Computational Astrophysics

Solving for Gravity

Alexander Knebe, Universidad Autonoma de Madrid




Computational Astrophysics

Physical Processes

Solving for Gravity

= full set of equations

* collisionless matter (e.g. dark matter)

dx .
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* collisional matter (e.g. gas)
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* Poisson’s equation
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* ideal gas equations
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Computational Astrophysics

Physical Processes

Solving for Gravity

= full set of equations

* collisionless matter (e.g. dark matter) * Poisson’s equation

fd} ~ R
% =Vpum A(l) = 4‘7-5Gpt0t
- leap-frog integration
Doy _ _ Vo
dt

* collisional matter (e.g. gas) * ideal gas equations
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Computational Astrophysics Physical Processes

Solving for Gravity

= full set of equations

* collisionless matter (e.g. dark matter) * Poisson’s equation
dx -
1= Vow Ap =4aGp,,
dv,,,
Son _ _y
dt ¢
* collisional matter (e.g. gas) later-... * ideal gas equations
r N
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ot 2u u
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o pE+P 2u u =P * Maxwell’s equation
& - JB
hyperbolic partial differential equations: —=-Vx (\7 X E)
solutions are wave-like, i.e. perturbations need time to travel... Jt
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Physical Processes

Solving for Gravity

= full set of equations

* collisionless matter (e.g. dark matter)

dx .

% =Vou

dv,,,

—=2 =_-V
dt ¢

* collisional matter (e.g. gas)

* Poisson’s equation

A(l) = 4‘7-6Gpt0t

* ideal gas equations
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Computational Astrophysics

Physical Processes

Solving for Gravity

= full set of equations

* collisionless matter (e.g. dark matter)

dx .

% =Vou

dv,,,

—=2 =_-V
dt ¢

* collisional matter (e.g. gas)
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* Poisson’s equation

A(l) = 4‘7-6Gpt0t

physics lecture...

("« ideal gas equations )

p=(y-1)pe
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1
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pe = PE = pv

* Maxwell’s equation

—
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Computational Astrophysics

Physical Processes

Solving for Gravity

= full set of equations

now!
4 N
* collisionless matter (e.g. dark matter) * Poisson’s equation
dx,, -
dt =Vpum A(P =4ﬂ”Gptot
dv \ /
om _ _y
dt ¢

elliptical partial differential equation:
solution obtainable via FFT (for constant coefficients)

* collisional matter (e.g. gas) * ideal gas equations
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1
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Solving for Gravity

" Poisson’s equation

AD(F) = 4aGp(F)




Computational Astrophysics

Poisson’s Equation

Solving for Gravity

" Poisson’s equation

AD(F) = 4aGp(F)

= general 2" order partial differential equation:

AD _+2BD +CD

A B
B C

is positive definite

* if the coefficients A,B,C are constant

+DP +ED +F =0

=> elliptical equation

=> solutions via Fourier transforms
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Solving for Gravity

" Poisson’s equation

AD(F) = 47Gp(F)

F(F) = -mV®(F)
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Solving for Gravity

" Poisson’s equation

AD(F) = 47Gp(F)

T

F(F) = —-mV®(F)

grid approach (7, =position of centre of grid cell (i, ,k))
AD(F ) = 47Gp(F. )
FG ) =-mVOQF )




Computational Astrophysics

Poisson’s Equation

Solving for Gravity

" Poisson’s equation

AD(F) = 47Gp(F)

T

F(F) = -mV®(F)

( grid approach (; , position of centre of grid cell (i,j.&))
AD(r, ;) = 4aGp(7; ;)

_ FG 0 =-mVOG )

weapon of choice: AMR codes
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Poisson’s Equation

Solving for Gravity

" Poisson’s equation

AD(F) = 47Gp(F)

F(F) = -mV®(F)

particle approach

grid approach (7, =position of centre of grid cell (i, ,k))
AD(F ) = 47Gp(F. )
FG ) =-mVOQF )




Computational Astrophysics Poisson’s Equation

Solving for Gravity

" Poisson’s equation

weapon of choice: tree codes

4 . h
particle approach
s Gmm, _ _
AD(F) = 47Gp(F) F@)=-2 = F)
\_ J Nt J y

F(F) = —-mV®(F)

grid approach (7, =position of centre of grid cell (i, ,k))
AD(F ) = 47Gp(F. )
FG ) =-mVOQF )




Computational Astrophysics Poisson’s Equation

Solving for Gravity

= Poisson’s equation ...but where is this formula actually coming from?
weapon of choice: tree codes
4 . )
particle approach
P Gmm, _ _
AD(r) = 4nGp(r) (r) = _2 (r.—r.) (i =7)
\ I# ] 1 J )

F(F) = -mV®(F)

gl"ld approach (7 ;, =position of centre of grid cell (7, j,k))
AD(F ) = 47Gp(F, ;)

L,

F( ) =-mVO@F. )
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Poisson’s Equation

Solving for Gravity

" Poisson’s equation

AD(F) = 47Gp(F)

F(F) = —-mV®(F)

Green’s function method
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Solving for Gravity

" Poisson’s equation — Green’s function method

AD =S — equation we wish to solve




Computational Astrophysics

Poisson’s Equation

Solving for Gravity

" Poisson’s equation — Green’s function method

AD

AG

=9 — equation we wish to solve

=0 —> equation way easier to solve...
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Poisson’s Equation

Solving for Gravity

" Poisson’s equation — Green’s function method

AD

Il
%!

*~d

AG =96
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Solving for Gravity

" Poisson’s equation — Green’s function method

AD

Il
%!
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Computational Astrophysics Poisson’s Equation

Solving for Gravity

" Poisson’s equation — Green’s function method

AD

Il
%!

o®) = [[[ GG - %) sGHd ¥

AG =96

AD(F) = A [[[ G - %)SGE)d*x
= [[[ AGG - 3)sE)ax

= [[[ 6G - 3)SEd>x
= S(3)




Computational Astrophysics

Poisson’s Equation

Solving for Gravity

" Poisson’s equation — Green’s function method

AG =5

1 A - F
Ansatz : = kK e**d’k (spectral decomposition of G)
G= Gy [[J Gk




Computational Astrophysics

Poisson’s Equation

Solving for Gravity

" Poisson’s equation — Green’s function method

AG =

1 SN ik 3
Ansatz: G = oy fffg(k)e d’k

1 SN ik g3
(S=A(2n)3fffg(k)e d*k

1 are ik-% g3

~ oy [[] G(k) Ae™*dk
1

2m)’

fffg"(l‘c’) (_kz)eik-fcd3k




Computational Astrophysics

Poisson’s Equation

Solving for Gravity

" Poisson’s equation — Green’s function method

AG =5

1 SN ik 3
Ansatz: G = oy fffg(k)e d’k

1 SN ik g3
(S=A(2n)3fffg(k)e d*k

1 ~(k 2y jik% 43 e_i(l;,’;) —i(k"%) _  -i(k"-¥ ; DN (D2 ik E g3
(2ﬂ)3fff6(k)(—k Ye" *d’k L §eikE _ i >(2n)3fffg(k)( k*)e™ *d’k

ffng(l;) (—kz)ei(i_ly)’iaﬁk

\

3 1
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Computational Astrophysics

Poisson’s Equation

Solving for Gravity

" Poisson’s equation — Green’s function method

AG =5

1 SN ik 3
Ansatz: G = oy fffg(k)e d’k

5=A—— [[[GF) "k

Q2m)’
1 A = o ikE 3 i (K") - ~i(kF) _ ik 1 AN (2N, ik E g3
- o TG e a'k > s =t s I G ek
- 1 TN (L2 k=K' yE 13
~ T fffg(k)( k*)e d’k

[,




Computational Astrophysics

Poisson’s Equation

Solving for Gravity

" Poisson’s equation — Green’s function method

AG =5

s en b [T Gh co easa

7 2 1 i(k=k'y% 73 43
1= [[fg(k) (~k )(23)3 [[[ e d’xd’k
= [IJ G (=)ot - kd’*k
=-k°G(k)




Computational Astrophysics Poisson’s Equation

Solving for Gravity

" Poisson’s equation — Green’s function method

AG =5

s en b [T Gh co easa

M A N i(k-K'y% 13 13
L1=fffg(k)(-k )(2n)3 [[[ e d’xd’k
= [J[f 6t kst - kd’k

= -I°G (k)




Computational Astrophysics Poisson’s Equation

Solving for Gravity

" Poisson’s equation — Green’s function method

AG =5

[T s = [ ) [[f e asa'h

M A N i(k-K'y% 13 13
L1=fffg(k)(-k )(2n)3 [[[ e d’xd’k
= [J[f 6t kst - kd’k

= -I°G (k)

FFT~ (G(k))
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Poisson’s Equation

Solving for Gravity

" Poisson’s equation — Green’s function method

0

>
@
I

G(x) =

1
451 x
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Poisson’s Equation

Solving for Gravity

" Poisson’s equation — Green’s function method

0

>
@
I

A 1 - 1
G(k)=—p G(x) = .

AD =S5

o) = [[[ GG -7) S@)ax




Computational Astrophysics

Poisson’s Equation

Solving for Gravity

" Poisson’s equation — Green’s function method

AD =S5

(%) = [[[ G - x) S@E)d*x

R 1
G(x) = Tmx




Computational Astrophysics

Poisson’s Equation

Solving for Gravity

" Poisson’s equation — Green’s function method

Poisson’s equation

AD =47Gp

O(¥) = 476 [[[ GG -X) p(R)d’x’
G(¥)=——

47T x




Computational Astrophysics

Poisson’s Equation

Solving for Gravity

" Poisson’s equation — Green’s function method

Poisson’s equation

AD =47Gp

Poisson’s integral

|

F=-VO

q>(5c’)=4ntffg(5e-

G(¥) - ——

47T x

Fo=-G[[f 29,

)—C'l) p(il)d:%x!

(X)

|XX

)d3l

V.®=V, (476 [[[ GE-F) p(F)d’x)

= 476G [[[ p(F)V,G(E-X) d’x’
., 1 3
= 472G [[[ pE)V, 4ﬂ(x—x’))d x

-G fff o =) v

-]




Computational Astrophysics Poisson’s Equation

Solving for Gravity

" Poisson’s equation — Green’s function method

0isso quatio oisson’s integ
Poisson’s equation Poisson’s integral

AD = 47Gp F(@)=-G [[[ £ (x) ~ 3y’

|X X
O(X) = 47G f [ GG-%) pGxHd’x’
G(x)=—-

47T x

particle approach

N
p(?) = EmiéDirac(? - ;‘;)
i=1

Note:
- we are already using particles to sample phase-space!
- we explicitly use subscript ‘Dirac’ to avoid confusion with the density contrast...




Computational Astrophysics Poisson’s Equation

Solving for Gravity

" Poisson’s equation — Green’s function method

Poisson’s equation Poisson’s integral
—— Gmm. _ _
AD =47Gp Fi(rl.)=—2—’13(ri—rj) VieN

i= j (ri - r])
O(¥) = 476G [[[ GGE-F) p(X)d’x
G(¥)=——

4x
D7) = 476 [[[ GF -F) p()dr
<476 [l G =) Zmde 7 Tt ) =-mV ) particle approach
. = [ Gm, ¥ =
=47G Y m, [ GF = 7)0srnelF'=7) =m9|-2 -,
i=1 N J 4 N
= S i ==\ g3 _ =Y Gm, AV 1 — - -
Zmiﬂf‘?_? Pl => 2 o -7 p(l") = EmiéDirac(r - l"l)
3 G K. -7, -1
_Zmifff‘(;:_}71_)_(7,_’71_)‘6Dirac(r r)dr ——gGmimJ. ‘;:__;:j‘} !
G ==\ 3. N
=2l G e - 4 LY G
1|y, —=r.
N G ~ , N Gm, J i Jj
2 Ml =G oD 4 =25




Computational Astrophysics

Solving for Gravity

" Poisson’s equation

» direct particle-particle summation
" the tree

= force softening

" periodic boundaries
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Particle Approach

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ .
E<n>=—2(,,_—r)g<n—rj> ViEN
i J




Computational Astrophysics

Particle Approach

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ .
E<n>=—2(,,_—r)g<n—rj> ViEN
i J

v’ advantage:
A drawback:

easy to code

extremely time consuming (N? operations)




Computational Astrophysics

Particle Approach

Solving for Gravity

= direct particle-particle summation (PP)

Gmm,
7)== G -F) ViEN

i (r-r)
/ /
NxN=N

v’ advantage:
A drawback:

easy to code

extremely time consuming (N? operations)




Computational Astrophysics

Particle Approach

Solving for Gravity

= direct particle-particle summation (PP)

Gmm,
7)== G -F) ViEN

i#j(ri_rj)
/ /
NxN=N

“ overcoming the “N?” issue?!

N drawback:

v’ advantage:

easy to code

extremely time consuming (N? operations)




Computational Astrophysics

Particle Approach

Solving for Gravity

= direct particle-particle summation (PP)

. G
F.(@)=-E%(r -7) ViEN

J /

“ overcoming the “N?” issuel!

S

;

» will g

ive N log(N) operat\on

icles into 2

“eree Str'UCtUre

Organiling Part

v’ advantage:
A drawback:

easy to code

extremely time consuming (N? operations)




Computational Astrophysics Particle Approach

Solving for Gravity

* direct particle-particle summation (PP) — the idea behind tree codes:

- Gm.m .
F(F)=-Y—"U(F-F) ViEN

i= j (ri - rj)
. -Gmm, ., Gmm; Gmymy
Fi(r) =+ 7 —1) + -+ r,—1;)++ 7 — k) + -
l( l) (ri _ rn)g l n (rl _ rj)g ( l ]) (rl —7r )3 l




Computational Astrophysics Particle Approach

Solving for Gravity

* direct particle-particle summation (PP) — the idea behind tree codes:

- Gm.m .
F(F)=-Y—"U(F-F) ViEN

i= j (ri - rj)
. -Gmm, ., Gmm; Gmymy
Fi(r) =+ 7 —1) + -+ r,—1;)++ 7 — k) + -
l( l) (ri _ rn)g l n (rl _ rj)g ( l ]) (rl —7r )3 l




Computational Astrophysics Particle Approach

Solving for Gravity

* direct particle-particle summation (PP) — the idea behind tree codes:

- Gm.m .
F(F)=-Y—"U(F-F) ViEN

l

i= j (ri - rj)
- _Gmlmn - - Gmlm] - - Gml k >
F,(r;)) =+ (r;,—1,) + -+ —71;)+ -+ (ri—k)+-
e (ri - rn)3 l " (rl — r.)g ( ' ]) (rl -7 )3 l
|\ J J J ¢ J
n J k




Computational Astrophysics Particle Approach

Solving for Gravity

* direct particle-particle summation (PP) — the idea behind tree codes:

; G
F(F)=-Y—"U(F-F) ViEN

i=j (r - r )
, —Gm iMn —Gm;my —Gm;my S
E (7)) = r—T,) + -+ r—7r)tt———=s@—-7) +
l( L) (T‘ _ Tn)s( i n (ri B rj) ( { ]) (TL )3 L k
n J k




Computational Astrophysics Particle Approach

Solving for Gravity

* direct particle-particle summation (PP) — the idea behind tree codes:

- Gm.m .
F(F)=-Y—"U(F-F) ViEN

l

i= j (ri - rj)
e _GmlMS - -
FE(F) =+ -+-F-t -t m(n — )ttt
i~ Is
S=nNjNk

@
GF®
@




Computational Astrophysics Particle Approach

Solving for Gravity

* direct particle-particle summation (PP) — the idea behind tree codes:

- Gm.m .
F(F)=-Y—"U(F-F) ViEN

i= j (ri - rj)
e _GmlMS - -
FE(F) =+ -+-F-t -t m(n — )ttt
i~ Is
S=nNjNk

@
GF®
@

a) howtofind s=nn jnN k?
b) how get get M, and r!




Computational Astrophysics

Solving for Gravity

" Poisson’s equation

" direct particle-particle summation
" the tree

= force softening

" periodic boundaries




Computational Astrophysics The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ ,
i=j N\ J

* generating the tree:




Computational Astrophysics

The Tree

Solving for Gravity

= direct particle-particle summation (PP)

F(7)

* generating the tree:

-2

i= j

Gm.m .
l "(?’;—?j) YieN

(I’i—l"j)3




Computational Astrophysics

The Tree

Solving for Gravity

= direct particle-particle summation (PP)

F(7)

* generating the tree:

-2

i= j

Gm.m .
l "(?’;—?j) YieN

(I"l-—l"j)3




Computational Astrophysics The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* generating the tree:
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The Tree

Solving for Gravity

= direct particle-particle summation (PP)

* generating the tree:

-2

i= j

Gm.m .
l "(?’;—?j) YieN

(I"l-—l"j)3




Computational Astrophysics The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* generating the tree:

total mass, centre-of-mass, ...
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The Tree

Solving for Gravity

= direct particle-particle summation (PP)

* generating the tree:

-2

i= j

Gm.m .
l "(?’;—?j) YieN

(I"l-—l"j)3
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The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* generating the tree:

. total mass, centre-of-mass, ...
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Solving for Gravity

= direct particle-particle summation (PP)
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* generating the tree:
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The Tree

Solving for Gravity

= direct particle-particle summation (PP)

* generating the tree:

-2

i= j

Gm.m .
l "(?’;—?j) YieN

(I"l-—l"j)3




Computational Astrophysics The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* generating the tree:




Computational Astrophysics The Tree

Solving for Gravity

= direct particle-particle summation (PP)

. Gm.m .
FG) ==Y~ (G -F) ViEN

i 3
i;ej(ri_rj)

* generating the tree:

° — totyl mass, centre-of-mass, ...
L]
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The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* generating the tree:

total mass, centre-of-mass, ...
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Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* generating the tree:

total mass, centre-of-mass, ...
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The Tree

Solving for Gravity

= direct particle-particle summation (PP)

* generating the tree:

-2

i= j

Gm.m .
l "(?’;—?j) YieN

(I"l-—l"j)3




Computational Astrophysics

The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* generating the tree:
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The Tree

Solving for Gravity

= direct particle-particle summation (PP)

* generating the tree:

-2

i= j

Gm.m .
l "(?’;—?j) YieN

(I"l-—l"j)3




Computational Astrophysics

The Tree

Solving for Gravity

= direct particle-particle summation (PP)

_ Gm.-m .
Sy N\ omm; :
Filr) = 2(r.—r.)3(ri r].) ViEN
i# j i Jj
34 56 9101
| 2 7 8 12 13




Computational Astrophysics

The Tree

Solving for Gravity

= direct particle-particle summation (PP)

* walking the tree (Vi€

-2

i= j

N):

Gm.m .
l "(?’;—?j) YieN

(I"l-—l"j)3

7

combing Histant particles into aggregates




Computational Astrophysics The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* walking the tree (Vie N ):
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Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* walking the tree (Vie N ):




Computational Astrophysics

The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* walking the tree (Vie N ):

Ly
D 1
various opening criteria possible
(more in a second...)
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The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* walking the tree (Vie N ):




Computational Astrophysics

The Tree

Solving for Gravity

= direct particle-particle summation (PP)

. Gm.m .
FG) ==Y~ (G -F) ViEN

i 3
i;ej(ri_rj)

* walking the tree (Vie N ):

Ly

D
e
4 £<9
. . D,

= stop opening that branch and

add force contribution from “super-particle”




Computational Astrophysics The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* walking the tree (Vie N ):

we still need to add the remaining contributions from that branch...




Computational Astrophysics The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* walking the tree (Vie N ):

we still need to add the remaining contributions from that branch...




Computational Astrophysics The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ _
i=j N\ J

* walking the tree (Vie N ):

...as well as walking the other branches!




Computational Astrophysics The Tree

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ ,
i=j N\ J

* opening criteria:

A

— Barnes-Hut L O~

X C.M.
— Min-distance L o< ok
/< D L

v

— Bmax bma/ I‘\ I
\/




Computational Astrophysics

Solving for Gravity

= direct particle-particle summation (PP)

other speed-ups?




Computational Astrophysics

Hardware Solution

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ ,
i=j N\ J

GRAPE (GRA\ ity PipE):

* particle-particle summation hardwired into motherboard

* combination with tree possible




Computational Astrophysics

Hardware Solution

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm, _ _ ,
i=j N\ J

CUDA:

* use graphics board to perform calculations




Computational Astrophysics

Solving for Gravity

" Poisson’s equation

" direct particle-particle summation
" the tree

= force softening

" periodic boundaries




Computational Astrophysics Force Softening

Solving for Gravity

= direct particle-particle summation (PP)

|

>

. Gmm, _ :

we use (collisionless) particles to sample f(x,v,)

O

the particles sampling the field adjust the particle sampling the field bounces off

well sampled system undersampled system




Computational Astrophysics Force Softening

Solving for Gravity

= direct particle-particle summation (PP)

|

>

Gmm,
)=_2 mlm]:s/z(’_’;_’?j) VieEN

F(
i=j ((73—'})2)

i

we use (collisionless) particles to sample f(x,v,)

ticles!
i ted by all par
i Id only feel the mean field genera )/
each particle shou g

o

Oo%

%P ’.’:.o
@
the particles sampling the field adjust the particle sampling the field bounces off

well sampled system undersampled system




Computational Astrophysics Force Softening

Solving for Gravity

= direct particle-particle summation (PP)

-~ Gm.m . L
F.(rl.)=—2 ——(r,-r;) YiEN

i ((ri —r)’ + 82)

logr




Computational Astrophysics Force Softening

Solving for Gravity

= direct particle-particle summation (PP)

- Gm.m . L
F.(rl.)=—2 ——=—(,-r,) VYiEN

i= j ((”,- -r)’

“soften’ the force to...

| avoid the singularity for r;=r;

2. smooth mass density on small scales




Computational Astrophysics

Force Softening

Solving for Gravity
= direct particle-particle summation (PP)

- Gm.m . L
F.(rl.)=—2 ——=—(,-r,) VYiEN

i= j ((”,- -r)’

” & determines the overall force resolution of the simulation




Computational Astrophysics

Force Softening

Solving for Gravity

= direct particle-particle summation (PP)

Gmm

i ((ri —r)’ + 82)

5 (7-F) ViEN

10°E T 3

F 2 ]

10' & - =

10° TN

v - E

3 [ 1

107 = —

E Sell: = D+l ]

i soft = 0.2 )

107k soft = 0.3 =
10771 L

0.01 0.10

distance




Computational Astrophysics Force Softening

Solving for Gravity

= direct particle-particle summation (PP)

. Gmm

F-F) ViEN

3/2(

* Plummer softening

am (o (rP)
pPlummw(r) = 4.71783 (1+(8) )

* S2 softening

* spline softening

for an exhaustive discussion please refer to Dehnen, MNRAS 324, 273 (2001)




Computational Astrophysics

Force Softening

Solving for Gravity

= direct particle-particle summation (PP)

Gmm

i ((ri —r)’ + 82)

“ error budget!?

5 (7-F) ViEN




Computational Astrophysics

Force Softening

Solving for Gravity

= direct particle-particle summation (PP)

Gmm

i ((ri —r)’ + 82)

“ error budget!?

5 (7-F) ViEN

2 <‘ F(%)-F,. (55)‘2>

14

5] =%




Computational Astrophysics Force Softening

Solving for Gravity
= direct particle-particle summation (PP)

-~ Gm.m . L
F.(r.)=—2 ——(r,-r;) YiEN

l l
i ((ri —r)’ + 82)

“ error budget!?




Computational Astrophysics

Force Softening

Solving for Gravity
= direct particle-particle summation (PP)

- Gm.m . L
F.(r.)=—2 ——(r,-r;) YiEN

i ((ri —r)’ + 82)

“ error budget!?

F*(3®)) = 2(F(®)F,, (1) + (F e (3))

true

%)) = 2(F()F, o (%) + F e (%)

<
<
~(F2(®) = 2(F(D))F, () + Fe (D) + (F(®D) - (F(®)
~((F) - () +{F*®)-(FD)

\ scatter of numerical force

(note, F only depends on |x|)
comparing numerical and analytical force




Computational Astrophysics Force Softening

Solving for Gravity
= direct particle-particle summation (PP)

-~ Gm.m . L
F.(r.)=—2 ——(r,-r;) YiEN

l l
i ((ri —r)’ + 82)

“ error budget!?

. 2
=bilas” +var




Computational Astrophysics Force Softening

Solving for Gravity

= direct particle-particle summation (PP)

- Gm.m . L
F.(rl.)=—2 ——(r,-r;) YiEN

i ((ri —r)’ + 82)

“ error budget:

bias= (<F(7c)> - ﬁ,me(f))

var = (F2(®) - (F(®))’




Computational Astrophysics Force Softening

Solving for Gravity
= direct particle-particle summation (PP)

- Gm.m . L
F.(rl.)=—2 ——(r,-r;) YiEN

i ((ri —r)’ + 82)

“ error budget:

bias =((F(D) - F,, (%)) &

var = (F2(®) - (F(®)) o« N

a, [} = non-trivial power-law indices...
N& = const.




Computational Astrophysics Force Softening

Solving for Gravity

= direct particle-particle summation (PP)

- Gm.m . L
F.(rl.)=—2 ——(r,-r;) YiEN

i ((ri —r)’ + 82)

® error estimate:

MISE = < [If p@|F @) - F,.. (i)‘2d3x>

MISE = mean integrated square error




Computational Astrophysics Force Softening

Solving for Gravity
= direct particle-particle summation (PP)

- Gm.m . L
F.(rl.)=—2 ——(r,-r;) YiEN

i ((ri —r)’ + 82)

® error estimate:

MISE = < [If p@|F @) - F,.. (i)‘2d3x>

Ty r Yy '_rl b L4 T I‘rl""ﬁ L4 Ty “rr Al L T 9 !‘r]

- 2

=} E
o )
~ o
w o j o
2] i =
p- - 1
o}
<
” A
o -
— -
& 2 - =
Bios Variance <
B
1 b
(]

(=)

At | 25,1 M 2 2 3 3aa.1 Z

0.01 0.1 1 10

€
interplay between N and & Nel=const.

3
MISE = mean integrated square error const.=(:;o) for cosmological simulations (where B is the size of the cubical domain in 1D)




Computational Astrophysics Force Softening

Solving for Gravity
= direct particle-particle summation (PP)

- Gm.m . L
F.(rl.)=—2 ——(r,-r;) YiEN

i ((ri —r)’ + 82)

® error estimate:

MISE = < [If p@|F @) - F,.. (i)‘2d3x>

Ty r Yy l_rl b L4 T h‘ﬁ L4 Ty “rr Al L T 9 !‘r]

- 2

(= .
o )
~ o
w o j o
2] i =
p- - 1
o}
<
” A
o -
— -
. =
Variance <
B
1 b
(]

(=)

- L =

s 2422l . 2 Y. 4 PRI 1 | M PR Wy v 1 U
0.01 / 0.1 1 10

optimal “softening”

MISE = mean integrated square error




Computational Astrophysics

Force Softening

Solving for Gravity

= direct particle-particle summation (PP)

- Gmim]. L .
F(r)=- ) 23/2(’3‘_’”]') VieEN
i#j((l"i—f"j) +€ )
® error estimate:
- - 2
MISE ={ [IJ pGOJF G- F,, (0 d'x)
N=30
S 1.
8 | &
= Q +4 o
(= 3 £
3 =
N=30000 {8
T.‘? PR | PSP Py | b g a.g.g .o N | g
0.01 0.1 1 10

MISE = mean integrated square error




Computational Astrophysics Force Softening

Solving for Gravity

= direct particle-particle summation (PP)

. Gmm - - .
E(n)=_2 ) ]23/2(’3‘_’}) VieEN
i#j((l"i—f"j) +£)

® error estimate:

MISE = < [If p@|F @) - F,.. (i)‘2d3x>

b r
N=30 N=9), e=const. ]
- ]
S
1o
Lud 1 &
v 1=
a i3
- (o
A 1z
N=30000 1 s
{1 E
TQ &
- Al al L >

aal i e i el A e
0.01 0.1 1 10

MISE = mean integrated square error




Computational Astrophysics

Force Softening

Solving for Gravity

= direct particle-particle summation (PP)

S Gmm L .
F(r)=- ) 23/2(’3‘_’”]') VieEN
i#j((l"i—rj) +€ )
* error estimate:
- - 2
MISE ={ [IJ pGOJF G- F,, (0 d'x)
i N=30 N=const., =N !
S 1.
g _ 12
= Q +4 o
Q 3 £
A iE
N=30000 i
LE i . 2

aal i e i el A e
0.01 0.1 1 10

MISE = mean integrated square error




Computational Astrophysics

Force Softening

Solving for Gravity

= direct particle-particle summation (PP)

Gmm

® error estimate:

i ((ri —r)’ + 82)

3/2 (ri_rj)

MISE = < [If p@|F @) - F,.. (i)‘2d3x>

VieEN

LB § r T T

MISE
0.1

0.01

10™3

1074

Aokl

™YY

N&l=const.

Ty

adasaml 4 o

FOVWRIIIT BEEN W
Merrite, Ap) 111, 2462 (1996)

aal i e
0.01 0.1

MISE = mean integrated square error

10




Computational Astrophysics

Solving for Gravity

" Poisson’s equation

" direct particle-particle summation
" the tree

= force softening

= periodic boundaries




Computational Astrophysics

Periodic Boundaries

Solving for Gravity

» periodic boundary conditions

L 4

L 4




Computational Astrophysics

Periodic Boundaries

Solving for Gravity

» periodic boundary conditions




Computational Astrophysics

Periodic Boundaries

Solving for Gravity

» periodic boundary conditions

correct expression for the force
on infinite domain?




Computational Astrophysics

Periodic Boundaries

Solving for Gravity

» periodic boundary conditions

A D(%) = 47G(p,(X)-D )




Computational Astrophysics

Periodic Boundaries

Solving for Gravity

» periodic boundary conditions
A O(F) = 47G( px(;c)

we need to subtract the mean background density
in order for the solution to converge!*

*there is no solution to Poisson’s equation in infinite space unless the source function averages to zero




Computational Astrophysics

Periodic Boundaries

Solving for Gravity

» periodic boundary conditions

A D(x) =4nG

fluctuates about zero!




Computational Astrophysics

Periodic Boundaries

Solving for Gravity

» periodic boundary conditions

A D(%) = 47G(p,(X)-D )

general solution

B(5) = fo px(X) Px Iy




Computational Astrophysics

Periodic Boundaries

Solving for Gravity

» periodic boundary conditions

A D(X)=4aG(p (X)-p )

general solution

o) = G [ LLO=P

for tree codes: Poisson’s integral

F(3) = - fo PX(X)X

(x -

/ d3xl




Computational Astrophysics

Periodic Boundaries

Solving for Gravity

= periodic boundary conditions for tree codes

F)=-G [[f 28 )x

(x -

/)del




Computational Astrophysics

Periodic Boundaries

Solving for Gravity

= periodic boundary conditions for tree codes

.but in the end it will not contribute to F!

Fh =G fff £

mx Ndx'

q\r/\




Computational Astrophysics Periodic Boundaries

Solving for Gravity

= periodic boundary conditions for tree codes

.but in the end it will not contribute to F!

13()?)=—fo px(xmx xNdx'

‘_, 3\

e, F(0)=-G [[[ 222 p(x) P)

=—fof o (x) Xd'x +fof p—xf
e fffp( )5d’x+Gp fffﬁaﬁx

xcos@sin® cos@sin® 0

fff—cfx fff xsingsin® xzsinﬁdxdﬁdq0=fff sin@sin® [sinYdxd9dg = |0

iy el cos 0

xcos®




Computational Astrophysics

Periodic Boundaries

Solving for Gravity

= periodic boundary conditions for tree codes

F(3) = fo PX(X)

X)d’x'




Computational Astrophysics Periodic Boundaries

Solving for Gravity

= periodic boundary conditions for tree codes

F(X)— fo px(X) d3 /

particle/discrete picture

F(x) = —GEE

i=1 R

(%-G+B)

X—(x; + R)‘




Computational Astrophysics Periodic Boundaries

Solving for Gravity

= periodic boundary conditions for tree codes

F(X)=-G fff px(x) (G- )%

particle/discrete picture

F(x) = —GEE

i=1 R

(%-G+B)

X—(x; + R)‘

correct expression for the force
on infinite domain!




Computational Astrophysics Periodic Boundaries

Solving for Gravity

= periodic boundary conditions for tree codes

F(X) = GEE

(¥-G+R)  R-iL

i-1 & |X—(X, +R)‘
ot
DU REE:




Computational Astrophysics Periodic Boundaries

Solving for Gravity

= periodic boundary conditions for tree codes

F(X) = GEE

i=1 R

(¥-G+R)  R-iL

X—(x, + R)‘

=> slow convergence and hence not feasible...

=> “Ewald summation’ instead...




Computational Astrophysics

Periodic Boundaries

Solving for Gravity

= periodic boundary conditions for tree codes

AD(X) =47G(p(X)-p)




Computational Astrophysics

Periodic Boundaries

Solving for Gravity

= periodic boundary conditions for tree codes

AD(X) =47G(p(X)-p)

discrete particlesl

N
p('i;) = zmiaDirac(i’: - 5":1)
i=1




Computational Astrophysics Periodic Boundaries

Solving for Gravity

= periodic boundary conditions for tree codes

AD(X) =47G(p(X)-p)

discrete particlesl

N

p('i;) = zmiaDirac(i’: - 5":1)

l i=1 _

N
“peculiar” density P peculiar (Xx) = Eml@DiraC (x— xl.) - P
i=1




Computational Astrophysics Periodic Boundaries

Solving for Gravity

= periodic boundary conditions for tree codes

AD(X) =47G(p(X)-p)

discrete particlesl

N

p('i;) = zmiaDirac(i’: - 5":1)

[

N
“peculiar” density 0, .iar (X)= Eml.éDiraC (x-x,)—-p

.

N
“peculiar” and periodic density 0.4 (X) = 2 Emi‘smrao()_é — (X, + R)) - P
-l R

R = ﬁL (n = integer vector)




Computational Astrophysics Periodic Boundaries

Solving for Gravity

= periodic boundary conditions for tree codes

N
P periodic (X) = Ezmi(SDirac()_é - X; = R) -p

i=1 R




Computational Astrophysics Periodic Boundaries

Solving for Gravity

= periodic boundary conditions for tree codes

N
P periodic (X) = EEm 5Dirac(3_5 - X, - R) - /_)

i=1 R\«

P periodic (X) = Epl('x’xi) + 0,(X,X,)
i=1




Computational Astrophysics

Periodic Boundaries

Solving for Gravity

= periodic boundary conditions for tree codes

N
pperiodic (5(’:) = Epl('i’:’jéz) + pZ(X’Xi)
i=1

PR = D mbp (X - X, - R)
R

P, (X,X;) =-p




Computational Astrophysics Periodic Boundaries

Solving for Gravity

= periodic boundary conditions for tree codes

N
pperiodic (5(’:) = Epl(';é’jéz) + pZ(X’Xi)
i=1

mo,. (¥-% —R)

Dirac

Ewald introduced (Gaussian) “screening charges”:
* p, gives only a short-range contribution

* p, gives only a long-range contribution




Computational Astrophysics

Periodic Boundaries

Solving for Gravity

= periodic boundary conditions for tree codes

N

| | | |

| | | 1
| | 1 1
| | | |
| | | |
! | 1 1
| | | |

| 1

| 1

i
Background Density

N
pperiadic(x) = Epl(xr;él) + pz(xaxl')

i=1

potential obtained in...

Fourier-space

- 1
P, (X,X;) = E 2
R

5 real-space

pl(x’xi) = EmiéDirac(x - ';C'i _R) -
7 W'

—> exponential convergence and hence feasible!
(singularities are ‘screened’...)




Computational Astrophysics Periodic Boundaries

Solving for Gravity

= periodic boundary conditions for tree codes

detailed calculation...




Computational Astrophysics Periodic Boundaries

Solving for Gravity

= periodic boundary conditions for tree codes

* force due to particles in computational box:

F(X) = —Gz X-%,)

* additional force due to periodic images:

- % Y—R i 5 _(ua)n
xX) = — u : Ax_ R 1
FEwa,d(X)——3—E —— x|erfc +——-c¢ _EE_SIH —n (x—R))e
X X—R‘ u Vtu’ T ﬁ#On




Computational Astrophysics Periodic Boundaries

Solving for Gravity

= periodic boundary conditions for tree codes

* in practice:

| u=LJ/2, \35-1%‘<3L, n? <10

2. tabulate F'p,,,,(x) on a grid and interpolate...

* additional force due to periodic images:

- _ X X —
FEwald('x)=_3_E .
X




Computational Astrophysics the infamous GADGET code

Solving for Gravity

< | @ el +
(] Dict-EN Dict-ES Astrov

Cosmological simulations with GADGET
Iﬂhttp://www.mpa-garching.mpg.de/gadget/ ¢ Qr gadget2
UAMv MADv Bankingv Lifestylev Macv Mailv Miscv Moviesv Newspaperv Musicv Shoppingy AK TV DM Week

Cosmological simulations with G...

GADGET- 2

A code for cosmological simulations of structure formation

@ Description

@ Features

@ Authors and History
@ Acknowledgments
@ News

» Download

» Requirements
License

]
]
@
@ Mailing List
]
@

2 Change-Log
» Examples

@ Code Paper
@ Users Guide
@ Code Reference

@ Scientific Papers
@ Pictures

Description :

GADGET is a freely available code for cosmological N-body/SPH simulations on massively parallel computers with distributed memory. GADGET
uses an explicit communication model that is implemented with the standardized MPI communication interface. The code can be run on
essentially all supercomputer systems presently in use, including clusters of workstations or individual PCs.

GADGET computes gravitational forces with a hierarchical tree algorithm (optionally in combination with a particle-mesh scheme for long-range
gravitational forces) and represents fluids by means of smoothed particle hydrodynamics (SPH). The code can be used for studies of isolated
systems, or for simulations that include the cosmological expansion of space, both with or without periodic boundary conditions. In all these
types of simulations, GADGET follows the evolution of a self-gravitating collisionless N-body system, and allows gas dynamics to be optionally
included. Both the force computation and the time stepping of GADGET are fully adaptive, with a dynamic range which is, in principle, unlimited.

GADGET can therefore be used to address a wide array of astrophysically interesting problems, ranging from colliding and merging galaxies, to
the formation of large-scale structure in the Universe. With the inclusion of additional physical processes such as radiative cooling and heating,
GADGET can also be used to study the dynamics of the gaseous intergalactic medium, or to address star formation and its regulation by
feedback processes.

Features

| Hierarchical multipole expansion (based on a geometrical oct-tree) for gravitational forces.
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