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Eulerian Gas Dynamics

THE EQUATIONS OF GAS DYNAMICS IN EULERIAN 
FORM (1D):
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EULERIAN GAS DYNAMICS
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IN COMPACT VECTOR FORM:

U is a vector of states and F is a vector of fluxes 
(mass, momentum and energy)



Euler  equations in 3D
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Grid based methods

Discretization of  variables in time and space 
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Types of numerical
grid based methods 

Finite difference schemes

Explicit in time

Implicit in time

Finite Volume schemes:

Godunov’s  zero order  method

Higher–order  Godunov’s methods
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Explicit finite difference 
Lax-Wendroff explicit scheme:
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Explicit finite difference 
Lax-Wendroff explicit scheme:

20/05/2021Computational Astrophysics 8



Implicit scheme
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Higher dimensions
Operator splitting
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Higher dimensions
Operator splitting
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Finite Volume Schemes 
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tIntegrating the equations over each cell volume and using Gauss 

theorem to transform the divergences in Fluxes  crossing the 

different cell boundaries::

Then the volume average quantiies qijk can be computed as:



Finite Volume Schemes 
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Godunov’s Methods
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The Riemann Problem
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The Riemann Problem
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The Riemann Problem
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Example of a 
simple 
Riemann 
Problem: 

The Sod tube 
solution: The  
case when  
the two fluids 
are at rest.



Comparison of volume 
average methods
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Higher order Godunov 
methods
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MUSCL 1st Order linear 
reconstruction
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MUSCL
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Slope limiters
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PPM: 2nd order 
interpolation
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Approximate Riemann Solvers
The Riemann problem has a solution that can be obtained using 
Rankine-Hugoniot conditions at the interfaces (conservation 
properties). But it is not very useful for numerical problems 
because it involves solving  algebraic equations.

Approximate Riemann solvers have been proposed as a efficient 
way to estimate the fluxes across the cell interfaces. 
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Roe Solver
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Roe Solver
The Roe  Riemann Solver:
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ADAPTIVE MESH 
EULERIAN METHODS
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Achieving  high local resolution in space, time and mass imply  
decreasing the mesh size. For astrophysical problems this is 
almost impossible to achieve:

For Galaxy formation, typical resolution is around 10pc  and the 
minimum volume to  form a galaxy is around 10Mpc.  With equal 
mesh size, the number of cells  > 1018 !!

But most of the original volume is not needed to be resolved with 
this resolution. 

Some kind of adaptivness is needed for eulerian methods to be 
competitive against SPH.
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INCREASE THE DYNAMICAL RANGE 
OF EULERIAN METHODS



INCREASE THE DYNAMICAL RANGE 
OF EULERIAN METHODS

Two kind of strategies can be used to increase the dynamical 
range  of Eulerian hydrodynamics:

Adaptive Mesh Refinement

Moving Mesh techniques.
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AMR
Add new staggered meshes in regions of high density
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AMR
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AMR CODES IN ASTROPHYSICS

http://www.astrosim.net
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http://www.astrosim.net/


MOVING MESH  METHODS
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MOVING-MESH 
hydrodynamics

Use also  eulerian methods 
to solve  fluid equations on 
a mesh.

The mesh is adapting to the 
fluid structures:

Deforming the cells while 
keeping same number of 
cell elements .

Using unstructured 
meshes. 
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MMH-code, Pen, 

1995, ApJS,115,19

Arepo, 
Springel, MNRAS, 401,791, 2010 



AREPO
Use Voronoi tesselation algorithm to generate the mesh:
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AREPO
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The fluxes are calculated with an exact Riemann solver in the frame of 

moving cell boundary 



AREPO

KH test
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AREPO

Sedov Blast
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AREPO
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GAS BLOBS AROUND GALAXY SIMULATION
Wadepul & Springel 2011

GADGET
AREPO



Baryonic  processes

Baryonic matter is subject to many different
processes due to electromagnetic and strong
interactions:

Radiative atomic cooling and UV heating.

Gravothermal catastrophies

Star and Black hole formation

Feedbacks: thermal injection by exploding stars and  
metal enrichments.

Much smaller scales than we can resolve gravity and 
hydro forces ( < pc )
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Sources and Sink terms due 
to radiative  processes
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Conservation equations can be modified to account for 
sources and sink terms of mass, momentum and energy:

Time Operator splitting:

First solve the hydro steps (subject to  CFL condition) 

Between  hydro timesteps, solve the equations  to account 
for the r.h.s terms



2016

AREPO  CODE

75/h  Mpc box.

~10^10 computational elements  

(particles, mesh, tracers)

Physics  models:

Gas cooling and photo-

ionization

Star formation and ISM 

model

Stellar evolution

Stellar feedback

Black holes and SMBH 

feedback

http://www.illustris-project.org/

http://www.illustris-project.org/


Other physical proccess

Besides the long range forces acting on the different 
components of the Universe: (gravity and pressure) there 
are some situations in Astrophysics in which  the fluid is 
also subject to other interactions:

Magnetic fields  in ionized plasmas

Ionizing radiation  field from stellar sources

Presence of strong gravitational fields 

Gas outflows at relativistic speeds.

20/05/2021Computational Astrophysics 51



Other physical proccess
Magento-Hydrodynamics (MHD)  hyperbolic equations:   

Godunov methods can be used to solve them on finite 
volumes, including B as additional fluid state.

(see  Teyssier ANRAA review)

20/05/2021Computational Astrophysics 52



Other physical processes 
THE RADIATION TRANSPORT EQUATION:
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Other physical processes 
Radiation Hydrodynamics:

methods can be used to solve them on finite 
volumes, including B as additional fluid state.

(see  Teyssier ANRAA review)
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