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Computational Astrophysics

Recap

Solving for Gravity

" Poisson’s equation

AD(F) = 4aGp(7)

F(F) = —-mV®(F)

particle approach

.o Gmm, _
F(r,) = —E(r_—r)g(r,. -7)
i=j i T

grld approach (7. ;, =position of centre of grid cell (i, j,k))
A(I)(;‘;',j,k) = 4777Gp(?i,j,k)
F(;’;Jk) = _mv(p(?i,j,k)




Computational Astrophysics The Idea

Solving for Gravity

= direct particle-particle summation (PP)

- Gm.m .
F(F)=-Y—""U(F-F) ViEN

i#j(ri_r])

|| organizing particles into a “tree structure” will give N log(/N) operations ||
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Computational Astrophysics The Tree

Solving for Gravity

= direct particle-particle summation (PP)

- Gm.m .
F(F)=-Y—""U(F-F) ViEN

i#j(ri_r])

* generating the tree:
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Computational Astrophysics The Tree

Solving for Gravity

= direct particle-particle summation (PP)

- Gm.m .
F(F)=-Y—""U(F-F) ViEN

i#j (ri_r])

£>0

1
various opening criteria possible

(more in a second...)




Computational Astrophysics Cosmological Simulations

Solving for Gravity

requirements to perform

Cosmological Simulations
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= specific requirements for cosmological simulations:

* periodic boundary conditions

* equations-of-motion in comoving coordinates
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Computational Astrophysics

Cosmological Simulations

Solving for Gravity

= periodic boundary conditions

L 2

*
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Computational Astrophysics

Cosmological Simulations

Solving for Gravity

= periodic boundary conditions

° ° °
° ° °
° ° °
° ° °
° ° °
° ° ° ° ° °
L) - L) - L) -

correct expression for the force
on infinite domain?
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Cosmological Simulations

Solving for Gravity

= periodic boundary conditions
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Computational Astrophysics Cosmological Simulations

Solving for Gravity

= periodic boundary conditions
A,D(F) = 4nG(px<?c>

we need to subtract the mean background density
in order for the solution to converge!
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= periodic boundary conditions
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Computational Astrophysics

Cosmological Simulations

Solving for Gravity

= periodic boundary conditions

A D(F) = 47G(p,(¥) - P,)

general solution

v

B(5) = fofpx(X) Pr g3

periodicity automatically taken care of when using PM solver!

...but needs to be properly implemented for tree codes!




Computational Astrophysics Cosmological Simulations

Solving for Gravity

= periodic boundary conditions

A D(F) = 47G(p,(¥) - P,)

general solution

v fluctuates about zero!
(x)-p
DP(x)=G m
D=6, CE=x]

=_G —x ff (p.(%)- px)smﬁdﬁa’(p

x0|

=-G fx(px(f) - ﬁx>‘i‘=xdx

x=0

=> convergence to finite value, as ( ) =0 for x -

Note: what is true to x=0 is true for any point as the origin of the coordinate system is arbitrary for periodic boundaries...




Computational Astrophysics Cosmological Simulations

Solving for Gravity

= periodic boundary conditions

A D(F) = 47G(p,(¥) - P,)

general solution

O(5) = fo PX(X) Px Py

desired (peculiar) force field

F(%) = fofpx(x) px(x dPx’




Computational Astrophysics

Cosmological Simulations

Solving for Gravity

= periodic boundary conditions

X

F(i) =G [[[ P

X

(x)
_;C‘

_px Iy ! /
3 (x -XNd’x




Computational Astrophysics

Cosmological Simulations

Solving for Gravity

= periodic boundary conditions

.but in the end it will not contribute to F!

xxﬂ

F=-G[[f*

—

#Y\x Nd’x'




Computational Astrophysics Cosmological Simulations

Solving for Gravity

= periodic boundary conditions

.but in the end it will not contribute to F!

-G [ 20

33/\’5 Nd’x'

—

ie F(O)——fof (P, (%) - Px Py

5

<G By

xcos@sint cos@sin} 0

fff—d3x fff xsingsind x%inﬁdxdﬁdcp=ﬂ'f singsin® |sin Ydxd9de = |0

iyt xcostd el cosd 0




Computational Astrophysics

Cosmological Simulations

Solving for Gravity

= periodic boundary conditions

F(3) = fof PX(X)

X)d’x'




Computational Astrophysics Cosmological Simulations

Solving for Gravity

= periodic boundary conditions

F(3) = fof PX(X) Ay

particle/discrete picture

F(X) = GEE

1115

-(%- G+ R))

X—(x; + R)‘




Computational Astrophysics Cosmological Simulations

Solving for Gravity

= periodic boundary conditions

F(3) = fof PX(X) Py

particle/discrete picture

F(X)= GEE

1115

-(%- G+ R))

X—(x; + R)‘

correct expression for the force Rl
on infinite domain!




Computational Astrophysics Cosmological Simulations

Solving for Gravity

= periodic boundary conditions

F(¥)=-G

PN
!
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Computational Astrophysics Cosmological Simulations

Solving for Gravity

= periodic boundary conditions

F(%) = —Giz T (¥ -G+ R)

— |3
R ‘x—(xi+R)‘

=> slow convergence and hence not feasible...

=> Ewald summation instead...




Computational Astrophysics Cosmological Simulations

Solving for Gravity

= periodic boundary conditions

A D(F) = 47Gp(F)




Computational Astrophysics Cosmological Simulations

Solving for Gravity

= periodic boundary conditions

A B(F) = 47G (%)

N
p(%) = EmiéDiraC(i’: - 561)
l i=l1

N
“peculiar” density p(x) = E mop,. (X —Xx,)-p
i=1

l

N
periodic, peculiar density 0,,,;,4ic (X) = E E mi(SDiraC()_f - (551' +R))-p

i=1 R

R = ﬁL (n = integer vector)




Computational Astrophysics

Cosmological Simulations

Solving for Gravity

= periodic boundary conditions

N
O periodic (X) = E Emi‘smrac()_é -%,-R) -

i-1

0




Computational Astrophysics

Cosmological Simulations

Solving for Gravity

= periodic boundary conditions

N
P periodic (X) = E Em ‘SDiraC(J_C’ - X, - R) - ,(_)

i=1 R\

pperiodic (55) = Epl('x’xi) + p2(‘x’xi)
i=1




Computational Astrophysics

Cosmological Simulations

Solving for Gravity

= periodic boundary conditions

N
pperiodic()_é) = zpl()_é’)—éi) + pZ(X’xi)
i=1

P (X,X;) = zmiaDirac(x - X; - R)
R

P,(X,X;) = —p




Computational Astrophysics

Cosmological Simulations

Solving for Gravity

= periodic boundary conditions

N
pperiodic()_é) = zpl()_éji) + pz(';é’)—éi)
i=1

—

m.0 -R)

i~ Dirac

l

(Xx-X

Ewald introduced (Gaussian) “screening charges”




Computational Astrophysics

Cosmological Simulations

Solving for Gravity

= periodic boundary conditions

N
pperiodic()_é) = zpl()_éji) + pZ(X’xi)
i=1

—R)?

1 5 s
pl('i’:”i’:i) = _E e 8 +Emi5Dirac(56 - ';éi _R)
R

= real-space

2 Fourier-space




Computational Astrophysics

Cosmological Simulations

Solving for Gravity

= periodic boundary conditions

N

|
Background Density

N
pperiodic(x) = Epl(x’xl) + pz(x’xi)

i=1

potential obtained in...

Fourier-space

P, (X,X;) = 2 2
R

u
—¢ real-space

Pi(EE) = D mdp (¥~ %~ R) -
F W

=> exponential convergence and hence feasible!




Computational Astrophysics

Cosmological Simulations

Solving for Gravity

= periodic boundary conditions

detailed calculation...




Computational Astrophysics Cosmological Simulations

Solving for Gravity

= periodic boundary conditions

* force due to particles in computational box:

=
~

F(%) = GE _

* additional force due to periodic images:

ﬁEwazd(})=%—2‘;:§3 x |erfc ‘x‘;R‘ + \‘;;_T]f‘e_ w —%E%Sin(%ﬁ'(f—k))e L

-2
(um)’n®

Ewald summation in practice...




Computational Astrophysics Cosmological Simulations

Solving for Gravity

= periodic boundary conditions

» additional force due to periodic images:

_(wm)*n?

= . X
Fipaa(X) = —5 = E

X

=
=
|
o]
X
S
=
=
+
2
(3]
Q
o
:N
|
SN
S | S
W
iy
=
-
~ |y
S
——
=1
|
>
N —
N————
)
h‘I\)

* in practice:
| u=L/2, ‘k’—ﬁ‘<3L, n? <10

2. tabulate F'j;,, (%) on a grid and interpolate...




Computational Astrophysics Cosmological Simulations

Solving for Gravity

= specific requirements for cosmological simulations:

* periodic boundary conditions

* equations-of-motion in comoving coordinates




Computational Astrophysics

Comoving Coordinates

Solving for Gravity

ap,
s

+V, -

X

(cf. “gastrophysics in supercomoving coordinates” lecture...)

o, (-V.9,)

([0.E.+p, ) =pi-(-V.9,)-Hp.e[3r-5]+ (T, -L,)

= -HS [3y-5]
additional/closure equations:
Ax¢x = 475Ga(px,tot - l(_)x) E 1,
= + —
=& 2v
- p.=(r-1)p.e
dXpy _ 5 )
dT oM S, = 0 =
- 1 1k
dv £ = ————LT
DM _ Yy (p (V-l)Mm,,

dT Xrx




Computational Astrophysics Comoving Coordinates

Solving for Gravity

" comoving coordinates

* recap:
r=ax, v=u+Hr
X=ula
u=f—-Hu
N
Fe-Go S (%o5))-aF
- 2 o .13 J
a x:xjx—xj‘

(cf.“Time Integration” lecture...)




Computational Astrophysics Comoving Coordinates

Solving for Gravity

" comoving coordinates

« GADGET notation:

_ N
Fetl-a> " (%-%)

J
a x;éxjx—xj

4nG p 47G Q,p0,,.. 470G Q, 3H; 11
Pt e e Rl
3 3 a 3 a 3 a° 8aG a 2




Computational Astrophysics Comoving Coordinates

Solving for Gravity

" comoving coordinates

* isolated boundaries:

(cf. discussion about periodic boundaries earlier-...)




