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Solving for Gravity
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Computational Astrophysics

Physical Processes

Solving for Gravity

= full set of equations

* collisionless matter (e.g. dark matter)

dx .
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dv,,,

—=2 =_-V
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* collisional matter (e.g. gas)
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* Poisson’s equation

A(l) = 4‘7-5Gpt0t

* ideal gas equations
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* Maxwell’s equation

—

E=—Vx(\7x§)




Computational Astrophysics

Physical Processes

Solving for Gravity

= full set of equations

* collisionless matter (e.g. dark matter) * Poisson’s equation

fd} ~ R
% =Vpum A(l) = 4‘7-5Gpt0t
- leap-frog integration
Doy _ _ Vo
dt

* collisional matter (e.g. gas) * ideal gas equations
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Computational Astrophysics Physical Processes

Solving for Gravity

= full set of equations

* collisionless matter (e.g. dark matter) * Poisson’s equation
dx -
1= Vow Ap =4aGp,,
dv,,,
Son _ _y
dt ¢
* collisional matter (e.g. gas) later-... * ideal gas equations
r N
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pe = pE -~ py?
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ot 2u u
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o pE+P 2u u =P * Maxwell’s equation
& - JB
hyperbolic partial differential equations: —=-Vx (\7 X E)
solutions are wave-like, i.e. perturbations need time to travel... Jt




Computational Astrophysics

Physical Processes

Solving for Gravity

= full set of equations

* collisionless matter (e.g. dark matter)

dx .

% =Vou

dv,,,

—=2 =_-V
dt ¢

* collisional matter (e.g. gas)

* Poisson’s equation

A(l) = 4‘7-6Gpt0t

* ideal gas equations
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Computational Astrophysics

Physical Processes

Solving for Gravity

= full set of equations

* collisionless matter (e.g. dark matter)

dx .

% =Vou

dv,,,

—=2 =_-V
dt ¢

* collisional matter (e.g. gas)

L - (o) - 0
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ot 2u u
i(pE) L pli- 1. 818 v
V- || oE —B°lv-—|v-B|B =pv- (- -
a U\ ]V ul ]) ey

* Poisson’s equation

A(l) = 4‘7-6Gpt0t

physics lecture...

("« ideal gas equations )

p=(y-1)pe
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1
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pe = PE = pv

* Maxwell’s equation

—

E=—Vx(\7xl§)




Computational Astrophysics

Physical Processes

Solving for Gravity

= full set of equations

now!
4 N
* collisionless matter (e.g. dark matter) * Poisson’s equation
dx,, -
dt =Vpum A(P =4ﬂ”Gptot
dv \ /
om _ _y
dt ¢

elliptical partial differential equation:
solution obtainable via FFT (for constant coefficients)

* collisional matter (e.g. gas) * ideal gas equations
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1
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Solving for Gravity

" Poisson’s equation vs. Poisson’s integral

= tree codes

= PM codes
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= Poisson’s equation vs. Poisson’s integral

= tree codes

= PM codes




Computational Astrophysics

Poisson’s Equation

Solving for Gravity

" Poisson’s equation

AD(X) = 47Gp(F)




Computational Astrophysics Poisson’s Equation

Solving for Gravity

" Poisson’s equation

AD(X) = 47Gp(F)

* Poisson’s integral

o(3) = [[[ GG -F) pEdx" ; G =——

41 x

proof: see pages 18-35 of http://popia.ft.uam.es/aknebe/paged/files/ComputationalAstrophysics/Gravity0l-TreeCodes.pdf



http://popia.ft.uam.es/aknebe/page3/files/ComputationalAstrophysics/Gravity01-TreeCodes.pdf

Computational Astrophysics Poisson’s Equation

Solving for Gravity

" Poisson’s equation

AD(X) = 47Gp(F)

grid approach %"

* Poisson’s integral

o) = [[[GE-7) pEdx : Gly=——

41 x

particle approach

Y,




Computational Astrophysics Poisson’s Equation

Solving for Gravity

" Poisson’s equation

AD(X) = 47Gp(F)

grid approach AD(7. ;) = 4nGp(7. ;)

(;';‘,j,k =position of centre of grid cell (i, ,k))

* Poisson’s integral

o(3) = [[[ GG -F) pEdx" ; G =——

41 x

particle approach X




Computational Astrophysics Poisson’s Equation

Solving for Gravity

" Poisson’s equation

AD(X) = 47Gp(F)

grid approach AD(7. ;) = 4nGp(7. ;)

(;';‘,j,k =position of centre of grid cell (i, ,k))

* Poisson’s integral

o(3) = [[[ GG -F) pEdx" ; G =——

4 x
p(;:) = E miéDirac(’_; - ;‘;\

particle approach F(7) = _Eﬁ(r -7)
—\r.—7T.
i=]j i j




Computational Astrophysics Poisson’s Equation

Solving for Gravity

" Poisson’s equation

AD(F) = 47Gp(F)

e )
grid approach AD(7. ;) = 4nGp(7. ;)

(7 ;«=Dosition of centre of grid cell (i, j,k))

\. J

weapon of choice: AMR codes

* Poisson’s integral

o(3) = [[[ GG -F) pEdx" ; G =——

45 x
weapon of choice: tree codes

: .o Gmm, _  _
particle approach F(7)=- E (—)3(;;. -7))
—\r.—7T.
i=]j i j




Computational Astrophysics

Solving for Gravity

" Poisson’s equation vs. Poisson’s integral
" tree codes

= PM codes




Computational Astrophysics Particle Approach

Solving for Gravity

= direct particle-particle summation (PP)

~ Gm.m .
FG) ==Y~ (G -F) ViEN

i 3
i#j(ri_rj)




Computational Astrophysics

Particle Approach

Solving for Gravity

= direct particle-particle summation (PP)

—

F(7)

Gm.m
—E—’g(i@ _7) ViEN
i= j (”i_r]‘) :

“ v’ advantage:

easy to code




Computational Astrophysics Particle Approach

Solving for Gravity

= direct particle-particle summation (PP)

. Gm.m .
FG)=-3 "G -F) ViEN

i;éj(ri_rj)B
J /

NxN=N-

v’ advantage: easy to code

A drawback: extremely time consuming (N? operations)




Computational Astrophysics

Particle Approach

Solving for Gravity

= direct particle-particle summation (PP)

. Gm.m .
FG)=-3 "G -F) ViEN

i;éj(ri_rj)B
J /

NxN=N-

“ overcoming the “N?” issue?l!

v’ advantage:
A drawback:

easy to code

extremely time consuming (N? operations)




Computational Astrophysics Particle Approach

Solving for Gravity

= direct particle-particle summation (PP)

. Gm.m .
FG) ==Y~ (G -F) ViEN

i 3
i#j(ri_rj)

organizing particles into a “tree structure” will give N log(N) operations “




Computational Astrophysics The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ ,
i=j N\ J

* generating the tree:




Computational Astrophysics

The Tree

Solving for Gravity

= direct particle-particle summation (PP)

F(7)

* generating the tree:

-2

i= j

Gm.m .
l "(?’;—?j) YieN

(I’i—l"j)3




Computational Astrophysics

The Tree

Solving for Gravity

= direct particle-particle summation (PP)

F(7)

* generating the tree:

-2

i= j

Gm.m .
l "(?’;—?j) YieN

(I"l-—l"j)3




Computational Astrophysics The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* generating the tree:




Computational Astrophysics

The Tree

Solving for Gravity

= direct particle-particle summation (PP)

* generating the tree:

-2

i= j

Gm.m .
l "(?’;—?j) YieN

(I"l-—l"j)3




Computational Astrophysics The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* generating the tree:

total mass, centre-of-mass, ...




Computational Astrophysics

The Tree

Solving for Gravity

= direct particle-particle summation (PP)

* generating the tree:

-2

i= j

Gm.m .
l "(?’;—?j) YieN

(I"l-—l"j)3




Computational Astrophysics

The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* generating the tree:

. total mass, centre-of-mass, ...
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Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* generating the tree:

total mass, centre-of-mass, ...
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Solving for Gravity

= direct particle-particle summation (PP)
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Solving for Gravity
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* generating the tree:
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The Tree

Solving for Gravity

= direct particle-particle summation (PP)

* generating the tree:

-2

i= j

Gm.m .
l "(?’;—?j) YieN

(I"l-—l"j)3




Computational Astrophysics The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* generating the tree:




Computational Astrophysics The Tree

Solving for Gravity

= direct particle-particle summation (PP)

. Gm.m .
FG) ==Y~ (G -F) ViEN

i 3
i;ej(ri_rj)

* generating the tree:

° —_— totfl mass, centre-of-mass, ...
L]




Computational Astrophysics

The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* generating the tree:

total mass, centre-of-mass, ...




Computational Astrophysics The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* generating the tree:

total mass, centre-of-mass, ...




Computational Astrophysics

The Tree

Solving for Gravity

= direct particle-particle summation (PP)

* generating the tree:

-2

i= j

Gm.m .
l "(?’;—?j) YieN

(I"l-—l"j)3




Computational Astrophysics

The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* generating the tree:




Computational Astrophysics

The Tree

Solving for Gravity

= direct particle-particle summation (PP)

* generating the tree:

-2

i= j

Gm.m .
l "(?’;—?j) YieN

(I"l-—l"j)3




Computational Astrophysics

The Tree

Solving for Gravity

= direct particle-particle summation (PP)

_ Gm.-m .
Sy N\ omm; :
Filr) = 2(r.—r.)3(ri r].) ViEN
i# j i Jj
34 56 9101
| 2 7 8 12 13




Computational Astrophysics

The Tree

Solving for Gravity

= direct particle-particle summation (PP)

* walking the tree (Vi€

-2

i= j

N):

Gm.m .
l "(?’;—?j) YieN

(I"l-—l"j)3

]

combing Histant particles into aggregates




Computational Astrophysics The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* walking the tree (Vie N ):




Computational Astrophysics The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* walking the tree (Vie N ):




Computational Astrophysics

The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* walking the tree (Vie N ):

Ly
D 1
various opening criteria possible
(more in a second...)




Computational Astrophysics

The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* walking the tree (Vie N ):




Computational Astrophysics

The Tree

Solving for Gravity

= direct particle-particle summation (PP)

. Gm.m .
FG) ==Y~ (G -F) ViEN

i 3
i;ej(ri_rj)

* walking the tree (Vie N ):

Ls;|| @

D
e
. £<9
. . D,

= stop opening that branch and

add force contribution from “super-particle”




Computational Astrophysics The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* walking the tree (Vie N ):

we still need to add the remaining contributions from that branch...




Computational Astrophysics The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* walking the tree (Vie N ):

we still need to add the remaining contributions from that branch...




Computational Astrophysics The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* walking the tree (Vie N ):

...as well as walking the other branches!




Computational Astrophysics Force Softening

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ .
i=j N\ J

we use (collisionless) particles to sample f(x,v,)

Q)

% @)
080
©) 000 o
O g 000
o ©® VS.
the particles sampling the field adjust the particle sampling the field bounces off

well sampled system undersampled system




Computational Astrophysics Force Softening

Solving for Gravity

= direct particle-particle summation (PP)

— Gmm, _ _ .
i# j I j

we use (collisionless) particles to sample f(x,v,)

ticles!
i ted by all par
i Id only feel the mean field genera )/
each particle shou =

o

Oo%

% 050 00°
C* VS.
the particles sampling the field adjust the particle sampling the field bounces off

well sampled system undersampled system




Computational Astrophysics

Force Softening

Solving for Gravity

= direct particle-particle summation (PP)

. Gmm

i ((ri —r)’ + 82)

5 (7-F) ViEN

log r

™




Computational Astrophysics Force Softening

Solving for Gravity

= direct particle-particle summation (PP)

- Gm.m . L
F.(rl.)=—2 ——=—(,-r,) VYiEN

i= j ((”,- -r)’

“soften’ the force to...

| avoid the singularity for r;=r;

2. smooth mass density on small scales




Computational Astrophysics

Force Softening

Solving for Gravity
= direct particle-particle summation (PP)

- Gm.m . L
F.(rl.)=—2 ——=—(,-r,) VYiEN

i= j ((”,- -r)’

” & determines the overall force resolution of the simulation




Computational Astrophysics

Force Softening

Solving for Gravity

= direct particle-particle summation (PP)

. Gmm

oy ((ri —r)’ + 82)

5 (7-F) ViEN

10°E T 3
F 2 ]
10' = o E
10° = k\‘\.\_i
o - E
O
S | ]
107" = —
F soft = 0.1 .
r - ____ soft = 0.2 i
107 soft = 0.3 1
10771 L
0.01 0.10

distance




Computational Astrophysics

Force Softening

Solving for Gravity

= direct particle-particle summation (PP)

Gmm

i ((ri —r)’ + 82)

“ error budget!?

5 (7-F) ViEN




Computational Astrophysics Force Softening

Solving for Gravity

= direct particle-particle summation (PP)

- Gm.m . L
F.(rl.)=—2 ——(r,-r;) YiEN

i ((ri —r)’ + 82)

® error estimate:

MISE = < [If p@|F @) - F,.. (i)‘2d3x>

MISE = mean integrated square error




Computational Astrophysics Force Softening

Solving for Gravity
= direct particle-particle summation (PP)

- Gm.m . L
F.(rl.)=—2 ——(r,-r;) YiEN

i ((ri —r)’ + 82)

® error estimate:

MISE = < [If p@|F @) - F,.. (i)‘2d3x>

e 20 4 Yl'_rr b L4 T I‘rti‘ﬁ L4 L anhl S0 bl bl AN} T Al L T 8 """I
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2] i
p- - 1
O
<
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ot -
- 2 - =
Bios Variance <
B
1 b
(]

o

- | ] AW el =

0.01 0.1 1 10

€
interplay between N and & Nel=const.

3
MISE = mean integrated square error const.=(:;o) for cosmological simulations (where B is the size of the cubical domain in 1D)




Computational Astrophysics Force Softening

Solving for Gravity
= direct particle-particle summation (PP)

- Gm.m . L
F.(rl.)=—2 ——(r,-r;) YiEN

i ((ri —r)’ + 82)

® error estimate:

MISE = < [If p@|F @) - F,.. (i)‘2d3x>

e 20 4 Yll_rr b L4 T -‘rti‘ﬁ L4 L anhl S0 bl bl AN} T Al L T ©F ""‘I
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(= E
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~ o
w o 7 o
2] i =
p- - 1
O
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i =
Variance <
B
1 b
(]
o
- | | z

s adaal M 2 Y., P i ——reaaanal " Al a2y
0.01 / 0.1 1 10

optimal “softening”

MISE = mean integrated square error




Computational Astrophysics

Solving for Gravity

" Poisson’s equation vs. Poisson’s integral

= tree codes

= PM codes




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation

AD(g, ,,,) =4nGP(g ;) o

F_:(gk,l,m) = _mv(p(gk,l,m) L4




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation

AD(g, ,,,) =4nGP(g ;) o

ﬁ(gk,z,m) =-mVd(g,,,,) q




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation

A(I)(:g’k,l,m) = 4'7TGIO(§k,l,m) /‘

/
ﬁ(gk,l,m) = _mv(p(gk,l,m) /'/ [

|. calculate mass density on grid X; = P(8sm) ViEN




Computational Astrophysics

Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation

AD(g, ,,,) =4nGP(g ;)

ﬁ(gk,z,m) =-mVd(g,,,,)

|. calculate mass density on grid

2. solve Poisson’s equation on grid

/

s

X, — p(gk,l,m) YieN

(D(gk,l,m)




Computational Astrophysics

Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation

Aq)(gk,l,m) = 4'7TGIO(§k,l,m)

ﬁ(gk,z,m) =-mVd(g,,,,)

|. calculate mass density on grid

2. solve Poisson’s equation on grid

3. differentiate potential to get forces

/

s

X, — p(gk,l,m) YieN

(D(gk,l,m)

F(3,,,)




Computational Astrophysics

Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation

Aq)(gk,l,m) = 4'7TGIO(§k,l,m)

ﬁ(gk,z,m) =-mVd(g,,,,)

|. calculate mass density on grid
2. solve Poisson’s equation on grid
3. differentiate potential to get forces

4.interpolate forces back to particles

/

4

s

X, — p(gk,l,m) YieN
(D(gk,l,m)
F(&1)
F(3,,,) = F(X) VieEN




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation

AD(g,,,,) =4aGp(g,,,,) q
»
ﬁ(gk,z,m) = _qu)(gk,z,m) q
|. calculate mass density on grid X; = P(8i)
2. solve Poisson’s equation on grid Dy 1)
3. differentiate potential to get forces F(3,,,)
4.interpolate forces back to particles F(3,,,) = F(X)

sounds like a waste of time and computer resources,
but exceptionally fast in practice




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation

AD(g,,,,) = 47GP(8,,,,) q
o
F(i1) = -mVP(E,,,) q
[ | calculate mass density on grid X; = P(8eim) ]
2. solve Poisson’s equation on grid Dy 1)
3. differentiate potential to get forces F(3,,,)

4.interpolate forces back to particles F(3,,,) = F(X)




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

" density assignment schemes

X, — p(gk,l,m)

example: | particle on | dimensional grid

M(g,) = mW (d) d=|x-g,]

p(gk) — M(gk)
H
particle position x grid point g
@ —=< > X axis
m

T <




Computational Astrophysics

Particle-Mesh Method

Solving for Gravity

" density assignment schemes

X, — p(gk,l,m)

example: | particle on | dimensional grid

M(gk)= d=|x-g{

mass assignment function

> X axis

p(gk) — M(gk)
H
particle position x grid point g
00—
m

T <




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

" density assignment schemes

X, — p(gk,l,m)

example: | particle on | dimensional grid

* hierarchy of mass assignment schemes:

— Nearest-Grid-Point NGP
— Could-In-Cell CIC
— Triangular-Shaped Cloud TSC

particle position x grid point g

> X axis

S
X

T <




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

" density assignment schemes

X, — p(gk,l,m)

Nearest-Grid-Point (NGP):

mass assignment function:

{1 d<H/2
W(d) =

0 otherwise

> X axis

=@

T <




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

" density assignment schemes

X, — p(gk,l,m)

Nearest-Grid-Point (NGP):

particle shape: mass assignment function:

Wd 1 d=<H/2
S(x) =6(x) )= 0 otherwise

> X axis

T <




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

" density assignment schemes

X, — p(gk,l,m)

Cloud-In-Cell (CIC):

mass assignment function: 1— d<H

4
H
W (d) =]

0 otherwise

> X axis

=@

T <




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

" density assignment schemes

5(’:1' g p(gk,l,m)

Cloud-In-Cell (CIC):

particle shape: mass assignment function: r l—i d<H
o <
S(x) = 1 ‘x‘sH/Z W(d) =1
0 otherwise 0 otherwise
T A
@ > X axis
A\ J m

T <




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

" density assignment schemes

5(’:1' g p(gk,l,m)

Triangular-Shaped-Cloud (TSC):

f 2
3_(1) <

mass assignment function: 4 \H 2
W(d)=11(3 d\ H 3H
—|=—-— —=d=—-
2\2 H 2 2
| 0 otherwise
@ I > X axis
m

T <




Computational Astrophysics

Particle-Mesh Method

Solving for Gravity

" density assignment schemes

X, — p(gk,l,m)

Triangular-Shaped-Cloud (TSC):

particle shape: mass assignment function:

1

s =11"F ‘x‘sH W(d) =

0 otherwise

y

/| S |

d=<—
2

Esdss—H
2 2

otherwise

]

T <

> X axis




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

" density assignment schemes

—

xi g p(gk,l,m)

N particles on 3 dimensional grid

d=x, - 8kim

M(3,,,)= Y mW(d hW(d,HW(d.)

i=1

M(gk,l,m)
H3

p(gk,l,m) =




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation

AD(g,,,,) = 47GP(8,,,,) q
o
F(i1) = -mVP(E,,,) q
|. calculate mass density on grid X; = P(8i)
[ 2. solve Poisson’s equation on grid Dy 1) ]
3. differentiate potential to get forces F(3,,,)

4.interpolate forces back to particles F(3,,,) = F(X)




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation

A(I)k,l,m = Prim

* relaxation technique: applicable and usable for any differential equation

* FTT technique: only applicable and usable for linear differential equation




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation

A(I)k,l,m = Prim

* relaxation technique: applicable and usable for any differential equation

* FTT technique: only applicable and usable for linear differential equation




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation

A(I)k,l,m = Prim

* Green’s function method:

— solve differential equation by Fourier transformation

— applicable and usable for linear differential equations




Computational Astrophysics Particle-Mesh Method

Solving for Gravity
o o . [ . .
* numerically integrate Poisson’s equation  fast fourier transform method

e Green’s function method

AD=p o(3) = [[[GG-F) pEd'x" : G =——

4 x




Computational Astrophysics Particle-Mesh Method

Solving for Gravity
o o . [ . .
* numerically integrate Poisson’s equation  fast fourier transform method

e Green’s function method

AD=p o(3) = [[[GG-F) pEd'x" : G =——

4 x

Od=p®G

FFT 3 convolution becomes multiplication

|
|
|
|
v

oD = ﬁ g (with G = —% for Poisson’s equation )




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation  fast fourier transform method

e Green’s function method

AD=p o(3) = [[[GG-F) pEd'x" : G =——

4 x

Od=p®G

|
| : L
i FFT 2 convolution becomes multiplication
|
v

oD = ﬁ g (with G = —% for Poisson’s equation )

FFT!

(FFT demands a regular grid though!)




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation

A(I)k,l,m = Prim

* relaxation technique: applicable and usable for any differential equation

* FTT technique: only applicable and usable for linear differential equation




Computational Astrophysics

Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation

relaxation technique

obtain iterative solver by discretizing differential equation

A(I)k,l,m = Prim




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation relaxation technique

obtain iterative solver by discretizing differential equation

A(I)k,l,m = Prim
AD, =V'V(I)k,z,m
i 0q)k,l,m
ox ox
— i . aq)kshm
ady dy
i &(I)k,l,m
0z oz
9
ox q)k+%,l,m - (I)k—%,l,m
B 110 o o
- E 5 k,l+%,m - k,l—%,m
b -d
i k,l,m+y2 k,l,m—%
0z
_ i &cbk+%,l,m _ &(Dk—%,l,m N &(Dk,l+%,m _ a(I)k,Z—lz,m N aq)k,l,m+% _ aq)k,l,m—%
H ox ox dy dy 0z 0z

1
= Hz (q)k+1,l,m - 2(I)k,l,m + q)k—l,l,m + (I)k,l+1,m - 2(I)k,l,m + (I)k,l—l,m + (I)k,l,m+1 - 2q)k,l,m + q)k,l,m—l)




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation relaxation technique

obtain iterative solver by discretizing differential equation

A(I)k,l,m = Prim

o
discretized Poisson’s equation

1
2
(I)k,l,m = g(q)kﬂ,l,m + (I)k—l,l,m + (I)k,l+1,m + cI)k,l—l,m + (I)k,l,m+1 + (I)k,l,m—l - pk,l,mH )




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation relaxation technique

obtain iterative solver by discretizing differential equation

A(I)k,l,m = Prim

“iterative solution: #2 — ¢

o
discretized Poisson’s equation

LD 4D

klm_ k+1,l,m

oy

2
+cﬁz>l I,m k,l,m-1 pk,l,mH )

llm l+1m lm+1




Computational Astrophysics

Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation

relaxation technique

obtain iterative solver by discretizing differential equation

k-1,I,m klm <€ k+1,lm

discretized Poisson’s equation

®i+1

1 | | |
l l l l
klm ~— g(q)kﬂ,l,m + (I)k—l,l,m + (I)k,l+1,m + cI)k,l—l,m

i i 2
+ D + (I)k,l,m—l - pk,l,mH )

k., .m+1




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation relaxation technique

obtain iterative solver by discretizing differential equation

kl+1,m
|
— \
* pitrary geom=)
e to grids o1 2T
licabl€
2P
k,l-1,m

discretized Poisson’s equation

i+1 1 i i i i i i 2
(I)k,l,m - g(q)kﬂ,l,m + (I)k—l,l,m + (I)k,l+1,m + cI)k,l—l,m + (I)k,l,m+1 + (I)k,l,m—l - pk,l,mH )




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation

accuracy of either

relaxation

or
FFT method

to solve Poisson’s equation?




Computational Astrophysics

Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation

pure PM calculation

[

\ /

A




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation

100 1— T ]
pure PM calculation -

PM force

L soft ~ 2.0 grid cells

1072 -

1073 ‘ L Ll
1.00 10.00

distance measured in grid cells




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation

™ ! .
pure PM calculation -

10°

1

PM force

L soft ~ 2.0 grid cells

the force is automatically softened... (cf. tree-code lecture)

1073 ‘ L Ll
1.00 10.00

distance measured in grid cells




Computational Astrophysics

Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation

10°

PM force

L soft ~

the force is automatically softened...but what if need to resolve sma

1073

™

2.0 grid cells

|

pure PM calculation -

1

|

I 1 1 11

1

ales?

1.00

10.00

distance measured in grid cells




Computational Astrophysics

Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation

™

pure PM calculation -

PM force

1072 -

T T T T 17

1073

|

1.00

10.00

distance measured in grid cells




Computational Astrophysics

Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation

10° - - —rT Cor o rern
AMR calculation :
LAY
102 3 F
10" F 3
.l
(@) i
100 E
10" | B -
ILo=9 ILD=7 ILD=5
AT | Ak od s aal A A PR R | A Adod
10° 10" 10° 10
r

Yahagi & Yoshi (2001)




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation

100 1— T ]
pure PM calculation -

I 1 1

1

PM force

L soft ~ 2.0 grid celNs

1072 -

" ...and what are these wiggles?

1073 ‘ L Ll

1.00 10.00
grid cells




Computational Astrophysics

Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation

10°

PM force

L soft ~

1072 -

1073

2.0 grid celNs

" ...and what are these wiggles?

pure PM calculation -

1.00

10.00
grid cells




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation

pure PM calculation

force anisotnopy

...and what are these wiggles?




Computational Astrophysics Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation

AD(g,,,,) = 47GP(8,,,,) q
o
F(i1) = -mVP(E,,,) q
|. calculate mass density on grid X; = P(8i)
2. solve Poisson’s equation on grid Dy 1)
[ 3. differentiate potential to get forces F(3,,,) ]

4.interpolate forces back to particles F(3,,,) = F(X)




Computational Astrophysics

Particle-Mesh Method

Solving for Gravity

" obtaining the forces

F(Z,,,)

Fx(gk,l,m =—m
Fy(gk,l,m) =-m
Fz(gk,l,m) =—-m

=-mVad(g,,,.)

l

q)(§k+1,l,m) B (I)(g;k-l,l,m )

2H
P& si1n) ~ P81 so1n)
2H
(I)(g'k,z,mn) — (I)(g’k,l,m-l)
2H

=
(—-—I‘

ﬁ

3

k-1,1m=> k

.
-

— k+1,.m

—>

k,l-1,m

H = (current) grid spacing




Computational Astrophysics

Particle-Mesh Method

Solving for Gravity

= numerically integrate Poisson’s equation

AD(g, ,,,) =4nGP(g ;)

F(gk,l,m) =-mVP(g, ;)

|. calculate mass density on grid

2. solve Poisson’s equation on grid

3. differentiate potential to get forces

X, — p(gk,l,m)

(D(gk,l,m)

F(3,,,)

[ 4.interpolate forces back to particles

F(&,) = F(X) ]




Computational Astrophysics

Particle-Mesh Method

Solving for Gravity

" interpolating the forces

F(E,,,) — FF)




Computational Astrophysics Summary

Solving for Gravity

" Particle-Mesh (PM) method

AD(g,,,,) =4aGp(g,,,,) q
»
ﬁ(gk,z,m) = _qu)(gk,z,m) q
|. calculate mass density on grid X; = P(8i)
2. solve Poisson’s equation on grid D1 )
3. differentiate potential to get forces F(3,,,)
4.interpolate forces back to particles F(3,,,) = F(X)

anyone fancies to write a PM code as the project?




