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NUMERICAL ASTROPHYSICS

THE IDEA

Numerical (Astro-

solving differential equations

of the physics under investigation

using computers
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NUMERICAL ASTROPHYSICS THE IDEA

= N-body

 plasma physics

molecular dynamics

stellar systems, e.g. globular clusters
individual galaxies

the whole Universe

= Fluid Dynamics

* solar and stellar physics
» magneto-hydrodynamics
* gero-plane design

* meteorology

* oceanography
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NUMERICAL ASTROPHYSICS

The N-body Problem
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NUMERICAL ASTROPHYSICS

THE N-BODY PROBLEM

= the equations

e Newton’s second law of motion

d’r
m—;=F(r
dt’ (")
e Newton'’s law of gravity
M
F=G—2
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NUMERICAL ASTROPHYSICS

THE N-BODY PROBLEM

= the two-body problem

v

r(%

k

)= 1+ ecos()
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NUMERICAL ASTROPHYSICS THE N-BODY PROBLEM

= the three-body problem

v

no analytical solution!

numerical integration required...
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NUMERICAL ASTROPHYSICS THE N-BODY PROBLEM

= the N-body problem

v

objective of this lecture series!
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NUMERICAL ASTROPHYSICS

Numerical Integration of
Ordinary Differential Equations

COMPUTATIONAL COSMOLOGY




NUMERICAL ASTROPHYSICS NUMERICAL INTEGRATION

= ordinary differential equation

0 = G(f(n),f(n_l),...,f(z),f(l),f(o),f) f(n) —
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NUMERICAL ASTROPHYSICS NUMERICAL INTEGRATION

= ordinary differential equation

0 = G(f(n),f(n_l),...,f(z),f(l),f(o),f) f(n) =
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NUMERICAL ASTROPHYSICS

NUMERICAL INTEGRATION

= 15t order explicit ordinary differential equation

4 _
=G
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NUMERICAL ASTROPHYSICS

= 15t order explicit ordinary differential equation

a9 _
=G

Af _ fU)=f@) _ fuu—fi_
At B Lin — L ) i =1 o)

i+1 I

=> fia=J i +AtG(f.1)
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NUMERICAL ASTROPHYSICS NUMERICAL INTEGRATION

= 18t order explicit ordinary differential equation

daf

o G(f.1)

Af _ fU)=f@) _ fuu—fi_
At B Lin — L ) i =1 o)

i+1 I

=> fia=J i +AtG(f.1)

Taylor expansion of f{x) about x;
up to 1% order...

[t +An) = f(t)+ fO@,) drt
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NUMERICAL ASTROPHYSICS NUMERICAL INTEGRATION

= 18t order explicit ordinary differential equation

e Fuler scheme

f(t ) A (tangent) line with slope df/dt = G(f,, t,)
-
‘fi"'l } local
T —
fi

v

i i+1

=> fi+l = fi + At G(fi’ti)
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NUMERICAL ASTROPHYSICS NUMERICAL INTEGRATION

= 18t order explicit ordinary differential equation

e Fuler scheme

|

g _
=G

\ 4

first term in Taylor expansion of f(¢) about ¢, !
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NUMERICAL ASTROPHYSICS NUMERICAL INTEGRATION

= 18t order explicit ordinary differential equation

e Fuler scheme

fi+1 = fi + At G(fi’ti)

e ]ocal error estimate (F = correct solution, f = numerical solution)

F(t,)=F(t)+At F(t,)+ F(t)+..

(A1)’
2

— e}ocal e (Al‘)2
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NUMERICAL ASTROPHYSICS NUMERICAL INTEGRATION

= 18t order explicit ordinary differential equation

e Fuler scheme

fi+1 = fi + At G(fi’ti)

* global error estimate

- T,-T
¢4 o N (Af)? = N(Ar)? = X—9(Ar)? o At
‘ 2( = N(An)® = 2 =2(An)
=> e}‘ZZOb “oc (AL) “first order accurate”

increase accuracy by including higher derivates...
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NUMERICAL ASTROPHYSICS NUMERICAL INTEGRATION

= 18t order explicit ordinary differential equation

e modified Euler scheme

fo
1. “trial step” with slope G(f, t,)
ﬁ +1 \,\N
/
Ji
>
t t t

i+l
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NUMERICAL ASTROPHYSICS NUMERICAL INTEGRATION

= 18t order explicit ordinary differential equation

e modified Euler scheme

3. “result” slope (G(f;, t,)+G"(f" ;1> t:,1))/2

o4 \\/
fiil '
P
f
4 t =

i+l
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NUMERICAL ASTROPHYSICS

NUMERICAL INTEGRATION

= 18t order explicit ordinary differential equation

e modified Euler scheme

P

f(0)

*

ﬁ+1

fi+1

i+l
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NUMERICAL ASTROPHYSICS

NUMERICAL INTEGRATION

= 18t order explicit ordinary differential

e modified Euler scheme

P

f(0)

*

ﬁ+1

equation

fin = fi+ A|=——=

fi+1

i+l
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NUMERICAL ASTROPHYSICS NUMERICAL INTEGRATION

= 18t order explicit ordinary differential equation

e modified Euler scheme

N additional calculations required!
f% fo=f +At @ G, =G(1,+ A1, f. + AtG)
fia
]Cl'+1 g /
fi
>
t t t

i+l
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NUMERICAL ASTROPHYSICS

NUMERICAL INTEGRATION

= 18t order explicit ordinary differential equation

e modified Euler scheme

*k

O = s S Gy = Gt + 1.+ M1G)
fiu
fi+1 . W
/
>

i+l
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NUMERICAL ASTROPHYSICS

NUMERICAL INTEGRATION

= 15t order explicit ordinary differential equation

e modified Euler scheme

*k

G +G

fi+1=fi+AtiTi+l

e ]ocal error estimate

G. _ G;k+1 B Gi
’ At

G, =G(t,+At, f,+ AtG,)
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NUMERICAL ASTROPHYSICS

NUMERICAL INTEGRATION

= 15t order explicit ordinary differential equation

e modified Euler scheme

*k

G +G

fi+1=fi+AtiTi+l

e ]ocal error estimate

G = =G G., = AG, +G,
At

G, =G(t,+At, f,+ AtG,)
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NUMERICAL ASTROPHYSICS NUMERICAL INTEGRATION

= 18t order explicit ordinary differential equation

e modified Euler scheme

fl-+1=‘fl-+Al‘i—i+l Gj+1=G(ti+At’fi+AtGi)

e ]ocal error estimate

G. = G;k+1 -G,
’ At
fi+1 = fz + At Gi

additional term!
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NUMERICAL ASTROPHYSICS

NUMERICAL INTEGRATION

= 18t order explicit ordinary differential equation

e modified Euler scheme

*k

fr= g+ b 2

e ]ocal error estimate

G. = G;k+1 -G,
’ At
fi+1 = fz + At Gi

additional term!

comparison to F

;1> e}ocal e (Al,)3

G, =G(t,+At, f,+ AtG,)
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NUMERICAL ASTROPHYSICS

NUMERICAL INTEGRATION

= 18t order explicit ordinary differential equation

e modified Euler scheme

*k

G +G

fi+1=‘fi+AtiTi+l

* global error estimate

— e;g;lobal o (AZ_)Z

G, =G(t,+At, f,+ AtG,)

“second order accurate”

(at the expanse of more calculations)
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NUMERICAL ASTROPHYSICS NUMERICAL INTEGRATION

= 18t order explicit ordinary differential equation

o 21 order Runge-Kutta scheme

P

f(0)

“mid-point” slope G(f, ., t;,1,2)

/\,\/
fi+1/2 -

S

/

2 ti+1/2 I

i+l
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NUMERICAL ASTROPHYSICS NUMERICAL INTEGRATION

= 18t order explicit ordinary differential equation

o 21 order Runge-Kutta scheme
additional calculations required!

. ; t,,=t,+At/2
faoL Jin = Ji+ AL w firn = fi+G(fout,) At/2

- —
Jiarn /
i
>
t
l ti+1/2 l;

i+l
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NUMERICAL ASTROPHYSICS NUMERICAL INTEGRATION

= 18t order explicit ordinary differential equation
o 21 order Runge-Kutta scheme

t, =1, +A1/2

fi+1 = fl + At G(fl+1/2’ti+1/2) fio=fi+G(f..t) At/2

* global error estimate

to 1 order
g = order Runge-Katha agre \\
\\ mostte? f:;l eIr &’anzd I : rin Numerical Integration)
3
global 2 “ "
= e,  <(Ar) second order accurate

(at the expanse of more calculations)
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NUMERICAL ASTROPHYSICS NUMERICAL INTEGRATION

= 18t order explicit ordinary differential equation

o 4% order Runge-Kutta scheme

1
fian =1 +A1 g(k1 +2k, +2k;, + k,)

k =G(f.t,)
=G(f s Y =) z,.+(tl‘+'2' t"))
= G(f + k Fist i 1+ (ti+12_ ti))
+=G(f+ky(t,, - t),tm)
* global error estimate
=> efilOb‘” o (Ar)* “fourth order accurate”

(at the expanse of far more calculations)
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NUMERICAL ASTROPHYSICS NUMERICAL INTEGRATION

= 18t order explicit ordinary differential equation

o 4% order Runge-Kutta scheme

fia = f—+At—{k-+2k +2k, +k,)

Graphical depiction of the slope estimates comprising the fourth-order RK method.

| b | k =G(f.t)
o ko= e 4 )
W o - e
o E =G(f s, L =0 t,.+(ti+12‘ tl’))
I !P\\\‘\~ | k,
f | o
: ; 5 ky = G(f, + k(1 - r),rm)
* global error estimate
glObal 4 “ 1)
=> e, (A1) fourth order accurate

(at the expanse of far more calculations)
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NUMERICAL ASTROPHYSICS

NUMERICAL INTEGRATION

= 21d opder explicit ordinary differential equation

d°f _ i p00
e =G(f. 1.0
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NUMERICAL ASTROPHYSICS

NUMERICAL INTEGRATION

= 21d opder explicit ordinary differential equation

ﬂ = h ( f h f) single 8™ order equation
dt‘ 9 9 )

dh <€

E = g (f ’h’ t) system of two 1% order equations

dzf ~
dar*

G(f".f.1
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NUMERICAL ASTROPHYSICS

NUMERICAL INTEGRATION

= 21d opder explicit ordinary differential equation

ﬂ = h ( f h f) single 8™ order equation
dt‘ 9 9 )
dh <€
E = g (f ’h’ t) system of two 1% order equations
N J
Y

solve using schemes for 1% order equations

dzf ~
dar*

G(f".f.1
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NUMERICAL ASTROPHYSICS

NUMERICAL INTEGRATION

= 21d opder explicit ordinary differential equation

df single 8™ order equation
dz_ _h(f’hat) ) dzf N
2 = G(f 9f7t)

dh < dt

E - g(f ,h’ t) system of two 1% order equations

\ J

v
solve using schemes for 15 order equations:
e FEuler method o 214 order Runge-Kutta

f;+l =fi+h(fi,hi,ti) At tmid =tl+At/2
hi+1 =hi+g(fi7hl"tl‘) At fmid =f;+h(ﬁ,hl,tl) At/z

h . =h +g(f.h.t)At/2

ﬁ+l = f; + h(fmid ’hmid ’tmid) At
hi"'l - hi + g(fmid ’hmid ’tmid) At
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NUMERICAL ASTROPHYSICS

NUMERICAL INTEGRATION

= 21d opder explicit ordinary differential equation

ﬂ = h ( f h t) single 8™ order equation
dt‘ 2 2 )
dh <€
E = g (f ’h ? t) system of two 1% order equations
N J
Y

solve using schemes for 15 order equations:

e KEuler method

fi+1=fi h(fi’hi’ti) !
h.,, =h,+g(f.,h;.t)At

arbitrary functions of £,

ﬁ+1 = fl
h,

f
e =G(f. 1.0

o 21 order Runge-Kutta
t.a =t +At/2
J, mid = fz
Roia =N,

h(f,h.,t)|At 12
g(fi-ht) At /2

h(fmid ’hmid ’tmid) !
8(S ia Momia >t mia)

i
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NUMERICAL ASTROPHYSICS

NUMERICAL INTEGRATION

= 21d opder explicit ordinary differential equation

* leap-frog scheme

d’f _
1 =G(f)
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NUMERICAL ASTROPHYSICS

NUMERICAL INTEGRATION

= 21d opder explicit ordinary differential equation

* leap-frog scheme

a _, dh _
dt_h’ dt G

fi+1 = fi + At hi+1/2

Risn=hi +ALG(fL)
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NUMERICAL ASTROPHYSICS NUMERICAL INTEGRATION

= 21d opder explicit ordinary differential equation

e leap-frog scheme

a _, dh_
dt_h’ dt (/)

df/dt only depends on &
dh/dt only depends on f

fi+1 = fi + At hi+1/2

Bisn =Ny +ALG(f,)
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NUMERICAL ASTROPHYSICS NUMERICAL INTEGRATION

= 21d opder explicit ordinary differential equation

* leap-frog scheme

d’f

-G
e (f)
l+1 f +Athl+1/2
|
| : | | >
l; i1 liy liv3n livo

\/\/

hi+3/2 = hi+1/2 + At G(fi+1)
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NUMERICAL ASTROPHYSICS NUMERICAL INTEGRATION

= 21d opder explicit ordinary differential equation

e leap-frog scheme - jumpstart

dzf
dt?

=G(f)
= fo+Ath,

/\/\

| | | | | >

L1 13

1/2 G(fO
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NUMERICAL ASTROPHYSICS NUMERICAL INTEGRATION

= 21d opder explicit ordinary differential equation

e leap-frog scheme - resync

dzf _
e =G(f)
fN 1 + Ath N-1/2
| ' | ' | >
In.2 In.3/2 In. In-172
Ry 1 + G(fN
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NUMERICAL ASTROPHYSICS NUMERICAL INTEGRATION

= 21d opder explicit ordinary differential equation

* leap-frog scheme

2 fi+1 = fz + At hi+1/2
o6 —s

t2

hi+3/2 = hi+1/2 + At G(fm)
+ second order accurate scheme
+ no additional calculations

+ symplectic scheme (energy conservation...)

+ very well suited for systems of type Cfif =G(f)

t2
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NUMERICAL ASTROPHYSICS

“Numerical Gravity”
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NUMERICAL ASTROPHYSICS

GRAVITY

= the equations

e Newton’s second law of motion

d’r
m—2 = F(I")
dt
e Newton'’s law of gravity
Mm
F=G—;
r
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NUMERICAL ASTROPHYSICS

GRAVITY

= the equations

e Newton’s second law of motion

dr dv
—=vy, —=f(r
dt dt ()

e Newton'’s law of gravity

f =G24
r

leap-frog integrator!
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NUMERICAL ASTROPHYSICS

GRAVITY

= Jeap-frog integration

-

d*r
m——-=F(r
1 (r)
F(r) = GM;"
r

v

i+1

=r+Atv,,,

Viesin = Vi AL f(1)

f(rl-)=G£2

I.

l
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NUMERICAL ASTROPHYSICS

dawn of N-body simulations
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