual starting redshift, e.g., a snapshot of run
150-lpt1 at redshift z = 50 to the ICs of simulation 050-lpt1.
We though chose not to show the results as all differences in
the positions |∆r| are smaller than the force resolution and we
hence consider them unphysical.

We like to caution the reader that this particular test of
investigating the spatial differences |∆r| does not provide us
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Figure 4. Ratio of the mass function at redshift z = 0 of gravitationally bound
objects for all eight models to the respective reference model started at z = 50.
The (Poissonian) error bars measure the 3σ variance.
(A color version of this figure is available in the online journal.)

Table 4
Best-Fit Parameters for the Spin Parameter Distributions

Run λ0 σ0

150-lpt1 0.040 0.509
100-lpt1 0.039 0.501
050-lpt1 0.040 0.507
025-lpt1 0.040 0.506
150-lpt2 0.039 0.524
100-lpt2 0.040 0.515
050-lpt2 0.040 0.513
025-lpt2 0.040 0.519

shape, spin parameter, and concentration presented in Figure 5:
there are hardly any noticeable differences in the distributions
when changing zi. This figure is accompanied by Table 4 for
which the spin parameter distributions have been fitted to a
lognormal function

P (λ) = 1

λ
√

2πσ 2
0

exp
(

− ln2(λ/λ0)
2σ 2

0

)
(9)

with the two best-fit parameters λ0 and σ0 listed in
Table 4. We again note that they are practically indistinguish-
able, irrespective of the model and the starting redshift zi. How-
ever, we note that the width of the distribution as measured by
σ0 appears to be marginally smaller in the lpt1 set.

Our results from this section indicate that the starting redshift
has practically no influence on today’s attributes of dark matter
halos — at least not for the properties analyzed here, namely the
mass, the spin parameter, the triaxiality, and the concentration
and for objects within the given mass range 1010–1013 h−1 M⊙.
And the same holds for the order of the Lagrangian perturbation
theory, i.e., whether lpt1 or lpt2 is used to generate the ICs has
no effect on the particulars of halos at redshift z = 0.

4.2. Cross-Correlations

As the simulations were started with identical phases we
could use the particle IDs to establish a mapping between the

Figure 5. Probability distribution of the triaxiality parameter T (top), the spin
parameter λ (middle), and the concentration c (bottom) for all models.
(A color version of this figure is available in the online journal.)

two different simulations. This has been applied in Section 3.3
where we presented a direct comparison of individual particles
(e.g., the spatial difference |∆r|). But if we plan to do the same
for the halos, we require a more sophisticated technique to
uniquely cross-identify halos among different simulations. To
this extent we utilize a tool that comes with the AHF package
and is called MergerTree. Originally it serves the purpose
of identifying corresponding objects in the same simulation at
different redshifts (and hence the name MergerTree). But it can
also be applied to simulations of different models run with the
same initial phases for the ICs like in our case. The MergerTree
cross-correlation is done by linking objects that share the most
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!  choose cosmological model  ΛCDM?!

=> cosmological power spectrum of density perturbations P(k)

!  choose box size   B
!  choose number of particles N3

=> put them down on regular NxNxN grid

!  choose starting redshift  zi 

=> use Zel’dovich approximation to displace particles according to P(k)
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!  available codes:

•  N-genIC  http://www.mpa-garching.mpg.de/gadget
•  2LPTic  http://cosmo.nyu.edu/roman/2LPT
•  Panphasia  http://icc.dur.ac.uk/Panphasia.php
•  ginnungagap http://code.google.com/p/ginnungagap
•  MPgrafic  http://www2.iap.fr/users/pichon/mpgrafic.html
•  PMstartM  http://astro.nmsu.edu/~aklypin/PM/pmcode


