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• collisionless matter (e.g. dark matter)

• collisional matter (e.g. gas)
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• collisionless matter (e.g. dark matter)

• collisional matter (e.g. gas)
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leap-frog integration
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• Poisson’s equation

• Maxwell’s equation

• ideal gas equationslater...

hyperbolic partial differential equations:
solutions are wave-like, i.e. perturbations need time to travel...
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electrodynamics lecture…
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• collisional matter (e.g. gas)
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physics lecture...
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• collisionless matter (e.g. dark matter)

• collisional matter (e.g. gas)
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now!

elliptical partial differential equation:
solution obtainable via FFT (for constant coefficients)
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! periodic boundaries
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! Poisson’s equation

! direct particle-particle summation

! the tree

! force softening

! periodic boundaries
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Poisson’s Equation

  

€ 

ΔΦ(! x ) = 4πGρ( ! x )

! Poisson’s equation
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Poisson’s Equation

  

€ 

ΔΦ(! x ) = 4πGρ( ! x )

! Poisson’s equation

! general 2nd order partial differential equation:
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AΦxx + 2BΦxy +C Φyy +DΦx + E Φy + F = 0
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' • is positive definite => elliptical equation

• if the coefficients A,B,C are constant => solutions via Fourier transforms
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ΔΦ(! r ) = 4πGρ(! r )

! 
F (! r ) = −m∇Φ(! r )

! Poisson’s equation

Poisson’s Equation
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€ 

ΔΦ(! r ) = 4πGρ(! r )

! 
F (! r ) = −m∇Φ(! r )

grid approach
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ΔΦ(! r i, j,k ) = 4πGρ(! r i, j ,k )
! 
F (! r i, j,k ) = −m∇Φ(! r i, j ,k )
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(! r i, j,k =position of centre of grid cell (i, j,k))

! Poisson’s equation

Poisson’s Equation
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€ 

ΔΦ(! r ) = 4πGρ(! r )

! 
F (! r ) = −m∇Φ(! r )

grid approach

  

€ 

ΔΦ(! r i, j,k ) = 4πGρ(! r i, j ,k )
! 
F (! r i, j,k ) = −m∇Φ(! r i, j ,k )

    

€ 

(! r i, j,k =position of centre of grid cell (i, j,k))

! Poisson’s equation

Poisson’s Equation

weapon of choice: AMR codes



Computational Astrophysics
Solving for Gravity

  

€ 

ΔΦ(! r ) = 4πGρ(! r )

! 
F (! r ) = −m∇Φ(! r )

grid approach
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particle approach
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ΔΦ(! r ) = 4πGρ(! r )

! 
F (! r ) = −m∇Φ(! r )

grid approach
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! 
F (! r i, j,k ) = −m∇Φ(! r i, j ,k )
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(! r i, j,k =position of centre of grid cell (i, j,k))

particle approach

! Poisson’s equation
weapon of choice: tree codes

Poisson’s Equation
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ΔΦ(! r ) = 4πGρ(! r )

! 
F (! r ) = −m∇Φ(! r )

grid approach
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particle approach

! Poisson’s equation
weapon of choice: tree codes

Poisson’s Equation

...but where is this formula actually coming from?
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F (! r ) = −m∇Φ(! r )

! Poisson’s equation

Poisson’s Equation

Green’s function method
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® equation we wish to solve

€ 

ΔΦ = S

Poisson’s Equation

! Poisson’s equation – Green’s function method
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€ 

ΔG = δ

® equation we wish to solve

® equation way easier to solve…

Poisson’s Equation

! Poisson’s equation – Green’s function method

€ 

ΔΦ = S
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€ 

ΔG = δ

?

Poisson’s Equation

! Poisson’s equation – Green’s function method

€ 

ΔΦ = S
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€ 

ΔG = δ
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Φ( ! x ) = G( ! x − ! $ x )∫∫∫ S(! $ x )d3 $ x 

Poisson’s Equation

! Poisson’s equation – Green’s function method

€ 

ΔΦ = S
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! Poisson’s equation – Green’s function method
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ˆ G (
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Poisson’s Equation

! Poisson’s equation – Green’s function method
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! Poisson’s equation – Green’s function method
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! Poisson’s equation – Green’s function method
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Poisson’s Equation

! Poisson’s equation – Green’s function method
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ΔΦ = S

Φ( ! x ) = G( ! x − ! % x )∫∫∫ S(! % x )d3 % x 

G( ! x ) =
1
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ΔΦ = 4πGρ

Φ(!x) = 4πG G(!x − !$x )∫∫∫ ρ(!$x )d3 $x

G(!x) = 1
4π x

Poisson’s Equation

! Poisson’s equation – Green’s function method

Poisson’s equation
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ΔΦ = 4πGρ

Φ(!x) = 4πG G(!x − !$x )∫∫∫ ρ(!$x )d3 $x

G(!x) = 1
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! Poisson’s equation – Green’s function method
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Poisson’s Equation

! Poisson’s equation – Green’s function method

particle approach
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ρ(! r ) = miδDirac(
! r − ! r i)

i=1

N

∑

Note: 
- we are already using particles to sample phase-space!
- we explicitly use subscript ‘Dirac’ to avoid confusion with the density contrast...

ΔΦ = 4πGρ

Φ(!x) = 4πG G(!x − !$x )∫∫∫ ρ(!$x )d3 $x

G(!x) = 1
4π x

!
F(!x) = −G ρ(!"x )

!x − !"x 3 (
!x − !"x )d3 "x∫∫∫

Poisson’s integralPoisson’s equation
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Poisson’s Equation

! Poisson’s equation – Green’s function method

particle approach

    

€ 

ρ(! r ) = miδDirac(
! r − ! r i)

i=1

N

∑

ΔΦ = 4πGρ

Φ(!x) = 4πG G(!x − !$x )∫∫∫ ρ(!$x )d3 $x

G(!x) = 1
4π x

Poisson’s integralPoisson’s equation

  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N

      

€ 

Φ(! r ) = 4πG G(! r − ! % r )∫∫∫ ρ(! % r )d3 % r 

= 4πG G(! r − ! % r )∫∫∫ miδDirac(
! 
% r − ! r i)

i=1

N

∑ d3 % r 

= 4πG mi G(! r − ! % r )δDirac(
! 
% r − ! r i)∫∫∫

i=1

N

∑ d3 % r 

= mi
G
! r − % 
! r 
δDirac(

! 
% r − ! r i)∫∫∫

i=1

N

∑ d3 % r 

= mi
G

(! r − ! r i) − ( % 
! r − ! r i)

δDirac(
! 
% r − ! r i)∫∫∫

i=1

N

∑ d3 % r 

= − mi
G

( % 
! r − ! r i) − (

! r − ! r i)
δDirac(

! 
% r − ! r i)∫∫∫

i=1

N

∑ d3 % r 

= − mi
G

! y − (! r − ! r i)
δDirac(

! y ∫∫∫
i=1

N

∑ ) d3y = −
Gmi! r − ! r ii=1

N

∑
  

€ 

! 
F i(
! r i) = −mi

! 
∇ Φ(! r i)

= −mi

! 
∇ −

Gm j
! r i −
! r jj=1

N

∑
& 

' 
( 
( 

) 

* 
+ 
+ 

= Gmim j

! 
∇ 

1
! r i −
! r jj=1

N

∑

= − Gmim j

(! r i −
! r j )

! r i −
! r j

3
j=1

N

∑

= −
Gmim j
! r i −
! r j

3
j=1

N

∑ (! r i −
! r j )

=>
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! Poisson’s equation

! direct particle-particle summation

! the tree

! force softening

! periodic boundaries
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Particle Approach

! direct particle-particle summation (PP)                                      
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Particle Approach

! direct particle-particle summation (PP)                                      

  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N

" advantage: easy to code

~drawback: extremely time consuming (N2 operations)

€ 

N × N = N 2

overcoming the “N2” issue?!

organizing particles into a “tree structure” will give N log(N) operations
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Particle Approach

! direct particle-particle summation (PP) – the idea behind tree codes:                                      

  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N

�⃗�! 𝑟! = ⋯+
−𝐺𝑚!𝑚"
𝑟! − 𝑟" # 𝑟! − 𝑟" +⋯+

−𝐺𝑚!𝑚$
𝑟! − 𝑟$

# 𝑟! − 𝑟$ +⋯+
−𝐺𝑚!𝑚%
𝑟! − 𝑟% # 𝑟! − 𝑘 +⋯
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Particle Approach

! direct particle-particle summation (PP) – the idea behind tree codes:                                      

  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N

i

�⃗�! 𝑟! = ⋯+
−𝐺𝑚!𝑚"
𝑟! − 𝑟" # 𝑟! − 𝑟" +⋯+

−𝐺𝑚!𝑚$
𝑟! − 𝑟$

# 𝑟! − 𝑟$ +⋯+
−𝐺𝑚!𝑚%
𝑟! − 𝑟% # 𝑟! − 𝑘 +⋯
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Particle Approach

! direct particle-particle summation (PP) – the idea behind tree codes:                                      

  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N

n

kj

�⃗�! 𝑟! = ⋯+
−𝐺𝑚!𝑚"
𝑟! − 𝑟" # 𝑟! − 𝑟" +⋯+

−𝐺𝑚!𝑚$
𝑟! − 𝑟$

# 𝑟! − 𝑟$ +⋯+
−𝐺𝑚!𝑚%
𝑟! − 𝑟% # 𝑟! − 𝑘 +⋯

i

n j k
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Particle Approach

! direct particle-particle summation (PP) – the idea behind tree codes:                                      

  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N

n

kj

�⃗�! 𝑟! = ⋯+
−𝐺𝑚!𝑚"
𝑟! − 𝑟" # 𝑟! − 𝑟" +⋯+

−𝐺𝑚!𝑚$
𝑟! − 𝑟$

# 𝑟! − 𝑟$ +⋯+
−𝐺𝑚!𝑚%
𝑟! − 𝑟% # 𝑟! − 𝑟% +⋯

i

n j k

s
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Particle Approach

! direct particle-particle summation (PP) – the idea behind tree codes:                                      

  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N

n

kj

i

s = n ∩ j ∩ k

�⃗�! 𝑟! = ⋯+⋯+⋯+⋯+⋯+⋯+
−𝐺𝑚!𝑀&
𝑟! − 𝑟& # 𝑟! − 𝑟& +⋯+⋯+⋯+. . +. . +. .



Computational Astrophysics
Solving for Gravity

s

Particle Approach

! direct particle-particle summation (PP) – the idea behind tree codes:                                      

  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N

n

kj

i

s = n ∩ j ∩ k

�⃗�! 𝑟! = ⋯+⋯+⋯+⋯+⋯+⋯+
−𝐺𝑚!𝑀&
𝑟! − 𝑟& # 𝑟! − 𝑟& +⋯+⋯+⋯+. . +. . +. .

a) how to find s=n ∩ j ∩ k?
b) how get get Ms and rs?
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! the tree
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! periodic boundaries
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• generating the tree:
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combing distant particles into aggregates

The Tree
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(centre-of-mass)
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L1
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The Tree

! direct particle-particle summation (PP)                                      

  

€ 

! 
F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
∑ ∀i ∈ N

D1

L1

€ 

L1
D1

> θ

• walking the tree (         ):

€ 

∀i ∈ N

various opening criteria possible 
(more in a second...)

x
(centre-of-mass)
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! direct particle-particle summation (PP)                                      
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x
(centre-of-mass) D2
L2

€ 

L2
D2

> θ
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The Tree

! direct particle-particle summation (PP)                                      
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! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
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i≠ j
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• walking the tree (         ):

€ 

∀i ∈ N

x
(centre-of-mass)

D3

L3

€ 

L3
D3

< θ

Þ stop opening that branch and
add force contribution from “super-particle”
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• walking the tree (         ):
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we still need to add the remaining contributions from that branch…
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! direct particle-particle summation (PP)                                      
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3 (
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• walking the tree (         ):

€ 

∀i ∈ N

…as well as walking the other branches!
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The Tree

! direct particle-particle summation (PP)                                      
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F i(
! r i) = −

Gmim j

(ri − rj )
3 (
! r i −
! r j )

i≠ j
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• opening criteria:

- Barnes-Hut

- Min-distance

- Bmax

€ 

D

€ 

L

€ 

L

€ 

L€ 

D

€ 

D

€ 

L
D < θ

€ 

L
D < θ

€ 

bmax
D < θ
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! direct particle-particle summation (PP)                                      

other speed-ups?



Computational Astrophysics
Solving for Gravity

Hardware Solution

GRAPE (GRAvity PipE):

• particle-particle summation hardwired into motherboard

• combination with tree possible

! direct particle-particle summation (PP)                                      
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3 (
! r i −
! r j )
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Hardware Solution

CUDA:

• use graphics board to perform calculations

! direct particle-particle summation (PP)                                      
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! Poisson’s equation

! direct particle-particle summation

! the tree

! force softening

! periodic boundaries
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Force Softening

! direct particle-particle summation (PP)                                      
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Gmimj

(ri − rj )
2( )
3/2 (
!ri −
!rj )

i≠ j
∑ ∀i ∈ N

we use (collisionless) particles to sample f(x,v,t)

vs.

undersampled systemwell sampled system

the particles sampling the field adjust the particle sampling the field bounces off
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Force Softening

! direct particle-particle summation (PP)                                      

!
Fi (
!ri ) = −

Gmimj

(ri − rj )
2( )
3/2 (
!ri −
!rj )

i≠ j
∑ ∀i ∈ N

we use (collisionless) particles to sample f(x,v,t)

vs.

undersampled systemwell sampled system

the particles sampling the field adjust the particle sampling the field bounces off

each particle should only feel the mean field generated by all particles!
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Force Softening

! direct particle-particle summation (PP)                                      
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F i(
! r i) = −

Gmim j

(ri − rj )
2 + ε2( )3 / 2

(! r i −
! r j )

i≠ j
∑ ∀i ∈ N

Force Softening

“soften” the force to…

1. avoid the singularity for ri=rj
2. smooth mass density on small scales

! direct particle-particle summation (PP)                                      
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Force Softening

! direct particle-particle summation (PP)                                      
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e determines the overall force resolution of the simulation
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Force Softening

• Plummer softening

• S2 softening

• spline softening

• …

! direct particle-particle summation (PP)                                      
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F i(
! r i) = −

Gmim j

(ri − rj )
2 + ε2( )3 / 2

(! r i −
! r j )

i≠ j
∑ ∀i ∈ N

for an exhaustive discussion please refer to Dehnen, MNRAS 324, 273 (2001)

€ 

ρPlummer(r) =
3M
4πε 3

1+
r
ε

% 

& 
' 
( 

) 
* 
2% 

& 
' 

( 

) 
* 

−5 / 2
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Force Softening

! direct particle-particle summation (PP)                                      
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F i(
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2 + ε2( )3 / 2

(! r i −
! r j )

i≠ j
∑ ∀i ∈ N

error budget?
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error budget?
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comparing numerical and analytical force

scatter of numerical force
(note, F only depends on |x|)

error budget?
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error budget?
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a, b = non-trivial power-law indices…
Ne3 = const.

! direct particle-particle summation (PP)                                      
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∝ N −β

error budget:
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• error estimate:

MISE = mean integrated square error
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Force Softening

! direct particle-particle summation (PP)                                      
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• error estimate:

MISE = mean integrated square error

interplay between N and e:  Ne3=const.

const.= !
"#

"
for cosmological simulations (where B is the size of the cubical domain in 1D)
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Force Softening

optimal “softening”
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• error estimate:

MISE = mean integrated square error

N=const., e=$
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• error estimate:

MISE = mean integrated square error

Ne3=const.
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! Poisson’s equation

! direct particle-particle summation

! the tree

! force softening

! periodic boundaries
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! periodic boundary conditions                                      

correct expression for the force
on infinite domain?

Periodic Boundaries
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! periodic boundary conditions                                      

  

€ 

Δ xΦ(
! 
x ) = 4πG ρx (

! 
x ) − ρ x( )

Periodic Boundaries
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! periodic boundary conditions                                      

  

€ 

Δ xΦ(
! 
x ) = 4πG ρx (

! 
x ) − ρ x( )

we need to subtract the mean background density
in order for the solution to converge!*

Periodic Boundaries

*there is no solution to Poisson’s equation in infinite space unless the source function averages to zero
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! periodic boundary conditions                                      

  

€ 

Δ xΦ(
! 
x ) = 4πG ρx (

! 
x ) − ρ x( )

Periodic Boundaries

fluctuates about zero!
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Periodic Boundaries
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! periodic boundary conditions                                      
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Φ( ! x ) = G ρx (
! 
$ x ) − ρ x! 

x −
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general solution

Poisson’s integral
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( ! x −
! 
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Periodic Boundaries

for tree codes:
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...but in the end it will not contribute to F!

Periodic Boundaries
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F ( ! x ) = −G ρx (

! 
$ x ) − ρ x! 

x −
! 
$ x 3

( ! x −
! 
$ x )d3 $ x ∫∫∫

i.e.,
!
F(
!
0) = −G

ρx (
!x)− ρx( )
!x 3

!x∫∫∫ d3x

= −G ρx (
!x)
!x 3
!x∫∫∫ d3x +G ρx

!x 3
!x∫∫∫ d3x

= −G ρx (
!x)
!x 3
!x∫∫∫ d3x +Gρx

!x
!x 3

∫∫∫ d3x
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x 3
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x sinϕ sinϑ
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* 
* * x,ϑ ,ϕ

∫∫∫ x 2 sinϑdxdϑdϕ =

cosϕ sinϑ
sinϕ sinϑ
cosϑ
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' 
' ' 
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* 
* * x,ϑ ,ϕ

∫∫∫ sinϑdxdϑdϕ =

0
0
0
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' ' 
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* * 

...but in the end it will not contribute to F!

Periodic Boundaries
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∑
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particle/discrete picture
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Periodic Boundaries
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! periodic boundary conditions for tree codes                                      
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R = ! n Lcorrect expression for the force

on infinite domain!

Periodic Boundaries
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! periodic boundary conditions for tree codes                                      
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∑
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Periodic Boundaries
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R = ! n L
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! periodic boundary conditions for tree codes                                      
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! 
F ( ! x ) = −G mi

! 
x − (! x i +

! 
R )

3
! 
x − (! x i +

! 
R )( )

! 
R 

∑
i=1

N

∑

=> slow convergence and hence not feasible…

=> “Ewald summation” instead…

Periodic Boundaries
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! 
R = ! n L



Computational Astrophysics
Solving for Gravity

! periodic boundary conditions for tree codes                                      

Periodic Boundaries

ΔΦ(!x) = 4πG ρ(!x)− ρ( )
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! periodic boundary conditions for tree codes                                      
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ρ( ! x ) = miδDirac(
! x − ! x i)

i=1

N

∑

Periodic Boundaries

ΔΦ(!x) = 4πG ρ(!x)− ρ( )
discrete particles
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! periodic boundary conditions for tree codes                                      
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ρ( ! x ) = miδDirac(
! x − ! x i)

i=1

N

∑

ρpeculiar (
!x) = miδDirac (

!x − !xi )
i=1

N

∑ − ρ“peculiar” density

Periodic Boundaries

ΔΦ(!x) = 4πG ρ(!x)− ρ( )
discrete particles
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ρperiodic (
! x ) = miδDirac(

! x − (! x i +
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R ))

! 
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∑
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∑ −ρ 
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ρ( ! x ) = miδDirac(
! x − ! x i)

i=1

N

∑

ρpeculiar (
!x) = miδDirac (

!x − !xi )
i=1

N

∑ − ρ“peculiar” density

“peculiar” and periodic density

    

€ 

! 
R = ! n L ( ! n = integer vector)

Periodic Boundaries

ΔΦ(!x) = 4πG ρ(!x)− ρ( )
discrete particles
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Periodic Boundaries
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! periodic boundary conditions for tree codes                                      
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ρperiodic (
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! x , ! x i)
i=1

N

∑ + ρ2(
! x , ! x i)

Periodic Boundaries
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ρ1(
! x , ! x i) = miδDirac(

! x − ! x i −
! 
R )

! 
R 

∑

ρ2(
! x , ! x i) = −ρ 
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! periodic boundary conditions for tree codes                                      
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ρ1(
! x , ! x i) = −

1
µ2π

e
−
(
! 
x −
! 
x i −
! 
R )2

µ 2
+

! 
R 

∑ miδDirac(
! x − ! x i −

! 
R )

! 
R 

∑

ρ2(
! x , ! x i) = +

1
µ2π

e
−
(
! 
x −
! 
x i −
! 
R )2

µ 2
−

! 
R 

∑ ρ 

Ewald introduced (Gaussian) “screening charges”:
• r1 gives only a short-range contribution

• r2 gives only a long-range contribution

  

€ 

ρperiodic (
! x ) = ρ1(

! x , ! x i)
i=1

N

∑ + ρ2(
! x , ! x i)

Periodic Boundaries
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! periodic boundary conditions for tree codes                                      
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∑ + ρ2(
! x , ! x i)
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ρ2(
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1
µ2π

e
−
(
! 
x −
! 
x i −
! 
R )2
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ρ1(
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! x − ! x i −
! 
R ) − 1

µ2π
e
−
(
! 
x −
! 
x i −
! 
R )2

µ 2

! 
R 

∑ real-space

Fourier-space

potential obtained in…

Þ exponential convergence and hence feasible!
(singularities are ‘screened’…)

Periodic Boundaries
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! periodic boundary conditions for tree codes                                      

detailed calculation…

Periodic Boundaries
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• force due to particles in computational box: 

• additional force due to periodic images:

! periodic boundary conditions for tree codes                                      
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F ( ! x ) = −G mi! 

x −
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x i

3
! 
x −
! 
x i( )

i=1

N

∑

  

€ 

! 
F Ewald (
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x ) =
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x 3
−
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x −
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x −
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R 
3 × erfc
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x −
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µ

$ 

% 

& 
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' 
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) 
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+
2 ! x −
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µ2π
e
−
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x −
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R 
2

µ 2

+ 

, 

- 
- 
- 

. 

/ 

0 
0 
0 

! 
R 

∑ −
2
L2

! 
n 
n
sin 2π

L
! 
n ⋅
! 
x −
! 
R ( )$ 

% 
& 

' 

( 
) e

−
(µπ )2 n 2

L2

! 
n ≠0
∑

Periodic Boundaries
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• in practice: 

• additional force due to periodic images:

! periodic boundary conditions for tree codes                                      
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F Ewald (
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e
−
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2
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- 
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/ 
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0 

! 
R 

∑ −
2
L2
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n
sin 2π

L
! 
n ⋅
! 
x −
! 
R ( )$ 

% 
& 

' 

( 
) e

−
(µπ )2 n 2

L2

! 
n ≠0
∑

Periodic Boundaries

1.

2. tabulate FEwald(x) on a grid and interpolate…

  

€ 

µ = L /2, ! x −
! 
R < 3L, n2 <10
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the infamous GADGET code


