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THE N-BODY APPROACH FOREWORD

= simulation of cosmic structure formation
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THE N-BODY APPROACH

FOREWORD

» simulation of cosmic structure formation — initial conditions

1. primordial matter density field
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THE N-BODY APPROACH FOREWORD

» simulation of cosmic structure formation — initial conditions

‘anisotropies in the
cosmic microwave background

Dphysics of “the early Universe”
1. primordial matter density field
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THE N-BODY APPROACH FOREWORD

= simulation of cosmic structure formation — temporal evolution

your favourite simulation code
>

Dphysics of “galaxy formation”

1. primordial matter density field R. today’s matter density field
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THE N-BODY APPROACH FOREWORD

= simulation of cosmic structure formation — analysis of outputs

your favourite simulation code
>

1. primordial matter density field software telescopes R. today’s matter density field

3. triaxial dark matter halo
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THE N-BODY APPROACH FOREWORD

= simulation of cosmic structure formation — analysis of outputs

your favourite simulation code
>

1. primordial matter density field R. today’s matter density field

comparison to reality
<

3. triaxial dark matter halo
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THE N-BODY APPROACH FOREWORD

= simulation of cosmic structure formation — feedback!?

your favourite simulation code
>

1. primordial matter density field | adjustments R. today’s 1

3. triaxial dark matter halo
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THE N-BODY APPROACH FOREWORD

= simulation of cosmic structure formation
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THE N-BODY APPROACH FOREWORD

= simulation of cosmic structure formation

COMPUTATIONAL COSMOLOGY #no0t a single stellar astrophysicist would agree on this...
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THE N-BODY APPROACH

N-BODIES
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N bodies are used to sample

the evolution of the Universe

m

one “simulation particle”
represents
billions of dark matter particles:

~1O7M@ VS mDM<< 10_27 M@

simu
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THE N-BODY APPROACH N-BODIES
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N bodies are used to sample

the evolution of the Universe

one “simulation particle”
represents
billions of dark matter particles:

R e s 107 27
e ;:l:,‘._‘i- A . .. %, : " msimu 10 M@ VS mDM<<1O M@
PR ' -1¢
: I{ " ,l Ve \ : L i (non-baryonic) dark matter candidates
o . axion: 108 eV
£ ' neutrino: 10eV
4 WIMP: 1-10° GeV
monopoles: 1016 GeV
Planck relics: 101° GeV << 1g
299

0.5MeV =9-10%g
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THE N-BODY APPROACH

N-BODIES
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N bodies are used to sample

the evolution of the Universe

one “simulation particle”

represents

billions of dark matter particles:

m simu

~1O7M@ VS mDM<<1O_27 M@

Nm

simu 3H2
B’ =800 =2 8.7[8
U
simu 0 8.7TG N

B=50Mpc, N =~1024°

7
= mg,, ~10"Mg
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THE N-BODY APPROACH

N-BODIES

N bodies are used to sample

the evolution of the Universe

one “simulation particle”
represents
billions of dark matter particles:

mg..~10'Mg V8 mpy<<10?7 Mg

simu

“ how to obtain

F(ty) ,(1,) ? |

(“generating initial conditions” lecture...)
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THE N-BODY APPROACH

N-BODIES

why N-bodies?
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THE N-BODY APPROACH N-BODIES

dark matter particles are collisionless!
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THE N-BODY APPROACH N-BODIES

dark matter particles are collisionless!

or in other words...

the evolution of the Universe is driven by the mean potential
rather than two-body interactions of dark matter particles
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THE N-BODY APPROACH

N-BODIES

= mean free path of dark matter particles

o~10"%cm’
my,, ~10°GeV =10g
g

3
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1

WIMP Mass [GeV]
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Abusaidi et al., Phys Rev Lett 84, 5699 (R000)
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THE N-BODY APPROACH N-BODIES

how to describe a collisionless system?
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COMPUTATIONAL COSMOLOGY

= forward

= N-bodies

= Boltzmann equation

= collisions
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THE N-BODY APPROACH BOLTZMANN EQUATION

= phase-space distribution function

fryv,n) d’r dv

probability” of finding a dark matter particle in the interval:

—

. dr . dr

[r——, r+—]
2 2

-2 5L
2 2

[rEV dr dv=1
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THE N-BODY APPROACH BOLTZMANN EQUATION

= phase-space distribution function

fryv,n) d’r dv

probability” of finding a dark matter particle in the interval:

—

. dr _ dr
[r——, r+—]
2 2

_dv _ dv
v-——, v+—]
2 2

example: particle with velocity v, and coordinate r;:  f(7,v) =8(r = 1,)0(v —v,)

[rEV dr dv=1
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THE N-BODY APPROACH

BOLTZMANN EQUATION

= phase-space distribution function

fryv,n) d’r dv

probability” of finding a dark matter particle in the interval:

dr

—

— —

dr
erenti

al equation for f

|

evolution!

require a diff )
allo“\:reing ?15 to compute 118 temporal
27

2

example: particle with velocity v, and coordinate r,:

[rEV dr dv=1

f(rv)=06(F - 1)o@ -v,)
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THE N-BODY APPROACH BOLTZMANN EQUATION

= Boltzmann equation

@Q(Vﬁfﬁq’ afHéi)
ot dr,  or, dv, ot ).

= coupled with Poisson’s equation

AD(F) = 47Gp(F)

= and the collisional integral

)
(5_12) = [ =lo@Lf B £ () - (B f (D) aRdp,
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THE N-BODY APPROACH BOLTZMANN EQUATION

= Boltzmann equation

df  of
a
N

<
@Q(Vﬁfﬁq’ afHéi)
ot dr,  or, dv, ot ).

= coupled with Poisson’s equation

AD(F) = 47Gp(F)

= and the collisional integral

)
(5_12) = [ =lo@Lf B £ () - (B f (D) aRdp,
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THE N-BODY APPROACH BOLTZMANN EQUATION

= Boltzmann equation
Monte-Carlo approach - gravity equations

y

Lz(viaf_acb afHéi)
gt =\ "dr,  or dv, ot ).

= coupled with Poisson’s equation

AD(F) = 4aGp(F)

= and the collisional integral

)
(é_f;) = [ =lo@Lf B £ () - (B f (D) aRdp,

COMPUTATIONAL COSMOLOGY




THE N-BODY APPROACH BOLTZMANN EQUATION

= Boltzmann equation
Monte-Carlo approach - gravity equations

y

i+§(vio7f_é@ afHéi)
ot dr,  or, dv, ot ).

BN

moments & MHD equations
= coupled with Poisson’s equation

AD(F) = 4aGp(F)

= and the collisional integral

)
(5_12) = [ =lo@Lf B £ () - (B f (D) aRdp,
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THE N-BODY APPROACH BOLTZMANN EQUATION

= Boltzmann equation
Monte-Carlo approach - gravity equations

y

Lz(viaf_acb afHéi)
gt =\ "dr,  or dv, ot ).

ample f(x )v)t)

use (collisionless) particles tos

= coupled with Poisson’s equation

AD(F) = 4aGp(F)

= and the collisional integral

)
(é_f;) = [ =lo@Lf B £ () - (B f (D) aRdp,
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THE N-BODY APPROACH

BOLTZMANN EQUATION

= why particles?
* astrophysics

— solar system

— open clusters of stars
— globular clusters

— galaxies

— clusters of galaxies

— the universe

* outside astrophysics
— molecular dynamics

— plasma physics
— statistical mechanics

N = 10 planets

N ~ 10-100 stars

N ™~ 10° stars

N ~ 101R stars

N ~ 1000 galaxies

N ™~ 10%¢ dark matter particles

— high-energy physics (accelerator simulation/beam physics)
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THE N-BODY APPROACH BOLTZMANN EQUATION

= why particles?

* astrophysics

— solar system N ™ 10 planets
— open clusters of stars N ~ 10-100 stara "
— globular clusters un.importan .
ns are (supposed i 'bjzther than closé encounters:)

0011'.15.10 otent181 -
\ the dynamics is dictated by the mean p —T0 OO/galaX19$
¢ © N = 103¢ dark matter particles

* outside astrophysics

— molecular dynamics

— plasma physics

— statistical mechanics

— high-energy physics (accelerator simulation/beam physics)
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THE N-BODY APPROACH BOLTZMANN EQUATION

= why particles?

COMPUTER
* astrophysics SIMULATION 88
USING
— solar syste PARTICLES
— open cluste
— globular cl

— galaxies
— clusters of

— the univer P particles

* outside astrophys

— molecular d
— plasma ph
— statistical

— high-energ sics)
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THE N-BODY APPROACH BOLTZMANN EQUATION

= particle representation

» Monte Carlo sampling of phase-space distribution function

N & B v = Fre

‘f true

e N—1/2

N particles in volume V
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THE N-BODY APPROACH BOLTZMANN EQUATION

= particle representation

» Monte Carlo sampling of phase-space distribution function

‘fN - ftrue
‘ftrue

“shot- noise”: error goes to zero for large NV

e N—1/2

N particles in volume V
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THE N-BODY APPROACH BOLTZMANN EQUATION

= particle representation

* Monte Carlo sampling of[phase-space distribution function]

but how to solve for f(r,v,1)?

N & B v = Fre

‘f true

e N—1/2

N particles in volume V
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THE N-BODY APPROACH BOLTZMANN EQUATION

= Boltzmann equation

@Q(Vﬁfﬁq’ afHéi)
ot dr,  or, dv, ot ).

= coupled with Poisson’s equation

AD(F) = 47Gp(F)

= and the collisional integral

)
(5_12) = [ =lo@Lf B £ () - (B f (D) aRdp,
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THE N-BODY APPROACH

BOLTZMANN EQUATION

= collisionless Boltzmann equation (CBE)

o x| o oD
+E(V" o, or &vi)

1

= coupled with Poisson’s equation

AD(F) = 47Gp(F)
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THE N-BODY APPROACH BOLTZMANN EQUATION

= collisionless Boltzmann equation (CBE)

I o o o
z + E Vi L 2T, 0 = impossible to solve numerically!
or, or, ov,

1

= coupled with Poisson’s equation

AD(r) = 4nGp(r) = we’ll deal with it later...

COMPUTATIONAL COSMOLOGY




THE N-BODY APPROACH

BOLTZMANN EQUATION

= collisionless Boltzmann equation (CBE)

0
23

= “method of characteristics”:

3

i=

1

(V'af I

“ar, dr, v,

l

\4

a
P \-H}

l

A5
dt

af)=0

=0

0

H= %vz + D(7)
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THE N-BODY APPROACH BOLTZMANN EQUATION

= “method of characteristics”:

df _ 1, .
E-F{f’H}_O H—zv + D(r)

l

A5
dt

l

[ f is constant along the possible trajectories [7(¢),v(7)] ]

0
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THE N-BODY APPROACH BOLTZMANN EQUATION

= “method of characteristics”:

df _ 1, .
E-F{f’H}_O H—zv + D(r)

l

A5
dt

l

[ f is constant along the possible trajectories [7(¢),v(7)] ]

0

oy =

f(ryv,n)=f(#,v,,0) Vr,v satisfying v
- oH
{v.H}=-——
or
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THE N-BODY APPROACH BOLTZMANN EQUATION

= “method of characteristics”:

i+{f,H}=0 H=%v2+CI)(?)

solution to CBE

v
7y =
F(F.0) = f(7,5,,0) V[F,7]satistying v
~ oH
W,H}y=——-
or

!

the problems “reduces” to finding [r(z), v(#)] for a given initial value problem f{r,,v,)
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THE N-BODY APPROACH BOLTZMANN EQUATION

= jnitial value problem

the initial values Hamiltonian of the system the equations of motion
- 1 _
f(F(20).9(8)) H=—v+d(F) Gy =21
2 ]
- H
{V aH } == a__.
or

= N-body approach

1. sample f(r(z,),v.(¢,)) with =1, ..., N points [r(z,),v(7,)]

Q. those [r(7),v,(?)] obeying the equations-of-motion sample f(r(1),v (1))
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THE N-BODY APPROACH BOLTZMANN EQUATION
= consistency check...

. oH dr _

{raH}=—_. H=%v2+<l)(?) E=v F=_Vb 2;’: ﬁ
> R > 5 =

. oH dv dt

vV Hy == —=-Vo
or dt
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THE N-BODY APPROACH

BOLTZMANN EQUATION

= collisionless system of N-bodies

* equations-of-motion

dr _
_=v

dt

v _ —V® = F(#,1)
dt

* the potential

AD =4nGp
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THE N-BODY APPROACH

BOLTZMANN EQUATION

= collisionless system of N-bodies

* equations-of-motion

dr _
_=v

dt

v _ —V® = F(#,1)
dt

* the potential

AD =4nGp

> leap-frog integration

/
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THE N-BODY APPROACH

BOLTZMANN EQUATION

= collisionless system of N-bodies

* equations-of-motion

dr _
_=v

dt

v _ —V® = F(#,1)
dt

* the potential

AD =4nGp

> leap-frog integration

/

~
o “particle” approach

solve by using... <

L o “grid” approach
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THE N-BODY APPROACH

BOLTZMANN EQUATION

= collisionless system of N-bodies

* equations-of-motion

dr _
_=v

dt

v _ —V® = F(#,1)
dt

* the potential

AD =4nGp

> leap-frog integration

/

“solving for gravity’ lectures
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THE N-BODY APPROACH

BOLTZMANN EQUATION

= collisionless system of N-bodies

put, what about ¢

* equations-of-motion

dr _
_=v

dt

v _ —V® = F(#,1)
dt

* the potential

AD =4nGp

\

ol\is'mns?

> leap-frog integration

/

“solving for gravity’ lectures
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COMPUTATIONAL COSMOLOGY

= forward

= N-bodies

= Boltzmann equation

= collisions

= magnetohydrodynamics

= SUMMary
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THE N-BODY APPROACH COLLISIONS

= particle collisions...
* are unwanted when modeling collisionless systems, e.g. dark matter

* are part of the system when modeling, for instance, gases
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THE N-BODY APPROACH

COLLISIONS

= particle collisions...

* are unwanted when modeling collisionless systems, e.g. dark matter

* are part of the system when modeling, for instance, gases

= ...mmay enter our experiment due to numerical problems!

well sampled system

@ -

undersampled system
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THE N-BODY APPROACH

COLLISIONS

= particle collisions...

* are unwanted when modeling collisionless systems, e.g. dark matter

* are part of the system when modeling, for instance, gases

= ...mmay enter our experiment due to numerical problems!

well sampled system

AL

undersampled system
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THE N-BODY APPROACH

COLLISIONS
= particle collisions...
* two-body collisions  (acceleration)
 dynamical friction  (braking)
10.0..'... 2...0.’0.'0
e t .0 5 e e .
i. 1 i.i.i Q—;‘ . s "% ‘@ ° .
° o * ® ° ® e * 1
® .0 ® ° ® ® .. ® PY ®

COMPUTATIONAL COSMOLOGY




THE N-BODY APPROACH COLLISIONS

= particle collisions...

* two-body collisions  (acceleration)

 dynamical friction  (braking)

10.0..'... 2 ..o..o.'o
$ 3 ¢ . """ ¢

* e’ e ® 2’ e -> 0'.’.“:: “® ® e
i i i i: . '.‘ . . . ...
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THE N-BODY APPROACH COLLISIONS

= gvoiding particle collisions...

* larger N

— as high as the computer at your disposal allows!

* softened force law ¢
log F(N| - |
m,m N
- F(N=-G5—% N
r-+e¢ N
|
|
|

logr

* smoothed potential

- ¢.8., low-order multipole expansion for spherical systems
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THE N-BODY APPROACH COLLISIONS

= gvoiding particle collisions...

* interplay between N and &

— N=const., &= more unphysical two-body collisions

- N=9, e=const. minimising collisions, but no gain in spatial resolution

— increase N and decrease ¢ according to Ne&3=const.
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THE N-BODY APPROACH COLLISIONS

= gvoiding particle collisions...

* interplay between N and &

— N=const., &= more unphysical two-body collisions

- N=9, e=const. minimising collisions, but no gain in spatial resolution

— increase N and decrease ¢ according to Ne&3=const.

T T T ] 3
~-F E
; N=30 :
Sk 18
S
3
some error measurement... @v— i %
[~ = 4 <
c§ R
3 i
=
? - —
2
=3 1&
+ fN=30000 1 £
[«>]
S.’!' aaaal PSP WPy | NEEPEEPEPIPI | PP | =
0.01 0.1 1 10
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THE N-BODY APPROACH

COLLISIONS

= gvoiding particle collisions...

* interplay between N and &

— N=const., &=

- N=9, g=const.

more unphysical two-body collisions

minimising collisions, but no gain in spatial resolution

— increase N and decrease ¢ according to Ne&’=const.*

T T T T 3
~-F E
- N=30 5
SE 18
L 3
some error measurement... @v— i %
Ly 4 <
S§ E I
] ;
i =
5 FN=30000 | £
[«>]
S.’!' asaal NP MEEPEEPIPIP | M | =
0.01 0.1 1 10

COMPUTATIONAL COSMOLOGY

*for cosmological simulations the const. = (B/30)3 where B is the size of the domain




COMPUTATIONAL COSMOLOGY

= forward

= N-bodies

= Boltzmann equation

= collisions

* magnetohydrodynamics

= SUMMary
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THE N-BODY APPROACH MAGNETOHYDRODYNAMICS

= Boltzmann equation

of < o oI\ (Of
_+E(V" o, o o'?vl.) =(E)C

= coupled with Poisson’s equation

AD(F) = 47Gp(F)

= and the collisional integral

)
(5_12) = [ =lo@Lf B £ () - (B f (D) aRdp,
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THE N-BODY APPROACH MAGNETOHYDRODYNAMICS

= Boltzmann equation

of < o oI\ (Of
_+E(V" o, o o'?vl.) =(E)C

N

moments & MHD equations

= coupled with Poisson’s equation

AD(F) = 4aGp(F)

= and the collisional integral

)
(é_f;) = [ =lo@Lf B £ () - (B f (D) aRdp,
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THE N-BODY APPROACH MAGNETOHYDRODYNAMICS

= moments of the distribution function

n= [ fxp)dy () = % [ x fewmd’y
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THE N-BODY APPROACH

MAGNETOHYDRODYNAMICS

= moments of the distribution function

n= [ fxp)dy () = % [ x fewmd’y

7

ot

xd’v

s N[, @A) _(of
l, f[&t-i-g(vi&r;_&ri &v,.)_(ét)(.

(n(x}) +V. - (n(vx>) +nV @ (V %) =0

COMPUTATIONAL COSMOLOGY




THE N-BODY APPROACH

MAGNETOHYDRODYNAMICS

= moments of the distribution function

n= [ fxp)dy

d
ot

B Ay - Jp
X=1 p
. i(pv)
X=mV : P
" =mv?/2 : ApE)
' ot

v

1
() = ;fxf(x,\/)aﬁv

—(n(x}) +V. - (n(vx>) +nV @ (V %) =0
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THE N-BODY APPROACH MAGNETOHYDRODYNAMICS

= full set of MHD equations

P (v _
o + V- (pv) =0
J(pv C . -
(p7) +V- p\7®\7+(p+LB2)l—lB®B) =p (-V¢)
ot 2u u
d(PE) 1 Ll 11 31 _
Y pE+p+ZBz v—;[v-B]B = pv- (-V¢)+(I-L)

(+ Poisson’s & Maxwell’s equations...)
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THE N-BODY APPROACH MAGNETOHYDRODYNAMICS

= full set of MHD equations

ap

o + V- (pv) =0
J(pv C . -
(p7) +V- p\7®\7+(p+LB2)l—lB®B) =p (-V¢)
ot 2u u
d(PE) 1 Ll 11 31 _
Y pE+p+ZB2v—;[v-B]B = pv- (-V¢)+(I-L)

(+ Poisson’s & Maxwell’s equations...)

 Lagrangian viewpoint: % (particle approach)

* Bulerian viewpoint: %_» (grid approach)
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THE N-BODY APPROACH

MAGNETOHYDRODYNAMICS

= full set of MHD equations

Z—f +V-(pv) =0
0', = - - -

(6v) +V- P\7®17+(p+LB2)1—lB®B =p (-V9)

ot 2u u
i(pE) L g ls _ 105 BB v

a TV||PErpr B v_ﬁ[ BJB| = pv (-Ve)+(T-L)

(+ Poisson’s & Maxwell’s equations...)

popular when MHD is coupled to a collisionless component,

: e.g. dark matter physics
* Lagrangian viewpoint: \ (particle approach)
* Eulerian viewpoint: %_» (grid approach)
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THE N-BODY APPROACH MAGNETOHYDRODYNAMICS

= full set of MHD equations

Z—f +V-(pv) =0
0', = - - -

(£7) +V- P\7®17+(p+LB2)1—lB®B =p (-V9)

ot 2u u
i(pE) L g ls _ 105 BB v

a TV||PErpr B V_E[V'B]B =pv(-V9)+(r-1)

(+ Poisson’s & Maxwell’s equations...)

 Lagrangian viewpoint: % (particle approach)

standard approach for decades across all disciplines...

* Eulerian viewpoint: % (grid approach)
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THE N-BODY APPROACH MAGNETOHYDRODYNAMICS

= full set of MHD equations

Z—f +V-(pv) =0
0', = - - -

(6v) +V- P\7®17+(p+LB2)1—lB®B =p (-V9)

ot 2u u
i(pE) L g ls _ 105 BB v

a TV||PErpr B V_E[V'B]B =pv(-V9)+(r-1)

(+ Poisson’s & Maxwell’s equations...)

e Lagrangian viewpoint: % (particle approach)

both have their advantages and drawbacks...

* Eulerian viewpoint: % (grid approach)
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THE N-BODY APPROACH MAGNETOHYDRODYNAMICS

= full set of MHD equations

i—f +V-(pv) =0
O', = - - -

(£7) +V- P\7®17+(p+LBz)l—lB®B =p (-V9)

ot 2u u
i(pE) L g ls _ 105 BB v

a TV||PErpr B V_E[V'B]B =pv(-V9)+(r-1)

(+ Poisson’s & Maxwell’s equations...)
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THE N-BODY APPROACH MAGNETOHYDRODYNAMICS

= full set of HD equations

— V- (pv) =0
(9(2‘7) +V- (p\7 @V + pT) =p (-V9)
5(§f) V- ([pE+pJF) = p- (-V)+ (P~ L)

(+ Poisson’s equations...)
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THE N-BODY APPROACH MAGNETOHYDRODYNAMICS

= full set of HD equations

J(pE) V- ([0E€pY) =pv (-99)+(T-L)

(+ Poisson’s equations...)

more unknowns than equations!
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THE N-BODY APPROACH MAGNETOHYDRODYNAMICS

= full set of HD equations

-t V- (pv) =0
al pv .
(é’t ) + V- (pv ®v +p1) =p (-V¢)
d(pE _ .
(gt ) +V-([pE + pl5) = pv(-V¢)+(T-L)
(+ Poisson’s equations...)
= “closure” equation(s)
1,
p=(y-1)pe pe =pE -5 pv
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THE N-BODY APPROACH MAGNETOHYDRODYNAMICS

= full set of HD equations

Z—’; + V- (pv) =0
d(pv .

((% ) + V- (pv ®v +p1) =p (-V¢)
J(pE)

08 o ([oE+pJ7) = o (-V9)

(+ Poisson’s equations...)
still a lot of physics to model and include!

= “closure” equation(s)

I
p=(r-1)pe pe =pE - pv°

COMPUTATIONAL COSMOLOGY




COMPUTATIONAL COSMOLOGY

= forward

= N-bodies

= Boltzmann equation

= collisions

= magnetohydrodynamics

= summary

THE UNIVERSE IN A COMPUTER




THE N-BODY APPROACH SUMMARY

= Boltzmann equation

@Q(Vﬁfﬁq’ afHéi)
ot dr,  or, dv, ot ).

= coupled with Poisson’s equation

AD(F) = 47Gp(F)

= and the collisional integral

)
(5_12) = [ =lo@Lf B £ () - (B f (D) aRdp,

COMPUTATIONAL COSMOLOGY




THE N-BODY APPROACH

SUMMARY

= Boltzmann equation

\

the Boltzmann equation

casting

collisionless and collisio

into integrateable form for
nal matter... D

= coupled with Poisson’s equation

AD(F) = 47Gp(F)

= and the collisional integral

)
(5_12) = [ =lo@Lf B £ () - (B f (D) aRdp,

COMPUTATIONAL COSMOLOGY




THE N-BODY APPROACH

SUMMARY

= full set of equations

* collisionless matter (e.§. dark matter)
dxp, -

dt oM

dv,,
Tov __y
dt i’

e collisional matter (e.g. gas)

ap

p + V- (pv)

1

u u

+V- p\7®\7+(p+2iB2)T——

+V- pE+p+LBZ V—l[*-é]é
ot 2u u

A¢ = 4‘77:Gptot

E=—Vx(\7xl§)

COMPUTATIONAL COSMOLOGY




THE N-BODY APPROACH

SUMMARY

= full set of equations

* collisionless matter (e.§. dark matter)

7
dt

\ ar

d‘xDM _ ‘_/,’
DM

dvpy,

—V(P

~N

Y

e collisional matter (e.g. gas)

applying the “method of characteristics” to the
collisionless Boltzmann equation

,
[ w
ot

+ V- (pv)

+V- p\7®\7+(

+V- [pE+p+2iBQ

~B®B

1
p+—B’
2 u

1

[v-é]é) = pv- (-V¢)+(T-L)

A¢ =4‘77:Gptot
% =-Vx (\7 xl§)

taking moments of the
collisional Boltzmann equation

COMPUTATIONAL COSMOLOGY




THE N-BODY APPROACH

SUMMARY

= full set of equations

* collisionless matter (e.§. dark matter)

dx .
i
vy,
Dou _ _y
dt ¢
. . d
« collisional ma these couple
and how to solve all
LR VE (
ot
d( pv - - -
) v v @v+|p+—B|i-LB®B| =p (-V9)
ot 2u u

APE) +V- [pE +p+ LBZIV—l[d'E]é) = pv+ (-V¢)+(T-L)
2u u

COMPUTATIONAL COSMOLOGY




THE N-BODY APPROACH

SUMMARY
= full set of equations
* collisionless matter (e.§. dark matter)
ap )
dx DM _ = leap-frog integration using N-body approach
M (cf. Review of Numerical Methods Lecture)
v, Vs
X y
A¢ = 4‘77:Gptot
* collisional matter (e.g. gas)
dp R oB o
e . = —=-V B
Y V- (pV) 0 Py X (v X )
d( pv - -
(7) +V- | pi@v+|pr LB |I-LB®E| =p (-V9)
ot 2u u
d(PE) | R
+V-||pE+p+—B°lv-—|v-B|B =pv- (=V¢)+(I'-
. [p Pt u[] pv- (-V¢)+(r-L)
p=(r-1)pe
1
pe =pE ——pv

COMPUTATIONAL COSMOLOGY




THE N-BODY APPROACH

SUMMARY

= full set of equations

* collisionless matter (e.§. dark matter)
dxp, -

dt oM

dv,,
Tov __y
dt i’

* collisional matter (e.g. gas)

A¢ = 4‘77:Gptot

-
Dy
Pl V- (pv)

1

2u u

|

2u u

+V- p\7®\7+(p+iB2)T——

B® B

-0

=p (-V9)

+V- [pE+p+i32]\7——[“-1§]§) = pv- (-V¢)+(T-1L)

E=—Vx(\7xl§)

Y,

1
= pE ——pv’
PE = p. 2,ov

p=(r-1)pe

either “particle” or “grid” approach
(Lagrangian vs. Eulerian viewpoint,
cf. Gas Dynamics Lecture)
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THE N-BODY APPROACH

SUMMARY
= full set of equations
* collisionless matter (e.§. dark matter)
dx,, -
7= DM
dv either “particle” or “grid” approach
% =-V¢ (cf. Solving for Gravity Lectures)
A¢ = 4‘7ertot
* collisional matter (e.g. gas)
op . B -
— +V-(pv) =0 E__VX(VXB)
a pv - .-
(7) +V- p\7®\7+(p+iB2)l —lB®B =p (-V9)
ot 2u u
d(PE) | R _
+V-||pE+p+—B'v—-—|v:-B|B =pv-(=V¢)+(I'-L
. [p Pt u[] pv- (-V¢)+(r-L)
p=(r-1)pe
1
pe =pE ——pv
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THE N-BODY APPROACH

SUMMARY
= full set of equations
* collisionless matter (e.§. dark matter)
dx,, -
7= DM
vy,
—L =_V
dt ?
A¢ = 4‘77:Gptot
* collisional matter (e.g. gas)
op . B -
— +V-(pv) =0 [ E__VX(VXB)J
0 p\7 R 1 - 1= =] _ either “particle” or “grid” approach
((% ) +V- pv v+ (p + 532)1 - ;B ®B| =P (_V(p) (cf. Magnetohydrodynamics Lecture)
d(PE) | R _
+V-||pE+p+—B'v—-—|v:-B|B =pv-(=V¢)+(I'-L
. [p Pt u[] pv- (-V9)+(r-L)
p=(r-1)pe
1
pe =pE ——pv

COMPUTATIONAL COSMOLOGY




THE N-BODY APPROACH

SUMMARY

= full set of equations

* collisionless matter (e.§. dark matter)
dxp, -

dt oM

dv,,
Tov __y
dt i’

e collisional matter (e.g. gas)

ap

p + V- (pv)

1

u u

+V- p\7®\7+(p+2iB2)T——

+V- pE+p+LBZ V—l[*-é]é
ot 2u u

A¢ = 4‘77:Gptot

E=—Vx(\7xl§)
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