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Numerical (Astro-)Physics:

solving differential equations
of the physics under investigation

using computers
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•  plasma physics 
•  molecular dynamics
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•  individual galaxies
•  the whole Universe

  Fluid Dynamics

•  solar and stellar physics
•  magneto-hydrodynamics
•  aero-plane design
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The N-Body Problem 

€ 

m d2r
dt 2

= F(r)

  the equations

•  Newton’s second law of motion

•  Newton’s law of gravity

€ 

F =G Mm
r2

Numerical Astrophysics 
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The N-Body Problem 

€ 

M

€ 

m

  the two-body problem

€ 

r(ϑ ) =
k

1+ εcos(ϑ )

€ 

ϑ
€ 

r

Numerical Astrophysics 
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The N-Body Problem 

€ 

M

€ 

m1

  the three-body problem

€ 

ϑ1

€ 

r1

no analytical solution!

€ 

m2

€ 

r2

€ 

ϑ 2

numerical integration required…

Numerical Astrophysics 
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The N-Body Problem 

  the N-body problem

Numerical Astrophysics 

objective of this lecture series!
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  ordinary differential equation

€ 

0 =G( f (n ), f (n−1),..., f (2), f (1), f (0),t)

€ 

f (n ) ≡ d
n f
dt n

Numerical Astrophysics Numerical Integration 
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  ordinary differential equation

€ 

f (n ) ≡ d
n f
dt n

Note the change to t as independent variable,

but in physics we are mostly concerned with the temporal evolution of processes...

€ 

0 =G( f (n ), f (n−1),..., f (2), f (1), f (0),t)

Numerical Astrophysics Numerical Integration 
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  1st order explicit ordinary differential equation

€ 

df
dt

=G( f ,t)

Numerical Astrophysics Numerical Integration 
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€ 

df
dt

=G( f ,t)

€ 

Δf
Δt

=
f (ti+1) − f (ti)
ti+1 − ti

=
fi+1 − f i
ti+1 − ti

=G( f i,ti)=>	


€ 

fi+1 = f i + Δt G( fi,ti)=>	


  1st order explicit ordinary differential equation

Numerical Astrophysics Numerical Integration 
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€ 

df
dt

=G( f ,t)

€ 

Δf
Δt

=
f (ti+1) − f (ti)
ti+1 − ti

=
fi+1 − f i
ti+1 − ti

=G( f i,ti)=>	


  1st order explicit ordinary differential equation

€ 

f (ti + Δt) = f (ti) + f (1)(ti) dt
€ 

fi+1 = f i + Δt G( fi,ti)=>	

Taylor expansion of f(x) about xi	


up to 1st order...

Numerical Astrophysics Numerical Integration 
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=>	
 € 

t

€ 

f (t)

€ 

ti

€ 

ti+1

€ 

fi€ 

fi+1

€ 

fi+1 = f i + Δt G( fi,ti)

€ 

e f
local

  1st order explicit ordinary differential equation

•  Euler scheme

(tangent) line with slope df/dt = G(fi, ti)	
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€ 

df
dt

=G( f ,t)

first term in Taylor expansion of f(t) about ti !

•  Euler scheme

€ 

fi+1 = f i + Δt G( fi,ti)

  1st order explicit ordinary differential equation

Numerical Astrophysics Numerical Integration 
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•  Euler scheme

€ 

fi+1 = f i + Δt G( fi,ti)

•  local error estimate (F = correct solution, f = numerical solution)

€ 

F(ti+1) = F(ti) + Δt ˙ F (ti) +
(Δt)2

2
˙ ̇ F (ti) + ...

€ 

e f
local = F(ti+1) − f i+1 = F(ti) + Δt ˙ F (ti) +

(Δt)2

2
˙ ̇ F (ti) + ...− f i + Δt G( f i,ti)( )

=>	


€ 

e f
local ∝ (Δt)2

  1st order explicit ordinary differential equation

Numerical Astrophysics Numerical Integration 
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•  Euler scheme

€ 

fi+1 = f i + Δt G( fi,ti)

•  global error estimate

“first order accurate”

increase accuracy by including higher derivates…

€ 

e f
global ∝ (Δt)=>	


€ 

e f
global ∝ (Δt)2 = N(Δt)2 =

TN −T0
Δti=1

N

∑ (Δt)2 ∝Δt

  1st order explicit ordinary differential equation

Numerical Astrophysics Numerical Integration 
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€ 

t

€ 

f (t)

€ 

ti

€ 

ti+1

€ 

fi€ 

fi+1
*

•  modified Euler scheme

  1st order explicit ordinary differential equation

1. “trial step” with slope G(fi, ti)	
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€ 

t

€ 

f (t)

€ 

ti

€ 

ti+1

€ 

fi€ 

fi+1
*

•  modified Euler scheme

  1st order explicit ordinary differential equation

2. “correction” with slope G*(f*
i+1, ti+1)	


1. “trial step” with slope G(fi, ti)	
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€ 

t

€ 

f (t)

€ 

ti

€ 

ti+1

€ 

fi€ 

fi+1
*

•  modified Euler scheme

  1st order explicit ordinary differential equation

3. “result” slope (G(fi, ti)+G*(f*
i+1, ti+1))/2	
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€ 

t

€ 

f (t)

€ 

ti

€ 

ti+1

€ 

fi
€ 

fi+1

•  modified Euler scheme

  1st order explicit ordinary differential equation

€ 

fi+1
*
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€ 

t

€ 

f (t)

€ 

ti

€ 

ti+1

€ 

fi
€ 

fi+1

•  modified Euler scheme

  1st order explicit ordinary differential equation

€ 

fi+1 = f i + Δt Gi +Gi+1
*

2

€ 

fi+1
*
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€ 

t

€ 

f (t)

€ 

ti

€ 

ti+1

€ 

fi
€ 

fi+1

•  modified Euler scheme

  1st order explicit ordinary differential equation

€ 

fi+1 = f i + Δt Gi +Gi+1
*

2

€ 

fi+1
*

€ 

Gi+1
* =G(ti + Δt, f i + ΔtGi)

additional calculations required!
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€ 

t

€ 

f (t)

€ 

ti

€ 

ti+1

€ 

fi
€ 

fi+1

€ 

e f
local

•  modified Euler scheme
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€ 

fi+1 = f i + Δt Gi +Gi+1
*

2

€ 

fi+1
*

€ 

Gi+1
* =G(ti + Δt, f i + ΔtGi)
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•  modified Euler scheme

€ 

fi+1 = f i + Δt Gi +Gi+1
*

2

•  local error estimate

€ 

˙ G i =
Gi+1

* −Gi

Δt

  1st order explicit ordinary differential equation

€ 

Gi+1
* =G(ti + Δt, f i + ΔtGi)

Numerical Astrophysics Numerical Integration 



Computational Cosmology 

•  modified Euler scheme

€ 

fi+1 = f i + Δt Gi +Gi+1
*

2

•  local error estimate

  1st order explicit ordinary differential equation

€ 

Gi+1
* =G(ti + Δt, f i + ΔtGi)

€ 

⇒ Gi+1
* = Δt ˙ G i + Gi

€ 

˙ G i =
Gi+1

* −Gi

Δt

Numerical Astrophysics Numerical Integration 
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•  modified Euler scheme

€ 

fi+1 = f i + Δt Gi +Gi+1
*

2

•  local error estimate

  

€ 

fi+1 = f i + Δt Gi +
1
2

(Δt)2 ˙ G i + ...

€ 

˙ G i =
Gi+1

* −Gi

Δt

additional term!

  1st order explicit ordinary differential equation

€ 

Gi+1
* =G(ti + Δt, f i + ΔtGi)
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•  modified Euler scheme

€ 

fi+1 = f i + Δt Gi +Gi+1
*

2

•  local error estimate

  

€ 

fi+1 = f i + Δt Gi +
1
2

(Δt)2 ˙ G i + ...

€ 

˙ G i =
Gi+1

* −Gi

Δt

additional term!

€ 

e f
local ∝ (Δt)3=>	


  1st order explicit ordinary differential equation

€ 

Gi+1
* =G(ti + Δt, f i + ΔtGi)

comparison to Fi+1	


Numerical Astrophysics Numerical Integration 



Computational Cosmology 

•  modified Euler scheme

€ 

fi+1 = f i + Δt Gi +Gi+1
*

2

•  global error estimate

=>	


€ 

e f
global ∝ (Δt)2

…

“second order accurate”
(at the expanse of more calculations)

  1st order explicit ordinary differential equation

€ 

Gi+1
* =G(ti + Δt, f i + ΔtGi)

Numerical Astrophysics Numerical Integration 
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•  2nd order Runge-Kutta scheme

  1st order explicit ordinary differential equation

€ 

t

€ 

f (t)

€ 

ti

€ 

ti+1

€ 

fi

“mid-point” slope G(fi+1/2, ti+1/2)	


€ 

ti+1/ 2

€ 

fi+1/ 2

Numerical Astrophysics Numerical Integration 
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•  2nd order Runge-Kutta scheme

  1st order explicit ordinary differential equation

€ 

t

€ 

f (t)

€ 

ti

€ 

ti+1

€ 

fi

€ 

ti+1/ 2

€ 

fi+1/ 2
€ 

fi+1 = f i + Δt G( f1+1/ 2,ti+1/ 2)

€ 

t1/ 2 = ti + Δt /2
f1/ 2 = f i +G( f i,ti) Δt /2

additional calculations required!

Numerical Astrophysics Numerical Integration 
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•  2nd order Runge-Kutta scheme

  1st order explicit ordinary differential equation

€ 

fi+1 = f i + Δt G( f1+1/ 2,ti+1/ 2)

•  global error estimate

=>	


€ 

e f
global ∝ (Δt)2

…

“second order accurate”
(at the expanse of more calculations)

modified Euler & 2nd order Runge-Kutta agree to 1st order

(cf. I3 and I4 in Numerical Integration)

€ 

t1/ 2 = ti + Δt /2
f1/ 2 = f i +G( f i,ti) Δt /2

Numerical Astrophysics Numerical Integration 
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•  4th order Runge-Kutta scheme

  1st order explicit ordinary differential equation

€ 

k1 =G fi,ti( )

k2 =G fi + k1
(ti+1 − ti)
2

, ti +
(ti+1 − ti)
2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

k3 =G fi + k2
(ti+1 − ti)
2

, ti +
(ti+1 − ti)
2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

k4 =G fi + k3(ti+1 − ti), ti+1( )

€ 

fi+1 = f i + Δt 1
6
(k1 + 2k2 + 2k3 + k4 )

•  global error estimate

=>	
 “fourth order accurate”
(at the expanse of far more calculations)

€ 

e f
global ∝ (Δt)4

Numerical Astrophysics Numerical Integration 



Computational Cosmology 

•  4th order Runge-Kutta scheme

  1st order explicit ordinary differential equation

€ 

k1 =G fi,ti( )

k2 =G fi + k1
(ti+1 − ti)
2

, ti +
(ti+1 − ti)
2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

k3 =G fi + k2
(ti+1 − ti)
2

, ti +
(ti+1 − ti)
2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

k4 =G fi + k3(ti+1 − ti), ti+1( )

€ 

fi+1 = f i + Δt 1
6
(k1 + 2k2 + 2k3 + k4 )

•  global error estimate

=>	
 “fourth order accurate”
(at the expanse of far more calculations)

€ 

e f
global ∝ (Δt)4
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  2nd order explicit ordinary differential equation

€ 

d2 f
dt 2

=G( f (1), f ,t)

Numerical Astrophysics Numerical Integration 
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  2nd order explicit ordinary differential equation

€ 

d2 f
dt 2

=G( f (1), f ,t)

€ 

df
dt

= h( f ,h,t)

dh
dt

= g( f ,h,t) system of two 1st order equations

single 2nd order equation

Numerical Astrophysics Numerical Integration 
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€ 
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= g( f ,h,t) system of two 1st order equations
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  2nd order explicit ordinary differential equation

€ 

d2 f
dt 2

=G( f (1), f ,t)

€ 

df
dt

= h( f ,h,t)

dh
dt

= g( f ,h,t) system of two 1st order equations

single 2nd order equation

solve using schemes for 1st order equations:

•  Euler method •  2nd order Runge-Kutta

€ 

fi+1 = f i + h( f i,hi,ti) Δt
hi+1 = hi + g( f i,hi,ti) Δt

€ 

tmid = ti + Δt /2
fmid = f i + h( f i,hi,ti) Δt /2
hmid = hi + g( f i,hi,ti) Δt /2

f i+1 = f i + h( fmid ,hmid ,tmid ) Δt
hi+1 = hi + g( fmid ,hmid ,tmid ) Δt

Numerical Astrophysics Numerical Integration 
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  2nd order explicit ordinary differential equation

€ 

d2 f
dt 2

=G( f (1), f ,t)

€ 

df
dt

= h( f ,h,t)

dh
dt

= g( f ,h,t) system of two 1st order equations

single 2nd order equation

solve using schemes for 1st order equations:

•  Euler method •  2nd order Runge-Kutta

€ 

fi+1 = f i + h( f i,hi,ti) Δt
hi+1 = hi + g( f i,hi,ti) Δt

€ 

tmid = ti + Δt /2
fmid = f i + h( f i,hi,ti) Δt /2
hmid = hi + g( f i,hi,ti) Δt /2

f i+1 = f i + h( fmid ,hmid ,tmid ) Δt
hi+1 = hi + g( fmid ,hmid ,tmid ) Δt

arbitrary functions of f,h,t	
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•  leap-frog scheme

€ 

d2 f
dt 2

=G( f )

  2nd order explicit ordinary differential equation

Numerical Astrophysics Numerical Integration 
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•  leap-frog scheme

€ 

df
dt

= h , dh
dt

=G( f )

€ 

fi+1 = f i + Δt hi+1/ 2

hi+3 / 2 = hi+1/ 2 + ΔtG( fi+1)

  2nd order explicit ordinary differential equation

Numerical Astrophysics Numerical Integration 
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•  leap-frog scheme

€ 

df
dt

= h , dh
dt

=G( f )

€ 

fi+1 = f i + Δt hi+1/ 2

hi+3 / 2 = hi+1/ 2 + ΔtG( fi+1)

  2nd order explicit ordinary differential equation

df/dt  only depends on h	

dh/dt only depends on f	


Numerical Astrophysics Numerical Integration 



Computational Cosmology 

•  leap-frog scheme

€ 

hi+3 / 2 = hi+1/ 2 + ΔtG( fi+1)

ti	
 ti+1	
 ti+2	
ti+1/2	
 ti+3/2	


€ 

fi+1 = f i + Δt hi+1/ 2

€ 

d2 f
dt 2

=G( f )

  2nd order explicit ordinary differential equation

Numerical Astrophysics Numerical Integration 
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•  leap-frog scheme - jumpstart

€ 

h1/ 2 = h0 +
Δt
2
G( f0)

t0	
 t1	
 t2	
t1/2	
 t3/2	


€ 

f1 = f0 + Δt h1/ 2

€ 

d2 f
dt 2

=G( f )

  2nd order explicit ordinary differential equation

Numerical Astrophysics Numerical Integration 
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•  leap-frog scheme - resync

tN-2	
 tN-1	
 tN	
tN-3/2	
 tN-1/2	


€ 

fN = fN−1 + Δt hN−1/ 2

€ 

d2 f
dt 2

=G( f )

€ 

hN = hN−1/ 2 +
Δt
2
G( fN )

  2nd order explicit ordinary differential equation

Numerical Astrophysics Numerical Integration 
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•  leap-frog scheme

+  second order accurate scheme

+  no additional calculations

+  symplectic scheme (energy conservation…)

+  very well suited for systems of type

€ 

d2 f
dt 2

=G( f )

€ 

fi+1 = f i + Δt hi+1/ 2

hi+3 / 2 = hi+1/ 2 + ΔtG( fi+1)

€ 

d2 f
dt 2

=G( f )

  2nd order explicit ordinary differential equation

Numerical Astrophysics Numerical Integration 
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  the equations

Numerical Astrophysics Gravity 

€ 

m d2r
dt 2

= F(r)

•  Newton’s second law of motion

•  Newton’s law of gravity

€ 

F =G Mm
r2
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  the equations

Numerical Astrophysics Gravity 

€ 

dr
dt

= v, dv
dt

= f (r)

•  Newton’s second law of motion

•  Newton’s law of gravity

€ 

f (r) =G M
r2

leap-frog integrator!
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  leap-frog integration

Numerical Astrophysics Gravity 

€ 

ri+1 = ri + Δt vi+1/ 2

vi+3 / 2 = vi+1/ 2 + Δt f (ri)

f (ri) =G M
ri
2

€ 

m d2r
dt 2

= F(r)

F(r) =G Mm
r2
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Numerical Astrophysics 

dawn of N-body simulations


